
Flow Typing: A New Lens on Linearity (Appendix)

SKY WILSHAW, University of Nottingham, United Kingdom

GRAHAM HUTTON, University of Nottingham, United Kingdom

This document provides a full list of typing rules for the paper Flow Typing: A New Lens on Linearity,
as well as proofs for results not provided in the main text.

A Typing Rules
This section contains the full listing of typing rules for 𝜆𝐹 .

Γ1, 𝑥 :𝐴,𝑦 : 𝐵, Γ2 ⊢ 𝑡 : 𝐶 ⊣ Γ3
Γ1, 𝑦 : 𝐵, 𝑥 :𝐴, Γ2 ⊢ 𝑡 : 𝐶 ⊣ Γ3

ExchL

Γ1 ⊢ 𝑡 : 𝐶 ⊣ Γ2, 𝑥 :𝐴,𝑦 : 𝐵, Γ3

Γ1 ⊢ 𝑡 : 𝐶 ⊣ Γ2, 𝑦 : 𝐵, 𝑥 :𝐴, Γ3
ExchR

Γ, 𝑥 :𝐴 ⊢ 𝑥 : 𝐴 ⊣ Γ, 𝑥†
Var

Γ, 𝑥 :𝐴 ⊢ 𝑥 : 𝐴/𝐴′ ⊣ Γ, 𝑥 :𝐴′
FVar-Live

Γ, 𝑥† ⊢ 𝑥 : 1/𝐴′ ⊣ Γ, 𝑥 :𝐴′
FVar-Dead

Γ1 ⊢ 𝑡 : 𝐵 ⊣ Γ2 Γ2 ⊢ 𝑢 : 𝐴/𝐵 ⊣ Γ3
Γ1 ⊢ (𝑢 ≔ 𝑡) :𝐴 ⊣ Γ3

Assign

Γ1 ⊢ 𝑡1 : 𝐴 ⊣ Γ2 Γ2, 𝑥 :𝐴′ ⊢ 𝑡2 : 1 ⊣ Γ3, 𝑥†

Γ1 ⊢ (lens𝑥 ← 𝑡1 in 𝑡2) : 𝐴/𝐴′ ⊣ Γ3
Lens

Γ2 ⊢ 𝑢 : 𝐴/𝐵 ⊣ Γ3 Γ3 ⊢ 𝑡 : 𝐶 ⊣ Γ†
3

Γ1, Γ2 ⊢ (unlens𝑢 in 𝑡) : 𝐴 ⊗ (𝐵 ⊸ 𝐶) ⊣ Γ1, Γ†
2

Unlens

Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2 Γ2, 𝑥 :𝐴 ⊢ 𝑠 : 𝑇 ⊣ Γ3, 𝑥†

Γ1 ⊢ (let𝑥 = 𝑡 in 𝑠) : 𝑇 ⊣ Γ3
Let

Γ1 ⊢ 𝑢 : 𝐴/𝐴′ ⊣ Γ2 Γ3, 𝑥 :𝐴 ⊢ 𝑠 : 𝑇 ⊣ Γ4, 𝑥 :𝐴′

Γ1, Γ3 ⊢ (let𝑥 = ~𝑢 in 𝑠) : 𝑇 ⊣ Γ2, Γ4
~Let

Γ2, 𝑥 :𝐴 ⊢ 𝑠 : 𝑇 ⊣ Γ†
2
, 𝑥†

Γ1, Γ2 ⊢ (𝜆𝑥 :𝐴. 𝑠) : (𝐴 ⊸ 𝑇 ) ⊣ Γ1, Γ†
2

⊸-I

Γ2, 𝑥 :𝐴 ⊢ 𝑠 : 𝑇 ⊣ Γ†
2
, 𝑥 :𝐴′

Γ1, Γ2 ⊢ (𝜆𝑥 :𝐴/𝐴′ . 𝑠) : (𝐴/𝐴′ ⊸ 𝑇 ) ⊣ Γ1, Γ†
2

~⊸-I

Γ1 ⊢ 𝑡 : (𝑇 ⊸ 𝑇 ′) ⊣ Γ2 Γ2 ⊢ 𝑠 : 𝑇 ⊣ Γ3
Γ1 ⊢ 𝑡 𝑠 : 𝑇 ′ ⊣ Γ3

⊸-E

Γ1 ⊢ 𝑡1 : 𝐴 ⊣ Γ2 Γ2 ⊢ 𝑡2 : 𝐵 ⊣ Γ3
Γ1 ⊢ (𝑡1, 𝑡2) : 𝐴 ⊗ 𝐵 ⊣ Γ3

⊗-I

Γ1 ⊢ 𝑢1 : 𝐴/𝐴′ ⊣ Γ2 Γ3 ⊢ 𝑢2 : 𝐵/𝐵′ ⊣ Γ4
Γ1, Γ3 ⊢ (𝑢1, 𝑢2) : (𝐴 ⊗ 𝐵)/(𝐴′ ⊗ 𝐵′) ⊣ Γ2, Γ4

~⊗-I
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Γ1 ⊢ 𝑡 : 𝐴 ⊗ 𝐵 ⊣ Γ2 Γ2, 𝑥 :𝐴,𝑦 : 𝐵 ⊢ 𝑠 : 𝑇 ⊣ Γ3, 𝑥†, 𝑦†

Γ1 ⊢ (let (𝑥,𝑦) = 𝑡 in 𝑠) : 𝑇 ⊣ Γ3
⊗-E

Γ1 ⊢ 𝑢 : (𝐴 ⊗ 𝐵)/(𝐴′ ⊗ 𝐵′) ⊣ Γ2 Γ3, 𝑥 :𝐴,𝑦 : 𝐵 ⊢ 𝑠 : 𝑇 ⊣ Γ4, 𝑥 :𝐴′, 𝑦 : 𝐵′

Γ1, Γ3 ⊢ (let (𝑥,𝑦) = ~𝑢 in 𝑠) : 𝑇 ⊣ Γ2, Γ4
~⊗-E

Γ ⊢ ∗ : 1 ⊣ Γ
1-I

Γ ⊢ ∗ : 1/1 ⊣ Γ
~1-I

Γ1 ⊢ 𝑡 : 1 ⊣ Γ2 Γ2 ⊢ 𝑠 : 𝑇 ⊣ Γ3
Γ1 ⊢ (let ∗ = 𝑡 in 𝑠) : 𝑇 ⊣ Γ3

1-E

Γ1 ⊢ 𝑢 : 1/1 ⊣ Γ2 Γ3 ⊢ 𝑠 : 𝑇 ⊣ Γ4
Γ1, Γ3 ⊢ (let ∗ = ~𝑢 in 𝑠) : 𝑇 ⊣ Γ2, Γ4

~1-E
Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2

Γ1 ⊢ inl𝐴⊕𝐵 (𝑡) : 𝐴 ⊕ 𝐵 ⊣ Γ2
⊕-IL

Γ1 ⊢ 𝑡 : 𝐵 ⊣ Γ2
Γ1 ⊢ inr𝐴⊕𝐵 (𝑡) : 𝐴 ⊕ 𝐵 ⊣ Γ2

⊕-IR

Γ1 ⊢ 𝑡 : 𝐴 ⊕ 𝐵 ⊣ Γ2 Γ2, 𝑥 :𝐴 ⊢ 𝑠1 : 𝑇 ⊣ Γ3, 𝑥† Γ2, 𝑦 : 𝐵 ⊢ 𝑠2 : 𝑇 ⊣ Γ3, 𝑦†

Γ1 ⊢ (case 𝑡 of inl(𝑥) → 𝑠1 | inr(𝑦) → 𝑠2) : 𝑇 ⊣ Γ3
⊕-E

Γ1 ⊢ 𝑢 : (𝐴 ⊕ 𝐵)/(𝐴′ ⊕ 𝐵′) ⊣ Γ2 Γ3, 𝑥 :𝐴 ⊢ 𝑠1 : 𝑇 ⊣ Γ4, 𝑥 :𝐴′ Γ3, 𝑦 : 𝐵 ⊢ 𝑠2 : 𝑇 ⊣ Γ4, 𝑦 : 𝐵′

Γ1, Γ3 ⊢ (case ~𝑢 of inl(𝑥) → 𝑠1 | inr(𝑦) → 𝑠2) : 𝑇 ⊣ Γ2, Γ4
~⊕-E

Γ1 ⊢ 𝑡 : 0 ⊣ Γ2
Γ1 ⊢ false𝑇 (𝑡) : 𝑇 ⊣ Γ2

0-E
Γ1 ⊢ 𝑢 : 0/0 ⊣ Γ2

Γ1 ⊢ false𝑇 (~𝑢) : 𝑇 ⊣ Γ2
~0-E

Γ2 ⊢ 𝑡1 : 𝐴 ⊣ Γ†
2

Γ2 ⊢ 𝑡2 : 𝐵 ⊣ Γ†
2

Γ1, Γ2 ⊢ (𝑡1 & 𝑡2) : 𝐴 & 𝐵 ⊣ Γ1, Γ†
2

&-I

Γ1 ⊢ 𝑡 : 𝐴 & 𝐵 ⊣ Γ2
Γ1 ⊢ fst(𝑡) : 𝐴 ⊣ Γ2

&-EL

Γ1 ⊢ 𝑡 : 𝐴 & 𝐵 ⊣ Γ2
Γ1 ⊢ snd(𝑡) : 𝐵 ⊣ Γ2

&-ER

Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2
Γ1 ⊢ true(𝑡) : ⊤ ⊣ Γ2

⊤-I

Γ1 ⊢ 𝑡1 : !𝐴1 ⊣ Γ2 · · · Γ𝑛 ⊢ 𝑡𝑛 : !𝐴𝑛 ⊣ Γ𝑛+1 𝑥1 : !𝐴1, . . . , 𝑥𝑛 : !𝐴𝑛 ⊢ 𝑡 : 𝐵 ⊣ 𝑥†
1
, . . . , 𝑥†𝑛

Γ1 ⊢ promote 𝑡1, . . . , 𝑡𝑛 for𝑥1, . . . , 𝑥𝑛 in 𝑡 : !𝐵 ⊣ Γ𝑛+1
Prom

Γ1 ⊢ 𝑡 : !𝐴 ⊣ Γ2
Γ1 ⊢ discard 𝑡 : 1 ⊣ Γ2

Disc

Γ1 ⊢ 𝑡 : !𝐴 ⊣ Γ2
Γ1 ⊢ copy 𝑡 : !𝐴 ⊗ !𝐴 ⊣ Γ2

Copy

Γ1 ⊢ 𝑡 : !𝐴 ⊣ Γ2
Γ1 ⊢ derelict 𝑡 : 𝐴 ⊣ Γ2

Der

Note that ~1-E could be made more general but this would break the pattern set out by the other

algebraic data types.

B Typing Proofs
Throughout these appendices, ‘rule induction’ over flow judgements implicitly refers to ‘rule

induction modulo Frame’.

Lemma B.1. If Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2 is a 𝜆𝐿 term and 𝑥 appears dead in Γ1, then 𝑥 appears dead in Γ2.
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Proof. Rule induction: the linear lambda calculus cannot revive dead terms. □

Lemma B.2. Define that a variable is used up in a typing derivation for a term if it is live on the
left-hand side but dead on the right-hand side. Let Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2 in 𝜆𝐿 with the flow type system.
Then, 𝑥 appears free in 𝑡 if and only if it is used up by the derivation for 𝑡 .

Proof. A simple induction on the typing derivation for 𝑡 . In the base cases (Var, 1-I, nullary
Prom), the rule ensures that the free variables are exactly those that are used up. □

Corollary B.3. Let 𝑡 be a 𝜆𝐿 term such that Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2. Writing Γ for the sub-context of Γ1
consisting of only the free variables of Γ1, we have Γ ⊢ 𝑡 : 𝐴 ⊣ Γ†.

Proof. By the previous lemma, all of the other variables do not appear free, so we can apply the

frame rule to remove them from the derivation. □

Theorem B.4. Let Γ and 𝑡 be a context and term respectively in the language 𝜆𝐿 . Then

Γ ⊢ 𝑡 : 𝐴 ⇐⇒ Γ ⊢ 𝑡 : 𝐴 ⊣ Γ†

Proof. By rule induction, repeatedly applying the previous corollary to turn context threading

into context splits. □

Theorem B.5. A 𝜆𝐿 term 𝑡 has at most one type and output context (up to permutation), given a
fixed input context Γ1.

(Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2) ∧ (Γ1 ⊢ 𝑡 : 𝐴′ ⊣ Γ′2 ) =⇒ 𝐴 = 𝐴′ ∧ Γ2 is a permutation of Γ′
2

Proof. By structural induction on expressions, generalising over types and contexts (which are

understood to be identified up to permutation throughout this proof). Using the fact that typing is

syntax-directed, most cases are trivial. The only nontrivial cases are when the context splits, which

occurs only in ⊸-I and &-I. Suppose that we are comparing the following two occurrences of ⊸-I:

Γ2, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵 ⊣ Γ†
2
, 𝑥†

Γ1, Γ2 ⊢ (𝜆𝑥 :𝐴. 𝑡) : 𝐴 ⊸ 𝐵 ⊣ Γ1, Γ†
2

Γ′
2
, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵′ ⊣ Γ†

2
, 𝑥†

Γ′
1
, Γ′

2
⊢ (𝜆𝑥 :𝐴. 𝑡) : 𝐴 ⊸ 𝐵′ ⊣ Γ′

1
, Γ′†

2

We apply the frame rule to the two assumptions to obtain:

Γ1, Γ2, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵 ⊣ Γ1, Γ†
2

Γ′
1
, Γ′

2
, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵′ ⊣ Γ′

1
, Γ′†

2

Since Γ1, Γ2 and Γ′
1
, Γ′

2
are equal up to permutation, the inductive hypothesis now applies, giving

𝐵 = 𝐵′ and Γ1, Γ
†
2
= Γ′

1
, Γ′†

2
up to permutation. The same trick can be used to prove the inductive

step for &-I, thus giving the result. □

C Translation Rules
In this section, we detail the translation rules from 𝜆𝐹 to 𝜆𝐿 . We will translate 𝜆𝐹 judgements to

closed 𝜆𝐿 terms as follows:

(Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2) ↦→ (⊢ 𝑡 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 1))

(Γ1 ⊢ 𝑢 : 𝐴/𝐴′ ⊣ Γ2) ↦→ (⊢ 𝑢 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐴′◦))

We will use conventional pattern-matching syntax to abbreviate terms, so for example (𝜆∗ : 1. 𝑡)
abbreviates (𝜆𝑥 : 1. let ∗ = 𝑥 in 𝑡). We use the following abbreviations for metatheoretically-defined

combinators of closed 𝜆𝐿 terms:

(◦) : (𝐴 ⊸ 𝐵) × (𝑆 ⊸ 𝐴) → (𝑆 ⊸ 𝐵)
𝑔 ◦ 𝑓 = 𝜆𝑠 : 𝑆. 𝑔 (𝑓 𝑠)
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(◦̂) : [(𝐴,𝐴′) → (𝐵, 𝐵′)] × [(𝑆, 𝑆 ′) → (𝐴,𝐴′)] → [(𝑆, 𝑆 ′) → (𝐵, 𝐵′)]
𝑔 ◦̂ 𝑓 = 𝜆𝑠 : 𝑆. let (𝑎, 𝑟𝑎) = 𝑓 𝑠 in let (𝑏, 𝑟𝑏) = 𝑔 𝑎 in (𝑏, 𝑟𝑎 ◦ 𝑟𝑏)
(≫) : [(𝑆, 𝑆 ′) → (𝐴, 1)] × [(𝑆 ′ ⊗ 𝐴, 𝑆 ′′) → (𝐵, 𝐵′)] → [(𝑆, 𝑆 ′′) → (𝐵, 𝐵′)]

𝑓 ≫ 𝑔 = 𝜆𝑠 : 𝑆. let (𝑎, 𝑟𝑎) = 𝑓 𝑠 in𝑔 (𝑟𝑎 ∗, 𝑎)
id : 𝑆 ⊸ 𝑆

id = 𝜆𝑠 : 𝑆. 𝑠

îd : (𝑆, 𝑆 ′) → (𝑆, 𝑆 ′)

îd = 𝜆𝑠 : 𝑆. (𝑠, id)

l̂eft : (𝐴 ⊸ 𝐵) → [(𝐴,𝐶) → (𝐵,𝐶)]

l̂eft = 𝜆𝑓 : (𝐴 ⊸ 𝐵). 𝜆𝑎 :𝐴. (𝑓 𝑎, id)
We call ◦̂ vertical composition and≫ sequential composition. Next, we define the following proof-

relevant notion of context split:

Definition C.1. A splitting of a 𝜆𝐹 -context Γ is a list 𝜓 of values {1, 2} of the same length as Γ.
We say that𝜓 splits Γ into Γ1, Γ2 if Γ1 consists precisely of the entries of Γ for which𝜓 takes value 1,

and likewise for Γ2. Given𝜓 , the values of Γ1, Γ2 are uniquely determined, and vice versa; we write

𝜓 : Γ ≃ (Γ1 | Γ2) when this is the case. Note that the same𝜓 can be used for contexts with different

types but the same overall structure. We write split(𝜓 ) and merge(𝜓 ) for the following terms:

⊢ split(𝜓 ) : Γ◦ ⊸ (Γ◦
1
⊗ Γ◦

2
)

split(∅) = 𝜆∗. (∗, ∗)

split((𝜓, 1)) =
{
𝜆(𝛾, 𝑥). let (𝛾1, 𝛾2) = split(𝜓 ) 𝛾 in ((𝛾1, 𝑥), 𝛾2) if 𝑥 live in Γ

split(𝜓 ) otherwise

split((𝜓, 2)) =
{
𝜆(𝛾, 𝑥). let (𝛾1, 𝛾2) = split(𝜓 ) 𝛾 in (𝛾1, (𝛾2, 𝑥)) if 𝑥 live in Γ

split(𝜓 ) otherwise

⊢ merge(𝜓 ) : (Γ◦
1
⊗ Γ◦

2
) ⊸ Γ◦

merge(∅) = 𝜆(∗, ∗) . ∗

merge((𝜓, 1)) =
{
𝜆((𝛾1, 𝑥), 𝛾2). (merge(𝜓 ) (𝛾1, 𝛾2), 𝑥) if 𝑥 live in Γ

merge(𝜓 ) otherwise

merge((𝜓, 2)) =
{
𝜆(𝛾1, (𝛾2, 𝑥)) . (merge(𝜓 ) (𝛾1, 𝛾2), 𝑥) if 𝑥 live in Γ

merge(𝜓 ) otherwise ⋄
The following set of rules is an exchange-free formulation of the flow typing rules. Note that

in each of these definitions, the parameters occur exactly once, so they can be substituted strictly.

Also, these rules make use of the fact that appearances of dead variables are ignored by (−)◦.
𝜓 : Γ1 ≃ (Γ2 | 𝑥 :𝐴)
(Γ◦

1
, Γ◦

2
) → (𝐴◦, 1)

Var

↦→ (𝜆(𝛾2, (∗, 𝑥)) : (Γ◦2 ⊗ (𝑥 :𝐴)◦). (𝑥, 𝜆∗ : 1. 𝛾2)) ◦ split(𝜓 )

𝜓 : Γ1 ≃ (Γ2 | 𝑥 :𝐴) 𝜓 : Γ′
1
≃ (Γ2 | 𝑥 :𝐴′)

(Γ◦
1
, Γ′◦

1
) → (𝐴◦, 𝐴′◦)

FVar-Live
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↦→ (𝜆(𝛾2, (∗, 𝑥)) : (Γ◦2 ⊗ (𝑥 :𝐴)◦). (𝑥, 𝜆𝑥 ′ :𝐴′◦.merge(𝜓 ) (𝛾2, 𝑥 ′))) ◦ split(𝜓 )

𝜓 : Γ2 ≃ (Γ1 | 𝑥 :𝐴′)
(Γ◦

1
, Γ◦

2
) → (1, 𝐴′◦)

FVar-Dead

↦→ 𝜆𝛾1 : Γ
◦
1
. (∗, (𝜆𝑥 :𝐴′◦.merge(𝜓 ) (𝛾1, (∗, 𝑥))))

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 1) 𝑔 : (Γ◦

2
⊗ 𝐴′◦, Γ◦

3
) → (1, 1)

(Γ◦
1
, Γ◦

3
) → (𝐴◦, 𝐴′◦)

Lens

↦→ 𝜆𝛾1 : Γ
◦
1
. let (𝑎, 𝑟𝑎) = 𝑓 𝛾1 in (𝑎, 𝜆𝑎′ :𝐴′◦. let (∗, 𝑟𝑔) = 𝑔 (𝑟𝑎 ∗, 𝑎′) in 𝑟𝑔 ∗)

𝜓 : Γ ≃ (Γ1 | Γ2) 𝑓 : (Γ◦
2
, Γ◦

3
) → (𝐴◦, 𝐵◦) 𝑔 : (Γ◦

3
, 1) → (𝐶, 1)

(Γ◦, Γ◦
1
) → (𝐴 ⊗ (𝐵 ⊸ 𝐶), 1)

Unlens

↦→ (𝜆(𝛾1, 𝛾2) : (Γ◦1 ⊗ Γ◦
2
). let (𝑎, 𝑟𝑎) = 𝑓 𝛾2 in

((𝑎, 𝜆𝑏 : 𝐵. let (𝑐, 𝑟𝑐 ) = 𝑔 (𝑟𝑎 𝑏) in let ∗ = 𝑟𝑐 ∗ in 𝑐), 𝛾1)) ◦ split(𝜓 )

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 1) 𝑔 : (Γ◦

2
⊗ 𝐴◦, Γ◦

3
) → (𝐵◦, 𝐵′◦)

(Γ◦
1
, Γ◦

3
) → (𝐵◦, 𝐵′◦)

Let

↦→ 𝑓 ≫ 𝑔

𝜓 : Γ ≃ (Γ1 | Γ3) 𝜓 : Γ′ ≃ (Γ2 | Γ4)
𝑓 : (Γ◦

1
, Γ◦

2
) → (𝐴◦, 𝐴′◦) 𝑔 : (Γ◦

3
⊗ 𝐴◦, Γ◦

4
⊗ 𝐴′◦) → (𝐵◦, 𝐵′◦)

(Γ◦, Γ′◦) → (𝐵◦, 𝐵′◦)
~Let

↦→ (𝜆(𝛾1, 𝛾3) : (Γ◦1 ⊗ Γ◦
3
).

let (𝑎, 𝑟𝑎) = 𝑓 𝛾1 in let (𝑏, 𝑟𝑏) = 𝑔 (𝛾3, 𝑎) in
(𝑏, 𝜆𝑏′ : 𝐵′◦. let (𝛾4, 𝑎′) = 𝑟𝑏 𝑏

′
inmerge(𝜓 ) (𝑟𝑎 𝑎′, 𝛾◦4 )))

◦ split(𝜓 )

𝜓 : Γ ≃ (Γ1 | Γ2) 𝑓 : (Γ◦
2
⊗ 𝐴◦, 1) → (𝐵◦, 1)

(Γ◦, Γ◦
1
) → (𝐴◦ ⊸ 𝐵◦, 1)

⊸-I

↦→ (𝜆(𝛾1, 𝛾2) : (Γ◦1 ⊗ Γ◦
2
). ((𝜆𝑎 :𝐴◦. let (𝑏, 𝑟𝑏) = 𝑓 (𝛾2, 𝑎) in let ∗ = 𝑟𝑏 ∗ in𝑏), (𝜆∗ : 1. 𝛾1)))

◦ split(𝜓 )

𝜓 : Γ ≃ (Γ1 | Γ2) 𝑓 : (Γ◦
2
⊗ 𝐴◦, 1) → (𝐵◦, 𝐵′◦)

(Γ◦, Γ◦
1
) → (𝐴◦ ⊸ (𝐵◦ ⊗ (𝐵′◦ ⊸ 1)), 1)

⊸~-I

↦→ (𝜆(𝛾1, 𝛾2) : (Γ◦1 ⊗ Γ◦
2
). ((𝜆𝑎 :𝐴◦. 𝑓 (𝛾2, 𝑎)), (𝜆∗ : 1. 𝛾1))) ◦ split(𝜓 )

𝜓 : Γ ≃ (Γ1 | Γ2) 𝑓 : (Γ◦
2
⊗ 𝐴◦, 1 ⊗ 𝐴′◦) → (𝐵◦, 1)

(Γ◦, Γ◦
1
) → (𝐴◦ ⊸ (𝐵◦ ⊗ 𝐴′◦), 1)

~⊸-I

↦→ (𝜆(𝛾1, 𝛾2) : (Γ◦1 ⊗ Γ◦
2
).

((𝜆𝑎 :𝐴◦. let (𝑏, 𝑟𝑏) = 𝑓 (𝛾2, 𝑎) in let (∗, 𝑎′) = 𝑟𝑏 ∗ in (𝑏, 𝑎′)), (𝜆∗ : 1. 𝛾1))) ◦ split(𝜓 )

𝜓 : Γ ≃ (Γ1 | Γ2) 𝑓 : (Γ◦
2
⊗ 𝐴◦, 1 ⊗ 𝐴′◦) → (𝐵◦, 𝐵′◦)

(Γ◦, Γ◦
1
) → ((𝐴◦, 𝐴′◦) → (𝐵◦, 𝐵′◦), 1)

~⊸~-I
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↦→ (𝜆(𝛾1, 𝛾2) : (Γ◦1 ⊗ Γ◦
2
).

((𝜆𝑎 :𝐴◦. let (𝑏, 𝑟𝑏) = 𝑓 (𝛾2, 𝑎) in (𝑏, 𝜆𝑏′ : 𝐵′◦. let (∗, 𝑎′) = 𝑟𝑏 𝑏
′
in𝑎′)), (𝜆∗ : 1. 𝛾1)))

◦ split(𝜓 )

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦ ⊸ 𝐵◦, 1) 𝑔 : (Γ◦

2
, Γ◦

3
) → (𝐴◦, 1)

(Γ◦
1
, Γ◦

3
) → (𝐵◦, 1)

⊸-E

↦→ 𝑓 ≫ (𝜆(𝛾2, ℎ) : (Γ◦2 ⊗ (𝐴◦ ⊸ 𝐵◦)). ( l̂eft ℎ ◦̂ 𝑔) 𝛾2)

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦ ⊸ (𝐵◦ ⊗ (𝐵′◦ ⊸ 1)), 1) 𝑔 : (Γ◦

2
, Γ◦

3
) → (𝐴◦, 1)

(Γ◦
1
, Γ◦

3
) → (𝐵◦, 𝐵′◦)

⊸~-E

↦→ 𝑓 ≫ (𝜆(𝛾2, ℎ) : (Γ◦2 ⊗ (𝐴◦ ⊸ (𝐵◦ ⊗ (𝐵′◦ ⊸ 1)))). (ℎ ◦̂ 𝑔) 𝛾2)

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦ ⊸ (𝐵◦ ⊗ 𝐴′◦), 1) 𝑔 : (Γ◦

2
, Γ◦

3
) → (𝐴◦, 𝐴′◦)

(Γ◦
1
, Γ◦

3
) → (𝐵◦, 1)

~⊸-E

↦→ 𝑓 ≫ (𝜆(𝛾2, ℎ) : (Γ◦2 ⊗ (𝐴◦ ⊸ (𝐵◦ ⊗ 𝐴′◦))) .
((𝜆𝑎 :𝐴◦. let (𝑏, 𝑎′) = ℎ 𝑎 in (𝑏, 𝜆∗ : 1. 𝑎′)) ◦̂ 𝑔) 𝛾2)

𝑓 : (Γ◦
1
, Γ◦

2
) → ((𝐴◦, 𝐴′◦) → (𝐵◦, 𝐵′◦), 1) 𝑔 : (Γ◦

2
, Γ◦

3
) → (𝐴◦, 𝐴′◦)

(Γ◦
1
, Γ◦

3
) → (𝐵◦, 𝐵′◦)

~⊸~-E

↦→ 𝑓 ≫ (𝜆(𝛾2, ℎ) : (Γ◦2 ⊗ ((𝐴◦, 𝐴′◦) → (𝐵◦, 𝐵′◦))) . (ℎ ◦̂ 𝑔) 𝛾2)

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 1) 𝑔 : (Γ◦

2
, Γ◦

3
) → (𝐵◦, 1)

(Γ◦
1
, Γ◦

3
) → (𝐴◦ ⊗ 𝐵◦, 1)

⊗-I

↦→ 𝑓 ≫ (𝜆(𝛾2, 𝑎) : (Γ◦2 ⊗ 𝐴◦). let (𝑏, 𝑟𝑏) = 𝑔 𝛾2 in ((𝑎, 𝑏), 𝑟𝑏))

𝜓 : Γ ≃ (Γ1 | Γ3) 𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐴′◦) 𝑔 : (Γ◦

3
, Γ◦

4
) → (𝐵◦, 𝐵′◦)

(Γ◦, Γ◦
2
⊗ Γ◦

4
) → (𝐴◦ ⊗ 𝐵◦, 𝐴′◦ ⊗ 𝐵′◦)

~⊗-I

↦→ (𝜆(𝑠, 𝑡) : (𝑆 ⊗ 𝑇 ). let (𝑎, 𝑟𝑎) = 𝑓 𝑠 in let (𝑏, 𝑟𝑏) = 𝑔 𝑎 in ) ◦ split(𝜓 )

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦ ⊗ 𝐵◦, 1) 𝑔 : ((Γ◦

2
⊗ 𝐴◦) ⊗ 𝐵◦, Γ◦

3
) → (𝐶◦,𝐶′◦)

(Γ◦
1
, Γ◦

3
) → (𝐶◦,𝐶′◦)

⊗-E

↦→ 𝑓 ≫ (𝜆(𝛾2, (𝑎, 𝑏)) : (Γ◦2 ⊗ (𝐴◦ ⊗ 𝐵◦)) . 𝑔 ((𝛾2, 𝑎), 𝑏))

𝜓 : Γ ≃ (Γ1 | Γ3) 𝜓 : Γ′ ≃ (Γ2 | Γ4)
𝑓 : (Γ◦

1
, Γ◦

2
) → (𝐴◦ ⊗ 𝐵◦, 𝐴′◦ ⊗ 𝐵′◦) 𝑔 : ((Γ◦

3
⊗ 𝐴◦) ⊗ 𝐵◦, (Γ◦

4
⊗ 𝐴′◦) ⊗ 𝐵′◦) → (𝐶◦,𝐶′◦)

(Γ◦, Γ′◦) → (𝐶◦,𝐶′◦)
~⊗-E

↦→ (𝜆(𝛾1, 𝛾3) : (Γ◦1 , Γ◦3 ) . let ((𝑎, 𝑏), 𝑟 𝑓 ) = 𝑓 𝛾1 in let (𝑐, 𝑟𝑔) = 𝑔 ((𝛾3, 𝑎), 𝑏) in
(𝑐, 𝜆𝑐′ :𝐶′◦. let ((𝛾4, 𝑎′), 𝑏′) = 𝑟𝑔 𝑐

′
inmerge(𝜓 ) (𝑟 𝑓 (𝑎′, 𝑏′), 𝛾4))) ◦ split(𝜓 )

(Γ◦, Γ◦) → (1, 1)
1-I

↦→ 𝜆𝛾 : Γ◦. (∗, 𝜆∗ : 1. 𝛾)
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(Γ◦, Γ◦) → (1, 1)
~1-I

↦→ 𝜆𝛾 : Γ◦. (∗, 𝜆∗ : 1. 𝛾)

𝑓 : (Γ◦
1
, Γ◦

2
) → (1, 1) 𝑔 : (Γ◦

2
, Γ◦

3
) → (𝐴◦, 𝐴′◦)

(Γ◦
1
, Γ◦

3
) → (𝐴◦, 𝐴′◦)

1-E

↦→ 𝑓 ≫ (𝜆(𝛾2, ∗) : (Γ◦2 ⊗ 1). 𝑔 𝛾2)

𝜓 : Γ ≃ (Γ1 | Γ3) 𝜓 : Γ′ ≃ (Γ2 | Γ4)
𝑓 : (Γ◦

1
, Γ◦

2
) → (1, 1) 𝑔 : (Γ◦

3
, Γ◦

4
) → (𝐴◦, 𝐴′◦)

(Γ◦
1
⊗ Γ◦

3
, Γ◦

2
⊗ Γ◦

4
) → (𝐴◦, 𝐴′◦)

~1-E

↦→ (𝜆(𝛾1, 𝛾3) : (Γ◦1 ⊗ Γ◦
3
). let (∗, 𝑟 𝑓 ) = 𝑓 𝛾1 in let (𝑎, 𝑟𝑔) = 𝑔 𝛾3 in

(𝑎, 𝜆𝑎′ :𝐴′◦.merge(𝜓 ) (𝑟 𝑓 ∗, 𝑟𝑔 𝑎′))) ◦ split(𝜓 )

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 1)

(Γ◦
1
, Γ◦

2
) → (𝐴◦ ⊕ 𝐵◦, 1)

⊕-IL

↦→ l̂eft inl ◦̂ 𝑓

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦ ⊕ 𝐵◦, 1) 𝑔 : (Γ◦

2
⊗ 𝐴◦, Γ◦

3
) → (𝐶◦,𝐶′◦) ℎ : (Γ◦

2
⊗ 𝐵◦, Γ◦

3
) → (𝐶◦,𝐶′◦)

(Γ◦
1
, Γ◦

3
) → (𝐶◦,𝐶′◦)

⊕-E

↦→ 𝑓 ≫ (𝜆(𝛾2, 𝑥) : (Γ◦2 ⊗ (𝐴◦ ⊕ 𝐵◦)) . case𝑥 of inl(𝑎) → 𝑔 (𝛾2, 𝑎) | inr(𝑏) → ℎ (𝛾3, 𝑏))

𝜓 : Γ ≃ (Γ1 | Γ3) 𝜓 : Γ′ ≃ (Γ2 | Γ4)
𝑓 : (Γ◦

1
, Γ◦

2
) → (𝐴◦ ⊕ 𝐵◦, 𝐴′◦ ⊕ 𝐵′◦)

𝑔 : (Γ◦
3
⊗ 𝐴◦, Γ◦

4
⊗ 𝐴′◦) → (𝐶◦,𝐶′◦) ℎ : (Γ◦

3
⊗ 𝐵◦, Γ◦

4
⊗ 𝐵′◦) → (𝐶◦,𝐶′◦)

(Γ◦
1
⊗ Γ◦

3
, Γ◦

2
⊗ Γ◦

4
) → (𝐶◦,𝐶′◦)

~⊕-E

↦→ (𝜆(𝛾1, 𝛾3) : (Γ◦1 ⊗ Γ◦
2
). let (𝑥, 𝑟 𝑓 ) = 𝑓 𝛾1 in case𝑥 of

| inl(𝑎) → let (𝑐, 𝑟𝑔) = 𝑔 (𝛾3, 𝑎) in
(𝑐, 𝜆𝑐′ :𝐶′◦. let (𝛾4, 𝑎′) = 𝑟𝑔 𝑐

′
inmerge(𝜓 ) (𝑟 𝑓 (inl(𝑎′)), 𝛾4))

| inr(𝑏) → let (𝑐, 𝑟ℎ) = ℎ (𝛾3, 𝑏) in
(𝑐, 𝜆𝑐′ :𝐶′◦. let (𝛾4, 𝑏′) = 𝑟ℎ 𝑐

′
inmerge(𝜓 ) (𝑟 𝑓 (inr(𝑏′)), 𝛾4)))

◦ split(𝜓 )

𝑓 : (Γ◦
1
, Γ◦

2
) → (0, 1)

(Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐴′◦)

0-E

↦→ (𝜆𝑥 : 0. false𝐴◦⊗(𝐴′◦⊸1) (𝑥)) ◦̂ 𝑓

𝑓 : (Γ◦
1
, Γ◦

2
) → (0, 0)

(Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐴′◦)

~0-E

↦→ (𝜆𝑥 : 0. false𝐴◦⊗(𝐴′◦⊸0) (𝑥)) ◦̂ 𝑓

𝑓 : (Γ◦
2
, 1) → (𝐴◦, 1) 𝑔 : (Γ◦

2
, 1) → (𝐵◦, 1)

(Γ◦
1
⊗ Γ◦

2
, Γ◦

1
) → (𝐴◦ & 𝐵◦, 1)

&-I
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↦→ 𝜆(𝛾1, 𝛾2) : (Γ◦1 ⊗ Γ◦
2
).

(((let (𝑎, 𝑟𝑎) = 𝑓 𝛾2 in let ∗ = 𝑟𝑎 ∗ in𝑎) & (let (𝑏, 𝑟𝑏) = 𝑔 𝛾2 in let ∗ = 𝑟𝑏 ∗ in𝑏)),
𝜆∗ : 1. 𝛾1)

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦ & 𝐵◦, 1)

(Γ◦
1
, Γ◦

2
) → (𝐴◦, 1)

&-EL

↦→ l̂eft (𝜆𝑥 :𝐴◦ & 𝐵◦. fst(𝑥)) ◦̂ 𝑓

𝑓 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 1)

(Γ◦
1
, Γ◦

2
) → (⊤, 1)

⊤-I

↦→ l̂eft (𝜆𝑥 :𝐴◦. true(𝑥)) ◦̂ 𝑓

𝑓1 : (Γ◦1 , Γ◦2 ) → (!𝐴◦1, 1) · · · 𝑓𝑛 : (Γ◦𝑛 , Γ◦𝑛+1) → (!𝐴◦𝑛, 1)
𝑔 : (!𝐴◦

1
⊗ . . . !𝐴◦𝑛, 1) → (𝐵◦, 1)

(Γ◦
1
, Γ◦𝑛+1) → (!𝐵◦, 1)

Prom

↦→ (𝜆𝛾1 : (1 ⊸ Γ◦
1
). let (𝑎1, 𝛾2) = 𝑓1 (𝛾1 ∗) in

(𝜆𝛾2 : (1 ⊸ Γ◦
2
). let (𝑎2, 𝛾3) = 𝑓2 (𝛾2 ∗) in (· · · (

((promote𝑎1, . . . , 𝑎𝑛 for𝑥1, . . . , 𝑥𝑛 in

let (𝑏, 𝑟𝑏) = 𝑔 (𝑥1, . . . , 𝑥𝑛) in let ∗ = 𝑟𝑏 ∗ in𝑏), 𝛾𝑛+1)
) · · · )
(𝜆∗ : 1. 𝛾1)

𝑓 : (Γ◦
1
, Γ◦

2
) → (!𝐴◦, 1)

(Γ◦
1
, Γ◦

2
) → (1, 1)

Disc

↦→ l̂eft (𝜆𝑥 : !𝐴◦. discard𝑥) ◦̂ 𝑓

𝑓 : (Γ◦
1
, Γ◦

2
) → (!𝐴◦, 1)

(Γ◦
1
, Γ◦

2
) → (!𝐴◦ ⊗ !𝐴◦, 1)

Copy

↦→ l̂eft (𝜆𝑥 : !𝐴◦. copy𝑥) ◦̂ 𝑓

𝑓 : (Γ◦
1
, Γ◦

2
) → (!𝐴◦, 1)

(Γ◦
1
, Γ◦

2
) → (𝐴◦, 1)

Der

↦→ l̂eft (𝜆𝑥 : !𝐴◦. derelict𝑥) ◦̂ 𝑓

Theorem C.2. If Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2 is a valid type derivation in 𝜆𝐹 , then ⊢ 𝑡 : (Γ◦1 , Γ◦2 ) → (𝐴◦, 1) is
a valid type derivation in 𝜆𝐿 . Similarly, if Γ1 ⊢ 𝑢 : 𝐴/𝐴′ ⊣ Γ2 is a valid type derivation in 𝜆𝐹 , then
⊢ 𝑢 : (Γ◦

1
, Γ◦

2
) → (𝐴◦, 𝐴′◦) is a valid type derivation in 𝜆𝐿 .

Proof. By construction, via rule induction. □

D Semantics
In this section we introduce an operational semantics for 𝜆𝐿 with its conventional type system.
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D.1 Semantic Rules
Recall the following syntax for 𝜆𝐿 terms 𝑡 , and define the notion of value 𝑣 as follows:

𝑡 ≔ 𝑥 | (let𝑥 = 𝑡1 in 𝑡2) | (𝜆𝑥 :𝐴. 𝑡) | 𝑡1 𝑡2
| (𝑡1, 𝑡2) | (let (𝑥,𝑦) = 𝑡1 in 𝑡2) | ∗ | (let ∗ = 𝑡1 in 𝑡2)
| inl𝐴⊕𝐵 (𝑡) | inr𝐴⊕𝐵 (𝑡) | (case 𝑡 of inl(𝑥) → 𝑡1 | inr(𝑦) → 𝑡2) | false𝐴 (𝑡)
| (𝑡1 & 𝑡2) | fst(𝑡) | snd(𝑡) | true(𝑡)
| promote 𝑡1, . . . , 𝑡𝑛 for𝑥1, . . . , 𝑥𝑛 in 𝑡 | discard 𝑡 | copy 𝑡 | derelict 𝑡

𝑣 ≔ (𝜆𝑥 :𝐴. 𝑡) | (𝑣1, 𝑣2) | ∗ | inl𝐴⊕𝐵 (𝑣) | inr𝐴⊕𝐵 (𝑣) | (𝑡1 & 𝑡2) | true(𝑣) | promote for in 𝑡

Abbreviate ‘promote for in 𝑡 ’ as !𝑡 . Our semantic judgements are of the form 𝑡 ⇓ 𝑣 , where 𝑡 must

be a closed term. This semantics is directly inspired by the operational semantics due to Abramsky

[1, section 3].

𝑡1 ⇓ 𝑣1 𝑡2 [𝑣1/𝑥] ⇓ 𝑣2
(let 𝑡1 = 𝑥 in 𝑡2) ⇓ 𝑣2

Let

(𝜆𝑥 :𝐴. 𝑡) ⇓ (𝜆𝑥 :𝐴. 𝑡)
⊸-I

𝑡1 ⇓ (𝜆𝑥 :𝐴. 𝑡) 𝑡2 ⇓ 𝑣1 𝑡 [𝑣1/𝑥] ⇓ 𝑣2
(𝑡1 𝑡2) ⇓ 𝑣2

⊸-E

𝑡1 ⇓ 𝑣1 𝑡2 ⇓ 𝑣2
(𝑡1, 𝑡2) ⇓ (𝑣1, 𝑣2)

⊗-I

𝑡1 ⇓ (𝑣1, 𝑣2) 𝑡2 [𝑣1/𝑥, 𝑣2/𝑦] ⇓ 𝑣
(let (𝑥,𝑦) = 𝑡1 in 𝑡2) ⇓ 𝑣

⊗-E
∗ ⇓ ∗

1-I
𝑡1 ⇓ ∗ 𝑡2 ⇓ 𝑣
(let ∗ = 𝑡1 in 𝑡2) ⇓ 𝑣

1-E

𝑡 ⇓ 𝑣
inl𝐴⊕𝐵 (𝑡) ⇓ inl𝐴⊕𝐵 (𝑣)

⊕-IL
𝑡1 ⇓ inl𝐴⊕𝐵 (𝑣1) 𝑡2 [𝑣1/𝑥] ⇓ 𝑣2

(case 𝑡1 of inl(𝑥) → 𝑡2 | inr(𝑦) → 𝑡3) ⇓ 𝑣2
⊕-EL

(𝑡1 & 𝑡2) ⇓ (𝑡1 & 𝑡2)
&-I

𝑡 ⇓ (𝑡1 & 𝑡2) 𝑡1 ⇓ 𝑣
fst(𝑡) ⇓ 𝑣

&-EL

𝑡 ⇓ 𝑣
true(𝑡) ⇓ true(𝑣)

⊤-I

𝑡1 ⇓ !𝑡 ′1 · · · 𝑡𝑛 ⇓ !𝑡 ′𝑛
promote 𝑡1, . . . , 𝑡𝑛 for𝑥1, . . . , 𝑥𝑛 in 𝑡 ⇓ !(𝑡 [!𝑡 ′1/𝑥1, . . . , !𝑡 ′𝑛/𝑥𝑛])

Prom

𝑡 ⇓ !𝑡 ′

(discard 𝑡) ⇓ ∗
Disc

𝑡 ⇓ !𝑡 ′

(copy 𝑡) ⇓ (!𝑡 ′, !𝑡 ′)
Copy

𝑡 ⇓ !𝑡 ′ 𝑡 ′ ⇓ 𝑣
(derelict 𝑡) ⇓ 𝑣

Der

Proposition D.1 (determinism). If 𝑡 ⇓ 𝑣1 and 𝑡 ⇓ 𝑣2 then 𝑣1 = 𝑣2.

Proof. Rule induction. □

Proposition D.2. All values are closed terms and reduce to themselves.

Proof. Trivial. □

D.2 Logical Relations
DefineW⟦𝐴⟧ for the collection of pairs of well-typed closed terms:

W⟦𝐴⟧ = {(𝑡1, 𝑡2) | (⊢ 𝑡1 : 𝐴) ∧ (⊢ 𝑡2 : 𝐴)}
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Define logical relationsV⟦𝐴⟧ ⊆ Value × Value and T⟦𝐴⟧ ⊆ Term × Term as follows, by recursion

on types.

V⟦𝐴 ⊸ 𝐵⟧ ≔W⟦𝐴 ⊸ 𝐵⟧ ∩
{((𝜆𝑥 :𝐴. 𝑡1), (𝜆𝑥 :𝐴. 𝑡2)) | ∀(𝑣1, 𝑣2) ∈ V⟦𝐴⟧, (𝑡1 [𝑣1/𝑥], 𝑡2 [𝑣2/𝑥]) ∈ T⟦𝐵⟧}

V⟦𝐴 ⊗ 𝐵⟧ ≔ {((𝑣1, 𝑣2), (𝑣3, 𝑣4)) | (𝑣1, 𝑣3) ∈ V⟦𝐴⟧ ∧ (𝑣2, 𝑣4) ∈ V⟦𝐵⟧}
V⟦1⟧ ≔ {(∗, ∗)}

V⟦𝐴 ⊕ 𝐵⟧ ≔ {(inl𝐴⊕𝐵 (𝑣1), inl𝐴⊕𝐵 (𝑣2)) | (𝑣1, 𝑣2) ∈ V⟦𝐴⟧}
∪ {(inr𝐴⊕𝐵 (𝑣1), inr𝐴⊕𝐵 (𝑣2)) | (𝑣1, 𝑣2) ∈ V⟦𝐵⟧}

V⟦0⟧ ≔ ∅
V⟦𝐴 & 𝐵⟧ ≔ {((𝑡1 & 𝑡2), (𝑡3 & 𝑡4)) | (𝑡1, 𝑡3) ∈ T⟦𝐴⟧ ∧ (𝑡2, 𝑡4) ∈ T⟦𝐵⟧}
V⟦⊤⟧ ≔W⟦⊤⟧ ∩ {(true(𝑣1), true(𝑣2))}
V⟦!𝐴⟧ ≔ {(!𝑡1, !𝑡2) | (𝑡1, 𝑡2) ∈ T⟦𝐴⟧}
T⟦𝐴⟧ ≔W⟦𝐴⟧ ∩ {(𝑡1, 𝑡2) | ∃(𝑣1, 𝑣2) ∈ V⟦𝐴⟧, (𝑡1 ⇓ 𝑣1) ∧ (𝑡2 ⇓ 𝑣2)}

Lemma D.3. For all types 𝐴,
V⟦𝐴⟧ ∪ T⟦𝐴⟧ ⊆ W⟦𝐴⟧

Proof. Induction on 𝐴. □

We define the interpretations of contexts as follows:

C⟦𝑥1 :𝐴1, . . . , 𝑥𝑛 :𝐴𝑛⟧ = {((𝑣1, . . . , 𝑣𝑛), (𝑣 ′1, . . . , 𝑣 ′𝑛)) | ∀𝑖, (𝑣𝑖 , 𝑣 ′𝑖 ) ∈ V⟦𝐴𝑖⟧}
We write 𝑡 [𝛾] for the simultaneous substitution of the free variables of 𝑡 with the entries in 𝛾 , where

we assume that terms are carried with the variable names that appear in their contexts so that this

is well-defined. Note that elements of C⟦Γ1, Γ2⟧ are in bijection with quadruples ((𝛾1, 𝛾2), (𝛾 ′1, 𝛾 ′2))
where (𝛾1, 𝛾 ′1) ∈ C⟦Γ1⟧ and (𝛾2, 𝛾 ′2) ∈ C⟦Γ2⟧; we use this correspondence throughout our proofs.
Finally, we define:

(Γ ⊨ 𝑡1 ≈ 𝑡2 : 𝐴) ≔ ∀(𝛾1, 𝛾2) ∈ C⟦Γ⟧, (𝑡1 [𝛾1], 𝑡2 [𝛾2]) ∈ T⟦𝐴⟧

Lemma D.4.

(⊨ 𝑡1 ≈ 𝑡2 : 𝐴) ⇐⇒ (𝑡1, 𝑡2) ∈ T⟦𝐴⟧

Proof. Trivial. □

Following standard practice, we then prove compatibility lemmas in the shape of typing inference

rules, demonstrating that ≈ is a congruence for all term constructors. The fundamental theorem of

logical relations then follows by a simple rule induction.

Theorem D.5 (Fundamental Theorem). Suppose that ⊢ 𝑡 : 𝐴. Then ⊨ 𝑡 ≈ 𝑡 : 𝐴.

Lemma D.6 (symmetry). The logical relations V⟦−⟧, T⟦−⟧, C⟦−⟧ are all symmetric, so the
relation Γ ⊨ (−) ≈ (−) : 𝐴 is symmetric.

Proof. A simple induction on types proves the result forV⟦−⟧, T⟦−⟧ simultaneously. More

precisely, for a given type𝐴, we assume both results hold for all smaller types, then prove the result

forV⟦𝐴⟧, and conclude by proving the result for T⟦𝐴⟧. □

Lemma D.7 (transitivity). The aforementioned relations are all transitive.
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Proof. The same style of induction on types. □

Theorem D.8. Γ ⊨ (−) ≈ (−) : 𝐴 is an equivalence relation and a congruence on well-typed terms
Γ ⊢ (−) : 𝐴.

Lemma D.9. If 𝑡 ⇓ 𝑣 , then ⊨ 𝑡 ≈ 𝑣 .

This allows us to extend theorems about values to theorems about terms, by using congruence.

We then prove function extensionality and standard 𝛽 and 𝜂 rules.

D.3 Categorical Semantics
Define a category C where the objects are 𝜆𝐿 types, and whose morphisms 𝐴→ 𝐵 are equivalence

classes of well-typed closed terms ⊢ 𝑡 : 𝐴 ⊸ 𝐵 under the relation ⊨ (−) ≈ (−) : 𝐴 ⊸ 𝐵. The

identity morphism 1𝐴 : 𝐴 → 𝐴 is the class of 𝜆𝑥 :𝐴. 𝑥 , and the composition of [𝑡1] : 𝐵 → 𝐶 and

[𝑡2] : 𝐴→ 𝐵 is the class of 𝑡3 ≔ 𝜆𝑥 :𝐴. 𝑡1 (𝑡2 𝑥), which is well-defined since ≈ is a congruence for

all well-typed term constructors.

Proposition D.10. C is a category.

Proof. Let [𝑡] : 𝐴→ 𝐵. Then [𝑡] ◦ 1𝐴 is the class of:

(𝜆𝑥 :𝐴. 𝑡 ((𝜆𝑦 :𝐴.𝑦) 𝑥)) ≈ (𝜆𝑥 :𝐴. 𝑡 𝑥) ≈ 𝑡

and 1𝐵 ◦ [𝑡] is the class of:

(𝜆𝑥 :𝐴. (𝜆𝑦 : 𝐵.𝑦) (𝑡 𝑥)) ≈ (𝜆𝑥 :𝐴. 𝑡 𝑥) ≈ 𝑡

Next, if [𝑡1] : 𝐶 → 𝐷 , [𝑡2] : 𝐵 → 𝐶 , and [𝑡1] : 𝐴 → 𝐵, we compute ( [𝑡1] ◦ [𝑡2]) ◦ [𝑡3] and
[𝑡1] ◦ ([𝑡2] ◦ [𝑡3]) as:

( [𝑡1] ◦ [𝑡2]) ◦ [𝑡3] ≈ 𝜆𝑥 :𝐴. (𝜆𝑦 : 𝐵. 𝑡1 (𝑡2 𝑦)) (𝑡3 𝑥)
≈ 𝜆𝑥 :𝐴. 𝑡1 (𝑡2 (𝑡3 𝑥))
≈ 𝜆𝑥 :𝐴. 𝑡1 ((𝜆𝑦 :𝐴. 𝑡2 (𝑡3 𝑦)) 𝑥)
≈ [𝑡1] ◦ ([𝑡2] ◦ [𝑡3])

as required. □

The next propositions are proven in similar ways, appealing to the standard results indicated

above such as function extensionality and 𝛽/𝜂-laws.

Proposition D.11. C is a symmetric monoidal category, where:
• the functor ⊗ is given on objects by the tensor product ⊗ of types, and on morphisms by

⊢ 𝑡1 : 𝐴 ⊸ 𝐵 ⊢ 𝑡2 : 𝐶 ⊸ 𝐷

⊢ (𝜆𝑥 : (𝐴 ⊗ 𝐶). let (𝑎, 𝑐) = 𝑥 in (𝑡1 𝑎, 𝑡2 𝑐)) : (𝐴 ⊗ 𝐶) ⊸ (𝐵 ⊗ 𝐷)
• the monoidal unit is 1;
• the associator 𝛼 : (𝐴 ⊗ 𝐵) ⊗ 𝐶 � 𝐴 ⊗ (𝐵 ⊗ 𝐶) is the class of 𝜆((𝑎, 𝑏), 𝑐). (𝑎, (𝑏, 𝑐));
• the unitors 𝜆 : 1 ⊗ 𝐴 � 𝐴 and 𝜌 : 𝐴 ⊗ 1 � 𝐴 are the classes of 𝜆(∗, 𝑎). 𝑎 and 𝜆(𝑎, ∗) . 𝑎
respectively; and
• the symmetry 𝛾 : 𝐴 ⊗ 𝐵 � 𝐵 ⊗ 𝐴 is the class of 𝜆(𝑎, 𝑏). (𝑏, 𝑎).

Proposition D.12. C is closed monoidal, where the right adjoint to 𝐴 ⊗ (−) is 𝐴 ⊸ (−), and the
evaluation morphism 𝜀 : 𝐴 ⊗ (𝐴 ⊸ 𝐵) → 𝐵 is the class of 𝜆(𝑥, 𝑓 ). 𝑓 𝑥 .
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Proposition D.13. 𝐴 ⊕ 𝐵 is the categorical coproduct of 𝐴 and 𝐵, with coprojections 𝜄1 ≔ [𝜆𝑥 :

𝐴. inl𝐴⊕𝐵 (𝑥)] and 𝜄2 ≔ [𝜆𝑥 :𝐴. inr𝐴⊕𝐵 (𝑥)].
Proposition D.14. 0 is the initial object, with initial morphism 𝜆𝑥 : 0. false𝐴 (𝑥).
Proposition D.15. 𝐴&𝐵 is the categorical product of𝐴 and 𝐵, with legs 𝜋1 ≔ [𝜆𝑥 : (𝐴 & 𝐵). fst(𝑥)]

and 𝜋2 ≔ [𝜆𝑥 : (𝐴 & 𝐵). snd(𝑥)].
Proposition D.16. ⊤ is the terminal object, with terminal morphism 𝜆𝑥 :𝐴. true(𝑥).
Proposition D.17. C has a comonad G = (!, 𝛿, 𝜀) where
• the functorial action of ! on morphisms is

⊢ 𝑡 : 𝐴 ⊸ 𝐵

⊢ (𝜆𝑥 : !𝐴. promote𝑥 for𝑦 in 𝑡 (derelict𝑦)) : (!𝐴) ⊸ (!𝐵)
• the comultiplication 𝛿𝐴 : !𝐴→ !(!𝐴) is

𝛿𝐴 ≔ [𝜆𝑥 : !𝐴. promote𝑥 for𝑦 in𝑦]
• the counit 𝜀𝐴 : !𝐴→ 𝐴 is

𝜀𝐴 ≔ [𝜆𝑥 : !𝐴. derelict𝑥]
Recall that an object𝐴 in a category is called subterminal if all parallel morphisms with codomain

𝐴 are equal.

Lemma D.18. A type is subterminal if and only if whenever (𝑣1, 𝑣1) ∈ V⟦𝐴⟧ and (𝑣2, 𝑣2) ∈ V⟦𝐴⟧,
we have (𝑣1, 𝑣2) ∈ V⟦𝐴⟧.

Proof. Suppose that 𝐴 satisfies the given condition, and let [𝑡1], [𝑡2] : 𝐵 → 𝐴. To show ⊨ 𝑡1 ≈
𝑡2 : 𝐵 ⊸ 𝐴, consider (𝑣1, 𝑣2) ∈ V⟦𝐵⟧ and prove ⊨ 𝑡1 𝑣1 ≈ 𝑡2 𝑣2 : 𝐴. By the fundamental theorem,

(𝑡1 𝑣1, 𝑡1 𝑣1) and (𝑡2 𝑣2, 𝑡2 𝑣2) are elements ofV⟦𝐴⟧, then by the condition, (𝑡1 𝑣1, 𝑡2 𝑣2) ∈ V⟦𝐴⟧ as
required.

Now suppose that 𝐴 is subterminal, and consider (𝑣1, 𝑣1) ∈ V⟦𝐴⟧ and (𝑣2, 𝑣2) ∈ V⟦𝐴⟧. Since 𝑣1
and 𝑣2 are well-typed terms of type 𝐴, we know that the terms (𝜆∗ : 1. 𝑣1) and (𝜆∗ : 1. 𝑣2) are well-
typed. As𝐴 is subterminal, the two terms give rise to equal morphisms. Applying extensionality, we

conclude that ⊨ 𝑣1 ≈ 𝑣2 : 𝐴, giving (𝑣1, 𝑣2) ∈ V⟦𝐴⟧ as values reduce to themselves, as required. □

Lemma D.19. ! preserves subterminal objects.

Proof. Suppose that 𝐴 is subterminal; we show that !𝐴 is subterminal. By the lemma above, let

(!𝑡1, !𝑡1), (!𝑡2, !𝑡2) ∈ V⟦!𝐴⟧, so (𝑡1, 𝑡1), (𝑡2, 𝑡2) ∈ T⟦𝐴⟧. By definition of T⟦𝐴⟧, both 𝑡1 and 𝑡2 reduce
to values 𝑣1, 𝑣2 where (𝑣1, 𝑣1), (𝑣2, 𝑣2) ∈ V⟦𝐴⟧. Since 𝐴 is subterminal, we have (𝑣1, 𝑣2) ∈ V⟦𝐴⟧,
from which we conclude that (𝑡1, 𝑡2) ∈ T⟦𝐴⟧, so (!𝑡1, !𝑡2) ∈ V⟦!𝐴⟧. □

Proposition D.20 (transmutation principle). There are natural isomorphisms:

𝑚2

𝐴,𝐵 : !𝐴 ⊗ !𝐵 � !(𝐴 & 𝐵)
𝑚2

𝐴,𝐵 = [𝜆(𝑥,𝑦) : !𝐴. promote𝑥,𝑦 for 𝑧,𝑤 in (derelict 𝑧 & derelict𝑤)]
(𝑚2

𝐴,𝐵)−1 = [𝜆𝑥 : !(𝐴 & 𝐵) . let (𝑦, 𝑧) = copy𝑥 in

(promote𝑦 for𝑦′ in fst(derelict𝑦′), promote 𝑧 for 𝑧′ in snd(derelict 𝑧′))]
𝑚0

: 1 � !⊤
𝑚0 = [𝜆𝑥 : 1. !(true(𝑥))]

(𝑚0)−1 = [𝜆𝑥 : !⊤. discard𝑥]
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The result about subterminal objects gives an easy proof that𝑚0
is indeed an isomorphism.

Corollary D.21. We have promotion morphisms:

join
0
: 1→ !1

join
2
: !𝐴 ⊗ !𝐵 → !(𝐴 ⊗ 𝐵)

defined by the composites

join
0
= 1

𝑚0

−−→ !⊤ 𝛿−→ !!⊤
!(𝑚0 )−1
−−−−−−→ !1

join
2
= !𝐴 ⊗ !𝐵

𝑚2

−−→ !(𝐴 & 𝐵) 𝛿−→ !!(𝐴 & 𝐵)
!(𝑚2 )−1
−−−−−−→ !(!𝐴 ⊗ !𝐵)

!(𝜀⊗𝜀 )
−−−−−→ !(𝐴 ⊗ 𝐵)

Proposition D.22. We have weakening and contraction morphisms:

wkg : !𝐴→ 1
wkg = [𝜆𝑥 : !𝐴. discard𝑥]
ctr : !𝐴→ !𝐴 ⊗ !𝐴

ctr = [𝜆𝑥 : !𝐴. copy𝑥]

In conclusion:

Theorem D.23. (C , ⊗, 1,⊸) is a symmetric monoidal closed category with finite products (&,⊤)
and coproducts (⊕, 0), and endowed with a comonad ‘ !’ with designated morphisms of type:

wkg : !𝐴→ 1; ctr : !𝐴→ !𝐴 ⊗ !𝐴; join
0
: 1→ !1; join

2
: !𝐴 ⊗ !𝐵 → !(𝐴 ⊗ 𝐵)

Remark D.24. This is a weakening of the definition of a linear category (see e.g. [2, 6]). This

contains enough data to interpret all of the connectives of 𝜆𝐿 , but we do not record any extra laws

about how these connectives compute. ⋄

E Semantic Proofs
Let (D, ⊗, 1,⊸) be a symmetric monoidal closed category (e.g. [5]). We assume without loss of

generality that D is strict monoidal so that we can avoid explicit use of associators and unitors.

Mac Lane [5] and Wilson et al. [7] describe ways to do this. We also assume some or all of the

following:

• binary coproducts 𝐴 + 𝐵 with coprojections 𝜄1, 𝜄2;

• an initial object 0 with morphisms ?𝐴 : 0→ 𝐴;

• binary products 𝐴 × 𝐵 with projections 𝜋1, 𝜋2;

• a terminal object ⊤ with morphisms !𝐴 : 𝐴→ ⊤;
• a comonad G = (𝐺, 𝜀, 𝛿) where 𝜀 : 𝐺 → 1D is the counit and 𝛿 : 𝐺 → 𝐺2

is the comultipli-

cation, together with the following designated morphisms (subject to no laws):

wkg : 𝐺𝐴→ 1; ctr : 𝐺𝐴→ 𝐺𝐴 ⊗ 𝐺𝐴; join
0
: 1→ 𝐺1; join

2
: 𝐺𝐴 ⊗ 𝐺𝐵 → 𝐺 (𝐴 ⊗ 𝐵)

For convenience, we use string diagrams to visualise our semantic proofs. A comprehensive

introduction to string diagrams can be found in [4], and an introduction to their use specifically for

functional computation can be found in [3]. In order to do this, we will now establish notation and

string-diagrammatic representations of the constructions used in this work; much of this notation

is due to [3] and [7].

Due to strictness, contexts Γ can be identifiedwith their packed representations Γ◦. More precisely,

a context can be thought of either as a bundle of adjacent wires or as a single wire, as desired;

moreover, such a bundle can be freely reassociated. To echo this, we use a ‘double-struck’ style to
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draw wires corresponding to contexts. Where we do not make use of strictness, we define operators

for ⊗ and 1 as follows:

The connectors for 1, for example, allow us to freely create and delete objects of type 1. For
abstraction and application we introduce the following additional string diagram notation:

abstraction
𝑓 : Γ → (𝐴 ⊸ 𝐵)

where 𝑓 : Γ ⊗ 𝐴→ 𝐵
↦→

application

𝜀 : (𝐴 ⊸ 𝐵) ⊗ 𝐴→ 𝐵,

the counit of (−) ⊗ 𝐴 ⊣ 𝐴 ⊸ (−) ↦→

For the comonad G, we extend join
0
and join

2
to arbitrary 𝑛 by iteration, assuming that (for

concreteness) the applications of join are associated to the left:

join𝑛 : 𝐺𝐴1 ⊗ · · · ⊗ 𝐺𝐴𝑛 → 𝐺 (𝐴1 ⊗ · · · ⊗ 𝐴𝑛)
We additionally use boxes to signify application of functors. If 𝑓 : 𝐴→ 𝐵, we write𝐺𝑓 : 𝐺𝐴→ 𝐺𝐵

using the following notation:

We record here how the term syntax of 𝜆𝐿 , as well as the corresponding lens translations for the

corresponding 𝜆𝐹 syntax, are interpreted in our string diagrams. First, note that

(Γ◦
1
, Γ◦

2
) → (𝐴, 1) � Γ◦

1
⊸ (Γ◦

2
⊗ 𝐴)

and this isomorphism is natural in all parameters. In this section, all lenses have this form with

final type 𝐵 = 1, so to simplify notation, we transparently replace all such lenses with their images

under this isomorphism. We use boxes with a downward-pointing wire to indicate this in our

diagrams, so for example:

The remainder of this section describes the string diagrams that the term syntax of 𝜆𝐿 corresponds

to, as well as the diagrams associated with each lens translation for such syntax.

identity/variable

𝑥 : 𝐴 ⊢ 𝑥 : 𝐴
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Γ, 𝑥 : 𝐴 ⊢ 𝑥 : 𝐴 ⊣ Γ, 𝑥†

exchange

Γ1, 𝑥 : 𝐴,𝑦 : 𝐵, Γ2 ⊢ 𝑡 : 𝐶
Γ1, 𝑦 : 𝐵, 𝑥 : 𝐴, Γ2 ⊢ 𝑡 : 𝐶

Γ1, 𝑥 : 𝐴,𝑦 : 𝐵, Γ2 ⊢ 𝑡 : 𝐶 ⊣ Γ3
Γ1, 𝑦 : 𝐵, 𝑥 : 𝐴, Γ2 ⊢ 𝑡 : 𝐶 ⊣ Γ3

Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2, 𝑥 : 𝐵,𝑦 : 𝐶, Γ3

Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2, 𝑦 : 𝐶, 𝑥 : 𝐵, Γ3

let

Γ1 ⊢ 𝑡1 : 𝐴 Γ2, 𝑥 : 𝐴 ⊢ 𝑡2 : 𝐵
Γ1, Γ2 ⊢ (let𝑥 = 𝑡1 in 𝑡2) : 𝐵

Γ1 ⊢ 𝑡1 : 𝐴 ⊣ Γ2 Γ2, 𝑥 : 𝐴 ⊢ 𝑡2 : 𝐵 ⊣ Γ3, 𝑥†

Γ1 ⊢ (let𝑥 = 𝑡1 in 𝑡2) : 𝐵 ⊣ Γ3

function

Γ, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ (𝜆𝑥 :𝐴. 𝑡) : 𝐴 ⊸ 𝐵
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Γ2, 𝑥 :𝐴 ⊢ 𝑡 : 𝐵 ⊣ Γ†
2
, 𝑥†

Γ1, Γ2 ⊢ (𝜆𝑥 :𝐴. 𝑡) : (𝐴 ⊸ 𝐵) ⊣ Γ1, Γ†
2

Γ1 ⊢ 𝑡1 : 𝐴 ⊸ 𝐵 Γ2 ⊢ 𝑡2 : 𝐴
Γ1, Γ2 ⊢ 𝑡1 𝑡2 : 𝐵

Γ1 ⊢ 𝑡1 : 𝐴 ⊸ 𝐵 ⊣ Γ2 Γ2 ⊢ 𝑡2 : 𝐴 ⊣ Γ3
Γ1 ⊢ 𝑡1 𝑡2 : 𝐵 ⊣ Γ3

pair

Γ1 ⊢ 𝑡1 : 𝐴 Γ2 ⊢ 𝑡2 : 𝐵
Γ1, Γ2 ⊢ (𝑡1, 𝑡2) : 𝐴 ⊗ 𝐵

Γ1 ⊢ 𝑡1 : 𝐴 ⊣ Γ2 Γ2 ⊢ 𝑡2 : 𝐵 ⊣ Γ3
Γ1 ⊢ (𝑡1, 𝑡2) : 𝐴 ⊗ 𝐵 ⊣ Γ3

Γ1 ⊢ 𝑡1 : 𝐴 ⊗ 𝐵 Γ2, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡2 : 𝐶
Γ1, Γ2 ⊢ (let (𝑥,𝑦) = 𝑡1 in 𝑡2) : 𝐶

Γ1 ⊢ 𝑡1 : 𝐴 ⊗ 𝐵 ⊣ Γ2
Γ2, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡2 : 𝐶 ⊣ Γ3

Γ1 ⊢ (let (𝑥,𝑦) = 𝑡1 in 𝑡2) : 𝐶 ⊣ Γ3

unit

⊢ ∗ : 1
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Γ ⊢ ∗ : 1 ⊣ Γ

Γ1 ⊢ 𝑡1 : 1 Γ2 ⊢ 𝑡2 : 𝐴
Γ1, Γ2 ⊢ (let ∗ = 𝑡1 in 𝑡2) : 𝐴

Γ1 ⊢ 𝑡1 : 1 ⊣ Γ2 Γ2 ⊢ 𝑡2 : 𝐴 ⊣ Γ3
Γ1 ⊢ (let ∗ = 𝑡1 in 𝑡2) : 𝐴 ⊣ Γ3

sum

Γ ⊢ 𝑡 : 𝐴
Γ ⊢ inl𝐴⊕𝐵 (𝑡) : 𝐴 ⊕ 𝐵

Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2
Γ1 ⊢ inl𝐴⊕𝐵 (𝑡) : 𝐴 ⊕ 𝐵 ⊣ Γ2

Γ ⊢ 𝑡 : 𝐵
Γ ⊢ inr𝐴⊕𝐵 (𝑡) : 𝐴 ⊕ 𝐵

Γ1 ⊢ 𝑡 : 𝐵 ⊣ Γ2
Γ1 ⊢ inr𝐴⊕𝐵 (𝑡) : 𝐴 ⊕ 𝐵 ⊣ Γ2

Γ1 ⊢ 𝑡1 : 𝐴 ⊕ 𝐵 Γ2, 𝑥 : 𝐴 ⊢ 𝑡2 : 𝐶 Γ2, 𝑦 : 𝐵 ⊢ 𝑡3 : 𝐶
Γ1, Γ2 ⊢ (case 𝑡1 of inl(𝑥) → 𝑡2 | inr(𝑦) → 𝑡3) : 𝐶

where

= and

=

Γ1 ⊢ 𝑡1 : 𝐴 ⊕ 𝐵 ⊣ Γ2 Γ2, 𝑥 : 𝐴 ⊢ 𝑡2 : 𝐶 ⊣ Γ3, 𝑥† Γ2, 𝑦 : 𝐵 ⊢ 𝑡3 : 𝐶 ⊣ Γ3, 𝑦†

Γ1 ⊢ (case 𝑡1 of inl(𝑥) → 𝑡2 | inr(𝑦) → 𝑡3) : 𝐶 ⊣ Γ3
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where

= and

=

These definitions by universal property make use of the fact that Γ2 ⊗ (𝐴 + 𝐵) is the coproduct of
Γ2 ⊗𝐴 and Γ2 ⊗𝐵. This is true because ⊗ is a left adjoint and therefore commutes with coproducts.

false

Γ ⊢ 𝑡 : 0
Γ ⊢ false𝐴 (𝑡) : 𝐴

Γ1 ⊢ 𝑡 : 0 ⊣ Γ2
Γ1 ⊢ false𝐴 (𝑡) : 𝐴 ⊣ Γ2

additive pair

Γ ⊢ 𝑡1 : 𝐴 Γ ⊢ 𝑡2 : 𝐵
Γ ⊢ ⟨𝑡1, 𝑡2⟩ : 𝐴 & 𝐵

𝑡 such that

= and

=

Γ2 ⊢ 𝑡1 : 𝐴 ⊣ Γ2 ⊢ 𝑡2 : 𝐵 ⊣
Γ1, Γ2 ⊢ ⟨𝑡1, 𝑡2⟩ : 𝐴 & 𝐵 ⊣ Γ1

such that

= and

=

Γ ⊢ 𝑡 : 𝐴 & 𝐵

Γ ⊢ fst(𝑡) : 𝐴
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Γ1 ⊢ 𝑡 : 𝐴 & 𝐵 ⊣ Γ2
Γ1 ⊢ fst(𝑡) : 𝐴 ⊣ Γ2

Γ ⊢ 𝑡 : 𝐴 & 𝐵

Γ ⊢ snd(𝑡) : 𝐵

Γ1 ⊢ 𝑡 : 𝐴 & 𝐵 ⊣ Γ2
Γ1 ⊢ snd(𝑡) : 𝐵 ⊣ Γ2

true

Γ ⊢ 𝑡 : 𝐴
Γ ⊢ true(𝑡) : ⊤

Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2
Γ1 ⊢ true(𝑡) : ⊤ ⊣ Γ2

exponential types

Γ1 ⊢ 𝑡1 : !𝐴1 · · · Γ𝑛 ⊢ 𝑡𝑛 : !𝐴𝑛 𝑥1 : !𝐴1, , 𝑥𝑛 : !𝐴𝑛 ⊢ 𝑡 : 𝐵
Γ1, . . . , Γ𝑛 ⊢ promote 𝑡1, . . . , 𝑡𝑛 for𝑥1, . . . , 𝑥𝑛 in 𝑡 : !𝐵

Γ1 ⊢ 𝑡1 : !𝐴1 ⊣ Γ2 · · · Γ𝑛 ⊢ 𝑡𝑛 : !𝐴𝑛 ⊣ Γ𝑛+1 𝑥1 : !𝐴1, . . . , 𝑥𝑛 : !𝐴𝑛 ⊢ 𝑡 : 𝐵 ⊣
Γ1 ⊢ promote 𝑡1, . . . , 𝑡𝑛 for𝑥1, . . . , 𝑥𝑛 in 𝑡 : !𝐵 ⊣ Γ𝑛+1
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Γ ⊢ 𝑡 : !𝐴
Γ ⊢ discard 𝑡

Γ1 ⊢ 𝑡1 : !𝐴 ⊣ Γ2
Γ1 ⊢ discard 𝑡 : 1 ⊣ Γ2

Γ ⊢ 𝑡 : !𝐴
Γ ⊢ copy 𝑡 : !𝐴 ⊗ !𝐴

Γ1 ⊢ 𝑡 : !𝐴 ⊣ Γ2
Γ1 ⊢ copy 𝑡 : !𝐴 ⊗ !𝐴 ⊣ Γ2

Γ ⊢ 𝑡 : !𝐴
Γ ⊢ derelict 𝑡 : 𝐴

Γ1 ⊢ 𝑡 : !𝐴 ⊣ Γ2
Γ1 ⊢ derelict 𝑡 : 𝐴 ⊣ Γ2

We may then prove the following lemma:

Lemma E.1 (Semantics of frame rule). Let Γ1 ⊢ 𝑡 : 𝐴 ⊣ Γ2 be a linear term, using the syntax
of 𝜆𝐿 . Then, writing Γ1, Γ : 𝑡/Γ ⊣ Γ2, Γ for the application of the frame rule to this term, we have the
semantic equality:

Proof. Straightforward rule induction. □

Using the simplifications described above, the correctness theorem becomes the following:

Theorem E.2 (Correctness). Let Γ ⊢ 𝑡 : 𝐴 be a 𝜆𝐿 term. Writing 𝑡 : Γ ⊸ 1 ⊗ 𝐴 for its lens
translation 𝜆𝐿 :

Proof. Straightforward rule induction. □

Theorem E.3 (Generality). Let Γ1, Γ2 be 𝜆𝐹 contexts containing the same variables, and let 𝐴, 𝐵
be 𝜆𝐹 types. Suppose that there is a closed 𝜆𝐿 lens of the following type:

⊢ 𝑡 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐵◦)
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Then there is a lens term 𝑢 in 𝜆𝐹 with type:

Γ1 ⊢ 𝑢 : 𝐴/𝐵 ⊣ Γ2
such that 𝑡 ≈ 𝑢. Moreover, if 𝐵 = 1, there is a linear term 𝑡 ′ with type:

Γ1 ⊢ 𝑡 ′ : 𝐴 ⊣ Γ2
such that 𝑡 ≈ 𝑡 ′.

Proof. This theorem does not admit a direct string-diagrammatic presentation as described

above, since it concerns lens terms with non-1 final type. For this proof, we make the following

abbreviations:

(◦) : (𝐴 ⊸ 𝐵) × (𝑆 ⊸ 𝐴) → (𝑆 ⊸ 𝐵)
𝑔 ◦ 𝑓 = 𝜆𝑠 : 𝑆. 𝑔 (𝑓 𝑠)
(◦̂) : [(𝐴,𝐴′) → (𝐵, 𝐵′)] × [(𝑆, 𝑆 ′) → (𝐴,𝐴′)] → [(𝑆, 𝑆 ′) → (𝐵, 𝐵′)]

𝑔 ◦̂ 𝑓 = 𝜆𝑠 : 𝑆. let (𝑎, 𝑟𝑎) = 𝑓 𝑠 in let (𝑏, 𝑟𝑏) = 𝑔 𝑎 in (𝑏, 𝑟𝑎 ◦ 𝑟𝑏)
(≫) : [(𝑆, 𝑆 ′) → (𝐴, 1)] × [(𝑆 ′ ⊗ 𝐴, 𝑆 ′′) → (𝐵, 𝐵′)] → [(𝑆, 𝑆 ′′) → (𝐵, 𝐵′)]

𝑓 ≫ 𝑔 = 𝜆𝑠 : 𝑆. let (𝑎, 𝑟𝑎) = 𝑓 𝑠 in𝑔 (𝑟𝑎 ∗, 𝑎)
id : 𝑆 ⊸ 𝑆

id = 𝜆𝑠 : 𝑆. 𝑠

l̂eft : (𝐴 ⊸ 𝐵) → [(𝐴,𝐶) → (𝐵,𝐶)]

l̂eft = 𝜆𝑓 : (𝐴 ⊸ 𝐵). 𝜆𝑎 :𝐴. (𝑓 𝑎, id)
Let

⊢ 𝑡 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐵◦)

By the correctness theorem, 𝑡 is a linear term with the following 𝜆𝐹 type:

⊢ 𝑡 : (Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐵◦) ⊣

and

⊨ 𝑡 ≈ (𝜆∗ : 1. (𝑡, 𝜆𝑥 : 1. 𝑥)) : (1, 1) → ((Γ◦
1
, Γ◦

2
) → (𝐴◦, 𝐵◦), 1)

Let 𝑥1 :𝐴1, . . . , 𝑥𝑛 :𝐴𝑛 be the names and types of the live variables in Γ1, and let 𝑦1 : 𝐵1, . . . , 𝑦𝑚 : 𝐵𝑚
be the corresponding names and types in Γ2. Define 𝑢 by:

𝑢 ≔ (let (𝑎, 𝑟 ) = 𝑡 (∗, 𝑥1, . . . , 𝑥𝑛) in lens𝑏 ← 𝑎 in (∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏)
Then

Γ1 ⊢ 𝑢 : 𝐴/𝐵 ⊣ Γ2
We claim that 𝑢 ≈ 𝑡 . First,

Γ1 ⊢ 𝑡 (∗, 𝑥1, . . . , 𝑥𝑛) : 𝐴◦ ⊗ (𝐵◦ ⊸ Γ◦
2
) ⊣ Γ†

1

has translation:

𝑡 (∗, 𝑥1, . . . , 𝑥𝑛) ≈ 𝑡 ≫ (𝜆(𝛾, ℎ) : (Γ◦
1
⊗ ((Γ◦

1
, Γ◦

2
) → (𝐴◦, 𝐵◦))). ( l̂eft ℎ ◦̂ (∗, 𝑥1, . . . , 𝑥𝑛)) 𝛾)

≈ 𝑡 ≫ (𝜆(𝛾, ℎ). let (𝑎, 𝑟𝑎) = (∗, 𝑥1, . . . , 𝑥𝑛) 𝛾 in let (𝑏, 𝑟𝑏) = l̂eft ℎ 𝑎 in (𝑏, 𝑟𝑎 ◦ 𝑟𝑏))

≈ 𝑡 ≫ (𝜆(𝛾, ℎ). let (𝑎, 𝑟𝑎) = (𝛾, 𝜆𝑥 : 1. 𝑥) in let (𝑏, 𝑟𝑏) = l̂eft ℎ 𝑎 in (𝑏, 𝑟𝑎 ◦ 𝑟𝑏))

≈ 𝑡 ≫ (𝜆(𝛾, ℎ). let (𝑏, 𝑟𝑏) = l̂eft ℎ 𝛾 in (𝑏, 𝑟𝑏))
≈ 𝑡 ≫ (𝜆(𝛾, ℎ). let (𝑏, 𝑟𝑏) = (ℎ 𝛾, 𝜆𝑥 : 1. 𝑥) in (𝑏, 𝑟𝑏))
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≈ 𝑡 ≫ (𝜆(𝛾, ℎ). (ℎ 𝛾, 𝜆𝑥 : 1. 𝑥))
≈ (𝜆𝛾 : Γ◦

1
. (𝑡, 𝜆∗ : 1. 𝛾)) ≫ (𝜆(𝛾, ℎ). (ℎ 𝛾, 𝜆𝑥 : 1. 𝑥))

≈ 𝜆𝛾 : Γ◦
1
. let (𝑎, 𝑟𝑎) = (𝑡, 𝜆∗ : 1. 𝛾) in (𝑎 (𝑟𝑎 ∗), 𝜆𝑥 : 1. 𝑥)

≈ 𝜆𝛾 : Γ◦
1
. (𝑡 𝛾, 𝜆𝑥 : 1. 𝑥)

And

Γ†
1
, 𝑎 :𝐴◦, 𝑟 : (𝐵◦ ⊸ Γ◦

2
) ⊢ (lens𝑏 ← 𝑎 in (∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏) ⊣ Γ2

has translation:

(lens𝑏 ← 𝑎 in (∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏)
≈ 𝜆𝛾 : ((1 ⊗ 𝐴◦) ⊗ (𝐵◦ ⊸ Γ◦

2
)) . let (𝑐, 𝑟𝑐 ) = 𝑎 𝛾 in

(𝑐, 𝜆𝑏 : 𝐵◦. let (∗, 𝑟𝑔) = ((∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏) (𝑟𝑐 ∗, 𝑏) in 𝑟𝑔∗)
≈ 𝜆((∗, 𝑎), 𝑟𝑎). let (𝑐, 𝑟𝑐 ) = (𝑎, (∗, 𝜆∗ : 1. (∗, 𝑟𝑎))) in

(𝑐, 𝜆𝑏 : 𝐵◦. let (∗, 𝑟𝑔) = ((∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏) (𝑟𝑐 ∗, 𝑏) in 𝑟𝑔∗)

≈ 𝜆((∗, 𝑎), 𝑟𝑎). (𝑎, 𝜆𝑏 : 𝐵◦. let (∗, 𝑟𝑔) = ((∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏) ((∗, 𝑟𝑎), 𝑏) in 𝑟𝑔∗)
≈ 𝜆((∗, 𝑎), 𝑟𝑎). (𝑎, 𝜆𝑏 : 𝐵◦. 𝑟𝑎 𝑏)
≈ 𝜆((∗, 𝑎), 𝑟𝑎). (𝑎, 𝑟𝑎)

Combining, we obtain:

𝑢 ≈ (let (𝑎, 𝑟 ) = 𝑡 (∗, 𝑥1, . . . , 𝑥𝑛) in lens𝑏 ← 𝑎 in (∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏)

≈ 𝑡 (∗, 𝑥1, . . . , 𝑥𝑛) ≫ (𝜆(𝛾, (𝑎, 𝑏)) . (lens𝑏 ← 𝑎 in (∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 𝑏) ((𝛾, 𝑎), 𝑏))
≈ (𝜆𝛾 : Γ◦

1
. (𝑡 𝛾, 𝜆𝑥 : 1. 𝑥)) ≫ (𝜆(𝛾, (𝑎, 𝑏)) . (𝜆((∗, 𝑎), 𝑟𝑎). (𝑎, 𝑟𝑎)) ((𝛾, 𝑎), 𝑏))

≈ (𝜆𝛾 : Γ◦
1
. (𝑡 𝛾, 𝜆𝑥 : 1. 𝑥)) ≫ (𝜆(∗, (𝑎, 𝑟𝑎)) . (𝑎, 𝑟𝑎))

≈ 𝜆𝛾 . let (𝑐, 𝑟𝑐 ) = (𝑡 𝛾, 𝜆𝑥 : 1. 𝑥) in let (∗, (𝑎, 𝑟𝑎)) = (𝑟𝑐 ∗, 𝑐) in (𝑎, 𝑟𝑎)
≈ 𝜆𝛾 . let (∗, (𝑎, 𝑟𝑎)) = (∗, 𝑡 𝛾) in (𝑎, 𝑟𝑎)
≈ 𝜆𝛾 . let (𝑎, 𝑟𝑎) = 𝑡 𝛾 in (𝑎, 𝑟𝑎)
≈ 𝜆𝛾 . 𝑡 𝛾

≈ 𝑡

as required. A similar calculation can be used to show that the following linear term has translation

logically equivalent to 𝑡 when 𝐵 = 1:

Γ1 ⊢ (let (𝑎, 𝑟 ) = 𝑡 (∗, 𝑥1, . . . , 𝑥𝑛) in let ∗ = ((∗, 𝑦1, . . . , 𝑦𝑚) ≔ 𝑟 ∗) in𝑎) ⊣ Γ2 □
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