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This document provides a full list of typing rules for the paper Flow Typing: A New Lens on Linearity,
as well as proofs for results not provided in the main text.

A Typing Rules
This section contains the full listing of typing rules for Ar.

INx:Ay:BLhrt:CHI3 irt:CHI,x:Ay:BI3
ExcHL ExcHR
INy:Bx:ALrt:CHI3 Ft:CHAI,y:Bx: AT
— VAR FVAR-LIVE
Ix:Arx:AA4T, x! Ix:Arx:AJA 4T, x: A
Iirt:BAL, Ltu:A/BAT;
FVAR-DEAD ASSIGN
Ox' Fx:1/A 4T, x: A’ LiF(ui=t):A40

Nirt:AAT, Fz,x:A’kt2:14F3,x?
I - (lensx « tyinty) : AJA" 4T3

LENS

Lru:A/BAL,  Drt:CHI)

T UNLENS
I,T + (unlensuint) : A® (B — C) 41, T,

L Ft:A4D,  Dux:Ars:TH4T3x
I+ (letx=tins) : THI;

LET

I‘“—u:A/A'—!FZ F3,x:A|-s:T—|F4,x:A'

~LET
I, F (letx = ~uins) : T 41, Ty
Dpx:Ars:THT,,x" Dyx:Abs:THT,x: A
— —o-] — ~—o-]
T, - (Ax:A.s) : (A— T) 4T, T I,T + (Ax:AJA"s) : (AJA" = T) 4T, T,
I“lkt:(T—OT’)4I‘2 Lrs:THI; Nir:AA4T, ILrt,:BA4I3
—-E ®-1
IFts: T 4T Ik (t,t):A®BAT;

Fll—ule/A’—il"z F3|—U2:B/B,-|F4

~®-1
I, + (ul, uz) : (A ® B)/(A’ ® B,) 415, T,
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Ft:A®BAT, Dux:Ay:Brs:TA4Tx,y'
Ik (let(x,y) =tins) : THI;

Nru:(A®B)/(A®B) 4T, Lx:Ay:Brs:THI,x:A,y: B
I, + (let(x,y) = ~uins) : T 415, Ty

~®-E

Nrt:141 rzl-S!T-|r3

_— 1- —_— ~1-1 1-E
F'r=+:14T F+=*:1/14T i+ (letx=tins) : T 413
Fll—u:l/l—ifz r3|—SZT-|F4 I“ﬂ—t:A—il"z
~1- ©-IL
Fl,I‘g = (let*=~uins):T—|F2,T4 I FinlA@B(t) tA®BATL
L Ft:BAI,

®-1R
I+ inrAe;B(t) tA®BAHT,

L Ft:A®BAT, Tpx:Ars;:TATyx"  Thny:Brs:THDyy

I1 F (casetof inl(x) — s1 | inr(y) — s3) : T4

F1FUZ(A®B)/(A,@B’)-|I‘2 1"3,x:A|-sl:T-|I'4,x:A' Tg,y:BI—SZ:T—ll"4,y:B'

~®-E
I3 F (case~uof inl(x) — s; | inr(y) — s3) : T4, Ty
1"ﬂ—t:0—|1“2 Fll—u:0/0—|1"2
I+ falser(t) : THI; i I +falser(~u) : THDL i
Lkt AAT) rzmzanj&I L Ft:A&BAHT
- &-EL
T+ (t &ty) A& BAT,T, Tk fst(t) : AT,
Nirt:A&BA4T, Nrt:A4T,
&-ER T-1
I Fsnd(t) : B4 Iy Ftrue(t) : THD
Lokt 1A AT, o Tobty Ay ATy xp:lAy,. . x, 1Akt BAx,.. ., x)
Prom
I F promote ty,. .., tpforxy, ..., x,int : 1B 4 Ty
Lt 1AADL Nrt:1AA4D Nirt:1A4DL
Disc Cory Der
I} Fdiscardt : 141 Il Fcopyt:1AQ AT, I} + derelictt : A4 T,

Note that ~1-E could be made more general but this would break the pattern set out by the other
algebraic data types.

B Typing Proofs

Throughout these appendices, ‘rule induction’ over flow judgements implicitly refers to ‘rule
induction modulo FRAME’.

LEMMAB.1. IfI1 -t : A4 T, isa Ap term and x appears dead in I, then x appears dead in T;.
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Proor. Rule induction: the linear lambda calculus cannot revive dead terms. ]

LeEMMA B.2. Define that a variable is used up in a typing derivation for a term if it is live on the
left-hand side but dead on the right-hand side. Let Ty + t : A 4 T, in Ay with the flow type system.
Then, x appears free in t if and only if it is used up by the derivation fort.

ProoF. A simple induction on the typing derivation for ¢. In the base cases (VAR, 1-1, nullary
Prom), the rule ensures that the free variables are exactly those that are used up. O

COROLLARY B.3. Lett be a Ap term such thatTy v t : A 4 T,. Writing I' for the sub-context of T3
consisting of only the free variables of Ty, we haveT +t: A4 T7,

Proor. By the previous lemma, all of the other variables do not appear free, so we can apply the
frame rule to remove them from the derivation. O
THEOREM B.4. LetT' andt be a context and term respectively in the language Ar. Then
Trt:A & Trt:A4T'

Proor. By rule induction, repeatedly applying the previous corollary to turn context threading
into context splits. O

THEOREM B.5. A Ay termt has at most one type and output context (up to permutation), given a
fixed input context I.
Tirt:AAL) A (1 FE: A HT)) = A=A" A IL,isapermutation of I,
Proor. By structural induction on expressions, generalising over types and contexts (which are
understood to be identified up to permutation throughout this proof). Using the fact that typing is

syntax-directed, most cases are trivial. The only nontrivial cases are when the context splits, which
occurs only in —o-I and &-I. Suppose that we are comparing the following two occurrences of —o-I:

Dox:Art:BAT),x' I, x:Art:B 4T, x

T,y F (Ax:Af) :A—o BAT,T, T[T F (Ax:Af): A— B 4T}, T}

We apply the frame rule to the two assumptions to obtain:

I, x:Art:BAD,T, [Ty, x:Art:B 4T,1)
Since I, Iy and I, I} are equal up to permutation, the inductive hypothesis now applies, giving

B=PB and Ty, 1“2T =T,.T, t up to permutation. The same trick can be used to prove the inductive
step for &-1, thus giving the result. O

C Translation Rules

In this section, we detail the translation rules from A to ;. We will translate Ar judgements to
closed A terms as follows:

(Mirt:AAL) > (FE:(I7,1) + (A1)
(ru:AJA AL) > (Fu:(I0 L) + (A% A7)
We will use conventional pattern-matching syntax to abbreviate terms, so for example (A*: 1.t)

abbreviates (Ax : 1.let * = x in t). We use the following abbreviations for metatheoretically-defined
combinators of closed A; terms:

(o) : (A~ B) X (S 0 A) = (S — B)
gof=2s:5.9(fs)
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() : [(A,A) + (B,B)] x[(5,S) + (AA)] - [(5S) + (B,B)]
g6 f=2As:S.let(a,ry) = fsinlet(b,rp) =gain(b,rgory)
>):[(S,8) b (AD]X[(S®AS")+ (BB)] — [(5S5") + (B,B)]
f>g=2s:S.let(a,r,) = fsing (rq %, a)
id:S—oS
id=As:S.s
id: (s5,8) -+ (S8)
id = As: S. (s,id)
left : (A — B) — [(A,C) + (B,C)]
left = Af : (A — B).Aa: A. (f a,id)

We call 6 vertical composition and > sequential composition. Next, we define the following proof-
relevant notion of context split:

Definition C.1. A splitting of a Ap-context T is a list / of values {1, 2} of the same length as T
We say that ¢ splits T into I', I; if I} consists precisely of the entries of I' for which i takes value 1,
and likewise for I%. Given i, the values of I}, I} are uniquely determined, and vice versa; we write
Y : T ~ (I} | I) when this is the case. Note that the same i can be used for contexts with different
types but the same overall structure. We write split(y/) and merge (i) for the following terms:

F split(y) : T° — (I ® Iy)
split(@) = Ax. (%, %)

A et = split i if x live in T
split((, 1)) = (Y’ x).let (y1,y2) = split(y) yin ((y1,x),y2) ifx 1ve. in
split(y/) otherwise
split(y) otherwise
F merge(y) : (IY ® ) — I'°
merge (@) = A(x, *). *

split((y/,2)) = {’1(}” x).let (y1,y2) = split(¥) yin (y1, (y2,x)) ifxliveinT

merge((,1)) = A((y1 %), y2). (merge(¥) (y1.y2),x) ifxliveinT
: 7 | merge(y) otherwise

_ A, (y2, %)) (merge(y) (y1,y2),x) ifxliveinT
merge((¢,2)) = {merge(¢) otherwise o

The following set of rules is an exchange-free formulation of the flow typing rules. Note that
in each of these definitions, the parameters occur exactly once, so they can be substituted strictly.
Also, these rules make use of the fact that appearances of dead variables are ignored by (—)°.

YT = (0| x:A)
VAR
(IT.I7) -+ (A%1)
> (A(yz, (5,%)) (T ® (x: A)°). (x, A% : 1.y2)) o split())

1//:F1=(T2|x:A) ¢:T{=(Tg|x:A')
(I7,T7%) - (4% A7)

FVARr-L1ve
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— (Ayz, (5,x) : (I, ® (x: A)°). (3, Ax" : A”°. merge(¥)) (y2,x"))) o split(y))
Y= (I [x:A)
(I7.I7) -+ (1,A”)
— Ayp I (5 (Ax : A% merge(¥) (y1, (*,x))))
f:(@T) + (A%1) g: (I; A", I7) + (1,1)
(7, I3) + (A%, A7)
= Ay IV let (a,rg) = fyrin(a,Aa’ : A et (x,14) = g (rq %,a") inrg *)

FVAR-DEAD

LENS

PTG f @)+ (%) g:(I5.1) - (C1)
(T°I7) +» (A® (B — (), 1)
— (Ayny2) : (IV ®Ip). let(a,rg) = f y2in
((a,Ab: B.let (c,r;) =g (rg b)inlet+ =r. xinc), 1)) o split(y)

UNLENS

Fi(I2T9) b (A%1) g: (TP ®@A%TY) - (B, B”)
(rloar;) - (BO’B,O)

LET

—f>g
y:T=( ) ¢:T=(| L)
(@) + (A% A7) g: (I3 ® A° T, ® A”°) - (B°,B”®)
(T, 17) + (8", B")

= Ay ys) = (I7 ®T3).

let (a,rg) = f yrinlet (b,rp) =g (y3,a) in

(b,Ab" : B let (ya,a’) = rp b’ inmerge(y) (ro d’,yy)))

o split(y)

YiT=@ L) f: (@A) + (B1)
(I°,I7) + (A° — B°,1)
— Ay y2) : (IT TR). ((Aa: A°.let (b, rp) = f (yz2,a) inlets = rp *inb), (A% : 1.y1)))
o split(¢)

Y:T=[0 L) f:(I3®A%1) - (B°B)
(T°I7) + (A° — (B°® (B — 1)),1)
= (A y2) « (I7 ® ;). ((Aa: A% f (y2,a)), (Ax: 1.y1))) o split(y)

Y:T=(T| ) (I ®A%1QA°) + (B%1)
(I°,I7) - (A° — (B° ® A°),1) )
= Ay ye) = (I7 ®T7).
((Aa:A°.let (b, rp) = f (y2,a) inlet (x,a") = rp *in (b,a’)), (A= : 1.y1))) o split(¢))

y:T=T L) f: (L ®AS18A°) + (B°,B”)
(T°.T?) - ((A%,A”°) + (B°,B®),1)

~LET

—0-

—o-]

~—on~-]
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= (Ayy2) s (IY ©I7).
((Aa: A% let (b,rp) = f (y2,@)in (b, Ab" : B.1let (x,a’) = rp b'ina’)), (A= : 1.y1)))
o split(¢)
[T G) » (A° - B%1)  g:(I}.I3) + (A%1) o
(IT. T5) + (B°,1)
> > (A(ya ) : (Tf ® (A° — B%)). (left h 8 g) 12)

(7 T) + (A° — (B°® (B° = 1),1)  g:(I5,I5) + (A%1)
Iy, 135) + (B%, B")
= > (Aya h) : (I ® (A° — (B° ® (B — 1)))). (h 6 g) 12)

—O~-

FrIRIE) + (4 (BP0 A™), 1) g (I5,I5) + (A A7)
(.15 - (5.1
- 3> (Ayzh) : (I; ® (A° — (B°® A”%))).
((Aa:A°let(b,a’) =hain(b,Ax:1.a")) 6 g) y2)

~—0-

f:(@L) + ((A%A°) - (B%B°),1)  g:(I3.I5) + (A% A°)
(I, I3) + (B%, B”)
= f > Ay h) : (7 @ ((A°,A”) - (B, B7))). (h 6 g) y2)

~—o~-E

(I L) + (A°%1) g:(F§,F§)-o—>(B°,1)®I
(I5,T)  (A° ® B°, 1)
- > (Ayza): (Ty ® A°).let (b,rp) =g y2in ((a, b),rp))

y:T=M ) f:A0L) + (A%A°) g (I3 L)) + (B° B”)
(T°,I; L) + (A°®B°,A° ® B®)
— (A(s, 1) : (S®T).let(a,ry) = f sinlet (b,rp) = g ain) o split(y)

f:@MG) » (A°®B%1) g:((I7 ®A%) ®B°.T3) + (C°.C") oF
(I7.I3) - (C°,C°)
= > (Ayz, () : (T ® (A° ® BY)). g ((y2,4),b))

YT = (1 | I3) YT = (I | Iy)
FIOI) + (A" @B, A ®B°) g: (IF 8 A%) ® B, (IY ® A™) ® B®) + (C°,C°)

(I\O, r/o) _'_) (CO’ C/O)
= (A(ynys) s (I7. 1) let ((a,b), rp) = f yrinlet (c,ry) = g ((y3,a),b) in
(e, A" :C° let ((y4,a"),b") = rg ¢’ inmerge(y)) (ry (a’,b"),ys))) o split(y)

— 1
(I'*,T°) + (1,1)
Ay :T% (x5, Ax: 1. y)
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(I°.T°) - (1,1)
Ay :T% (5 Ax: 1. y)

f@NE) - (1) g:(II5) » (A% A7)
(5.15) = (A%, A7)
= f > (Ayz,*) 1 (I, ®1).g y2)
Yy:T=(0|5) ¢TI = (| Ty
f@NE) +» (A1) g: (I3 I7) + (A% A7)
(YL, I, @ I)) + (A% A”)
= (A(ynys) : (I @ I3). let (x,1f) = f yrinlet (a,ry) = g y3in
(a,Aa’ : A" .merge () (rf *,14a’))) o split(y)
(@0 T3) + (A%1)
(Flo, 1—‘20) + (A°® B°, 1)
> leftinl 6 f

1-E

FoIDI) + (A°8B1) g: (I3 ®A%TY) + (C°,C°) h: (I3 ®B°,IY) + (C°,C°)
(1—110’ I\3O) —H (CO’ C/O)
= > (Ayz2x) : (I, ® (A° @ B%)).casex of inl(a) — g (y2,a) | inr(b) — h (ys,b))

®-E

Y= (1| I3) YT = (T | Iy)
£ (II) o (A° @ B°, A & B®)
g (ERA°II®A®) + (C°,C°)  h: (I ® B, I ® B°) + (C°,C°)
Iy e I; L)) - (C°,C°)
= (A(y1y3) : (I ® I). let (x,rp) = f y1incase x of
| inl(a) — let (¢c,ry) = g (y3,a) in
(e, A" : C° let (y4,a") = ry ¢ inmerge(y) (rf (inl(a’)), y4))
| inr(b) — let (¢,ry) = h (y3,b) in
(e, Ac” : C"° let (y4,b") = rp, ¢’ inmerge(y)) (ry (inr(d’)),ys)))
o split(y)

[+ (7. 13) - (0,1)
(1_,10’1_,20) N (AO’A/O)
= (Ax : 0. falsegog(ar—1)(x)) 6 f

[+ (I7.1;) + (0,0
(IT.I) - (A% A)
> (Ax : 0. falsegog(ar—0) (x)) S f

fi(T51) +» (A%1)  g:(T51) + (B%1) i
(T° TS, TY) -+ (A° & B°,1)
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ALy (IT ).
(((let(a,rq) = f yzinlet* =r, xina) & (let (b, rp) = g y2inlet = = rp *in b)),
A 1)/1)

f: (I, T3) - (A° & B, 1)
(I7.T;) + (A% 1)
i left (Ax : A° & B°.fst(x)) & f

&-EL

f(I ) + (A% 1)
(I7. 1) + (T, 1)
- left (Ax : A°. true(x)) 6 f

A (L) » (A7) - fu: (T T + (145,1)
g: (1AS®...1A°% 1) + (B°1)

(I7, Tep) - (1B°,1)
> Ay : (1 o I7). let (a1, y2) = fi (y1 %) in
(Ayz: (1 — I)).let (az,y3) = fo (y2 %) in (- - - (
((promoteay, ..., a, forxy,...,x,in
let (b,rp) =g (x1,...,xy) inletx =r, *ind), y,41)
)or)
(Ax:1. 1)

Prom

f: (Flo,l"zo) + (1A°1)
(I7,I7) + (1,1)
> left (Ax :1A°. discardx) & f

Disc

[T + (1A% 1) o
(I7.Ip) + (1A° ®14%,1)
- Teft (Ax : 1A°. copyx) 6 f

PY

£ (T2, TE)  (14°%,1)
(I7.I;) + (4%,1)
> left (Ax :1A°. derelictx) 6 f

Tueorem C.2. If I} + t : A 4 T; is a valid type derivation in A, then+ t : (T2, L) -+ (A% 1) is
a valid type derivation in Ay. Similarly, if Ty + u : A/A” 4 T; is a valid type derivation in Ap, then
Fu: (I7,I7) + (A%, A”°) is a valid type derivation in Af.

Proor. By construction, via rule induction. O

D Semantics

In this section we introduce an operational semantics for A; with its conventional type system.
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D.1 Semantic Rules
Recall the following syntax for A terms ¢, and define the notion of value v as follows:
t:i=x| (letx=tyinty) | (Ax:A.t) | t; &
| (t1,82) | (let (x,y) = tiinty) | = | (let* =t inty)
| inlagp(t) | inragp(t) | (casetof inl(x) — t; | inr(y) — t,) | falseq ()
| (t; & tp) | fst(t) | snd(¢) | true(t)
| promotety, ..., t, forxy,...,x,int | discard t | copy ¢ | derelict ¢
v=(Ax:A.t) | (v1,02) | * | inlugp(v) | inragp(v) | (1 & ty) | true(v) | promote for int
Abbreviate ‘promote for int’ as !t. Our semantic judgements are of the form ¢ || v, where ¢t must

be a closed term. This semantics is directly inspired by the operational semantics due to Abramsky
[1, section 3].

t1 ) n ta[o1/x] § 02

—o-]
(ett, =xinty) bos (x:A.0) | (Ax: A1)
ti | (Ax:A.1) t2 vy tloi/x] § va t1 o ta | va
(t1 t2) J 02 (t1,12) U (v1,02)
t1 | (01,02) t2[v1/x,02/y] J o t | = t2 v
®-E 1-1 1-E
(let (x,y) =t1inty) J v x| % (letx=tyinty) J v
tlo t1 | inlagp(v1) ta[o1/x] | vz
@-IL @®-EL
inlygp(t) | inlyep(v) (caset;of inl(x) — t; | inr(y) — t3) | vy
tu(tl&tz) tlllv t.UU
&-1 &-EL —_— 71
(ty &ty) | (t; & ty) fst(t) J v true(t) || true(o)
ity -t t| !t
Prom ——— Disc
promotety, ..., t, forxy, ..., xpint | V(e [1e]/x1, ..., 0 /xn]) (discardt) || =
t t " t' o
Copy _
(copyt) | (1¢',!¢") (derelictt) || v

ProprosITION D.1 (DETERMINISM). Ift || v1 andt || v, then vy = v,.
Proor. Rule induction. m]
ProrosiTioN D.2. All values are closed terms and reduce to themselves.

Proor. Trivial. m]

D.2 Logical Relations
Define ‘W[ A] for the collection of pairs of well-typed closed terms:

W[A] ={(t,.t2) | (Ft1 : A) A (F 1 : A)}
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Define logical relations ‘V[A] C Value X Value and T [A]] € Term X Term as follows, by recursion
on types.

V[A — B] .= W[A — BN
((Qx: A1), O A 1)) | V(o1 02) € V[A] (t1[01/x], t2[02/x]) € TIB]}
V[A® B] = {((v1,02), (v3,04)) | (v1,03) € V[A] A (v2,04) € V[B]}
VI] = {50}
V[A® B] := {(inlagp(v1), inlagp(v2)) | (v1,02) € V[A]}
U {(inraem(00), intag(02)) | (01,22) € V[B]}
Vo] =2
V[A&B] = {((t1 & t2), (13 & 1)) | (t1.13) € T[A] A (t2,ta) € T[B]}
V[T] = W[T] N {(true(ovy), true(vz)) }
VIIA] = {("t1,1t2) | (t1,t2) € T[A]}
TIA] = W[A] 0 {(t1, 2) | F(v1,02) € V[A], (t1 L v1) A (2 { v2)}

LEMMA D.3. For all types A,
V[AJ U TA] € W[A]

Proor. Induction on A. o
We define the interpretations of contexts as follows:
Cllxi: AL, ..., xn : An] = {((01, - .. 0n), (0], ..., 0))) | Vi, (0;,0)) € V[A:i]}

We write t[y] for the simultaneous substitution of the free variables of ¢ with the entries in y, where
we assume that terms are carried with the variable names that appear in their contexts so that this
is well-defined. Note that elements of C[[T}, I; | are in bijection with quadruples ((y1, y2), (v}, v3))
where (y1,y;) € C[T1] and (y2.y;) € C[Iz]; we use this correspondence throughout our proofs.
Finally, we define:

(Tety~ty: A) = Y(yy2) € CIT], (tilnl. taly2]) € T[A]
LEMMA D.4.
(Ety b A) & (t,1) € T[A]
Proor. Trivial. O

Following standard practice, we then prove compatibility lemmas in the shape of typing inference
rules, demonstrating that =~ is a congruence for all term constructors. The fundamental theorem of
logical relations then follows by a simple rule induction.

THEOREM D.5 (FUNDAMENTAL THEOREM). Suppose thatt+t: A. Thenkt ~1t: A.

LEmMMA D.6 (SYMMETRY). The logical relations V[ -], T[-], C[-] are all symmetric, so the
relationT £ (=) = (—) : A is symmetric.

Proor. A simple induction on types proves the result for V[ -], 7 -] simultaneously. More
precisely, for a given type A, we assume both results hold for all smaller types, then prove the result
for V[ A]], and conclude by proving the result for 7[A]. ]

LeEMMA D.7 (TRANSITIVITY). The aforementioned relations are all transitive.
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Proor. The same style of induction on types. O

TaEOREM D.8. T' F (=) = (—) : A is an equivalence relation and a congruence on well-typed terms
T'r(-):A

LemMma D.9. Ift | v, thenk t = v.

This allows us to extend theorems about values to theorems about terms, by using congruence.
We then prove function extensionality and standard § and 5 rules.
D.3 Categorical Semantics

Define a category ¢ where the objects are A, types, and whose morphisms A — B are equivalence
classes of well-typed closed terms + t : A —o B under the relation k (=) ~ (=) : A — B. The
identity morphism 14 : A — A is the class of Ax : A. x, and the composition of [#;] : B — C and
[t2] : A — Bis the class of t3 := Ax : A. t; (; x), which is well-defined since = is a congruence for
all well-typed term constructors.

ProrosiTION D.10. ¥ is a category.
ProOF. Let [t] : A — B. Then [t] o 14 is the class of:
(Ax:At((Ay:A.y)x)) = (Ax:A.tx)

Q
-~

and 1p o [t] is the class of:
(Ax:A.(Ay:B.y) (tx)) = (Ax:A.tx)

Next, if [t;] : C — D, [tz] : B — C, and [t;] : A — B, we compute ([t1] o [t2]) o [t3] and
[t1] o ([22] o [#3]) as:

Q

t

([t1] o [2]) o [3] = Ax: A. (Ay : B. 11 (£2 ) (13 x)
~Ax: At (5 (13 x))
Ax:At (Ay:A. 5 (13 y)) x)
~ [1] o ([2] o [85])
as required. O

The next propositions are proven in similar ways, appealing to the standard results indicated
above such as function extensionality and f/n-laws.

ProrosiTION D.11. ¥ is a symmetric monoidal category, where:
o the functor ® is given on objects by the tensor product ® of types, and on morphisms by
Ft;:A—oB Fty:C—o D
F(Ax:(A®CQC).let(a,c) =xin(t;a,trc)) : (A®C) — (B®D)

o the monoidal unit is 1;

o the associatora : (A® B) @ C = AQ (B® C) is the class of A((a,b), c). (a, (b, c));

o the unitors A : 1Q A = Aandp : A® 1 = A are the classes of A(,a).a and A(a,*).a
respectively; and

o the symmetryy : A® B = B® A is the class of A(a, b). (b, a).

Proros1TION D.12. ¥ is closed monoidal, where the right adjoint to A® (—) is A — (—), and the
evaluation morphisme : A® (A — B) — B is the class of A(x, f). f x.
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ProprosiTION D.13. A @ B is the categorical coproduct of A and B, with coprojections 1 = [Ax :
A.inlagp(x)] and 1y := [Ax : A.inragp(x)].

ProrosiTION D.14. 0 is the initial object, with initial morphism Ax : 0. false 4 (x).

ProrosITioN D.15. A&B is the categorical product of A and B, with legs 71 := [Ax:(A & B). fst(x)]
and rry = [Ax : (A & B).snd(x)].

ProprosITION D.16. T is the terminal object, with terminal morphism Ax : A. true(x).

ProrosITION D.17. ¥ has a comonad G = (!, 6, €) where
o the functorial action of ! on morphisms is
Ft:A—oB
F (Ax : !A.promote x for yint (derelicty)) : (!A) — (!B)

o the comultiplication 54 : |1A — 1(1A) is
d4 = [Ax : !A. promote x for y in y]
e the counites :'A > Ais
eq = [Ax :1A. derelict x|
Recall that an object A in a category is called subterminal if all parallel morphisms with codomain
A are equal.

LemmA D.18. A type is subterminal if and only if whenever (v1,0v1) € V[A] and (vs,v5) € V[A],
we have (v1,02) € V[A].

Proor. Suppose that A satisfies the given condition, and let [#], [t;] : B — A. To show k t; =
t, : B — A, consider (vq,0v;) € V[B] and prove E t; v; = t; v3 : A. By the fundamental theorem,
(t1 v1, t1 v1) and (t; vy, £, v2) are elements of V[ A], then by the condition, (t; v, £ v2) € V[ A] as
required.

Now suppose that A is subterminal, and consider (v1,v;) € V[A] and (v2,v2) € V[A]. Since v;
and v, are well-typed terms of type A, we know that the terms (A= : 1.v1) and (A*: 1. ;) are well-
typed. As A is subterminal, the two terms give rise to equal morphisms. Applying extensionality, we
conclude that F v; ~ vy : A, giving (v1,03) € V[ A] as values reduce to themselves, as required. O

LEMMA D.19. ! preserves subterminal objects.

Proor. Suppose that A is subterminal; we show that !A is subterminal. By the lemma above, let
(11, 't1), (12, '82) € V['A]l, so (t1, t1), (22, £2) € T[[A]. By definition of T A]), both ¢; and ¢, reduce
to values vy, v where (vy1,01), (v2,02) € V[ A]. Since A is subterminal, we have (v;,0;) € V[A],
from which we conclude that (t1, ) € T[A], so (!, %) € V['A]. ]

PrROPOSITION D.20 (TRANSMUTATION PRINCIPLE). There are natural isomorphisms:
myp:!A® !B =(A&B)
mi,B = [A(x,y) : !A. promote x, y for z, w in (derelict z & derelict w)]
(miB)f1 = [Ax : /(A & B).let (y, z) = copy xin
(promote y for y’ in fst(derelicty), promote z for z’ in snd(derelictz"))]
mi1=1T
m® = [Ax : 1. !(true(x))]
(m®) ™! = [Ax : 1 T. discard x]
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The result about subterminal objects gives an easy proof that m® is indeed an isomorphism.

CoroLLARY D.21. We have promotion morphisms:
joing : 1 —11
join, : !1A® !B — (A ® B)
defined by the composites

. m’ s H(m®)~!
joing =1 —!T > !IT —— 1

2y-1
join, = 1A ® 1B 5 1(A & B) > 1(A & B) \7 5 114 1B) X2 (A @ B)

ProprosITION D.22. We have weakening and contraction morphisms:
wkg: 1A — 1
wkg = [Ax : A. discard x]
ctr:!A—1A®!A
ctr = [Ax : !A. copy x]
In conclusion:

THEOREM D.23. (¥, ®, 1, —0) is a symmetric monoidal closed category with finite products (&, T)
and coproducts (®,0), and endowed with a comonad ‘!” with designated morphisms of type:

wkg:l1A—1; ctr:!A—>1A®!4; join,:1—!1; join,:!A®!B— !(A® B)

Remark D.24. This is a weakening of the definition of a linear category (see e.g. [2, 6]). This
contains enough data to interpret all of the connectives of Ar, but we do not record any extra laws
about how these connectives compute. o

E Semantic Proofs

Let (7,®,1, —) be a symmetric monoidal closed category (e.g. [5]). We assume without loss of
generality that & is strict monoidal so that we can avoid explicit use of associators and unitors.
Mac Lane [5] and Wilson et al. [7] describe ways to do this. We also assume some or all of the
following:

binary coproducts A + B with coprojections 1, i3;

an initial object 0 with morphisms ?4 : 0 — A;

binary products A X B with projections 7y, 72;

a terminal object T with morphisms !4 : A — T;

a comonad G = (G, ¢, §) where £ : G — 1 is the counit and & : G — G? is the comultipli-
cation, together with the following designated morphisms (subject to no laws):

wkg:GA —1; ctr:GA— GA®GA; join,:1— G1; join,: GA® GB — G(A® B)

For convenience, we use string diagrams to visualise our semantic proofs. A comprehensive
introduction to string diagrams can be found in [4], and an introduction to their use specifically for
functional computation can be found in [3]. In order to do this, we will now establish notation and
string-diagrammatic representations of the constructions used in this work; much of this notation
is due to [3] and [7].

Due to strictness, contexts I can be identified with their packed representations I'°. More precisely,
a context can be thought of either as a bundle of adjacent wires or as a single wire, as desired;
moreover, such a bundle can be freely reassociated. To echo this, we use a ‘double-struck’ style to
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draw wires corresponding to contexts. Where we do not make use of strictness, we define operators

for ® and 1 as follows:
A
A@B{ 1—P
B
A
B:D7A®B —1

The connectors for 1, for example, allow us to freely create and delete objects of type 1. For
abstraction and application we introduce the following additional string diagram notation:

= I
. f:T — (A— B) [ — B
abstraction where f: T & A — B — _ A— B

.. £:(A—o B)® A — B, A—oB
| )— B
application the counitof (-) @ A4 A — (-) ~ A
For the comonad G, we extend join, and join, to arbitrary n by iteration, assuming that (for
concreteness) the applications of join are associated to the left:

join, : GA; ® -~ ® GA, — G(A; ® -+~ ® Ay)

We additionally use boxes to signify application of functors. If f : A — B, we write Gf : GA — GB
using the following notation:

Arm B

A — L I—1—oB
[G]

We record here how the term syntax of A1, as well as the corresponding lens translations for the

corresponding Ap syntax, are interpreted in our string diagrams. First, note that

(I.T,) + (A1) = IV — (I, ® A)
and this isomorphism is natural in all parameters. In this section, all lenses have this form with
final type B = 1, so to simplify notation, we transparently replace all such lenses with their images

under this isomorphism. We use boxes with a downward-pointing wire to indicate this in our
diagrams, so for example:

——T
Iy I, abbreviates Fl{ 1— A 2
A D

The remainder of this section describes the string diagrams that the term syntax of A; corresponds
to, as well as the diagrams associated with each lens translation for such syntax.

identity/variable

x:Arx:A
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>
_/
2

I“,x:AI—x:A—iI‘,xT

exchange

Tl,x:A,y:B,FZI—t:C
I,y:Bx:ALrt:C

>
|
@)

—
Do

-

Tl,x:A,y:B,le—t:C4T3
I“l,y:B,x:A,I“gl—t:C—il“g

s
I
&7

Te

rz
Ft:A4T,x:By:CT C
Ft:AA4D,y:Cx:BTy B

I3

let

Iirt A IL,x:Arty: B
Fl,rz + (letx: 1 intz) : B

Lkt :A4L,  Dnx:Arty:BA4Tyx
Fl F(letthlil’ltz)ZB-|r3

function
I'x:A+t:B T B
Tk (Ax:Af):A—B F=A L A—-B




16 Sky Wilshaw and Graham Hutton

- I-‘1 —Fl
Lpx:Art:BATL,x' L

I,k (Ax:A.t) : (A — B) A [‘1,1*2'}' L,

H

A —oB

INrtj:A—o B Lkt A
rl,rzl-tl tzIB

Nirt1:A—o BHI, Lrt:A4T
INrtyt, : B4TI3

pair

Nirt:A Ibrt,: B 1—‘1
Fl,rz + (tl,tz) A®B

T
INirH:AAD Fz'—tz:B-|r3 Fl tl r3
rll-(tl,tg):A(@B-iF:;
A B
A
T1Ft1:A®B Fz,x:A,y:Bl—tZ:C I“l tA/%C
1
I, I+ (let (X, y) =t in tg) :C B
[y—
N+rt:A®BAHI T,
Tox:Ay:Brty:CATy Iy — I3
N t:
Ik (let(x,y) =t inty) : CHI3 2
B 1c

unit
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[ =T
F'k*:14T 4\1
F1I—t1:1 rzl—tzlA Tl 1

I+ (let* =0 intz) tA

Lkt :14T Lkt:A4T Iy
1 1 2 2 2 3 1“1 I“3
Fll—(let*ztlintz):A—iI‘g

sum

F'rt:A
I'+inlyep(t) : A® B

ITrt: A4,
Ii Finlagp(t) :A®BAHT,

I'vt:B
I'+inryep(t) : A®B

IIFt:BA4AL
I I—inrA@B(t) :A®BA4I;

Iirt1:A®B I,x:Art:C Fz,y:BI—t3:C
I, I, + (case ty of inl(x) — £, | inr(y) — t3) : C

I
where
I FZ=Z|—C T,
Nirti:A®BAHI; Fz,XZAI—tzZC-|r3,XT l_‘z,yZBl—lL32C-|F3,yT
I1 + (caset; of inl(x) — ¢, | inr(y) — t3) : C 413

o)
|
S SFeE!
El
)
o¥)
2
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I

LT
At P
C
2 LT
Bt 3:

Sky Wilshaw and Graham Hutton

I =

t, =D

A — and
Te

L= 1_

=, 1

B —

These definitions by universal property make use of the fact that I ® (A + B) is the coproduct of
I, ® A and I, ® B. This is true because ® is a left adjoint and therefore commutes with coproducts.

false

Trt:0
I+ falses(t) : A

ITrEt:0415
I +falses(t) : A4,

additive pair

FFtI:A rl—tziB
Fl‘(tl,t2>lA&B

t such that

Lkt :AA ILbrt,:BH
Fl,l"gk(tl,t2>:A&B4l"1

[ ——T,

L2 such that
AXB I

F'rt:A&B
T +fst(t) : A

A and

and
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IIrt:A&BAI,
Fl + fSt(t) A A rz

Trt:A&B
I+ snd(¢): B

Nrt:A&BA4T,
I and(t) :BAT,

true

F'rt:A
I'+true(t): T

LFt:AA4T,

Iy Ftrue(t) : THID

exponential types
FlktlzlAl Fnktn:!An X11!A1,,an!An|—tIB
I, ..., T, + promote ty, . . ., t, for xy,

..., Xpint :

)

GA, 7‘ G*A;

'B

L2

G(GA, ® --- ® GAy)

o : GA1®"‘®GAn
. . ° ~ A
: : 5 3 B
oot [ E(HEET O
o ] -
T1Ft1:!A14T2 Fnktn:!An4rn+1 X12!A1,...,an!An|-tiB-|
Il + promotety, ..., tpforxy,...,x,int : !B 4 Ty
1) In ) Toit
b B G(GA; ® --- ® GA,) "
GZA : 1 n
GA, :

v

GA; ® - ® GA,

g ‘! IB_

G
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Trt:'!A
T + discard ¢

INiry: 1AL
I Fdiscardt : 141

F're:lA
I'kcopyt:!1A®!A

Nirt:1AA L
INFcopyt:1AQIAAHT,

I'rt:!A
T + derelictt : A

LFt:1AADL
T} + derelictt : A4 T,

We may then prove the following lemma:

LEMMA E.1 (SEMANTICS OF FRAME RULE). Let I + t : A 4 I}, be a linear term, using the syntax
of AL. Then, writing I1,T : t/T 4 I, T for the application of the frame rule to this term, we have the
semantic equality:

Proor. Straightforward rule induction. O
Using the simplifications described above, the correctness theorem becomes the following:

THEOREM E.2 (CORRECTNESS). LetT + t : A be a Ap term. Writingt : T — 1 ® A for its lens

translation Ay :
A A

Proor. Straightforward rule induction. O

THEOREM E.3 (GENERALITY). Let I, 1 be Ap contexts containing the same variables, and let A, B
be Ar types. Suppose that there is a closed A1, lens of the following type:

Fit: (T, 1) -+ (A% B°)
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Then there is a lens term u in Ap with type:
iru:A/B4L
such that t ~ u. Moreover, if B = 1, there is a linear term t’ with type:
irt' A4
such thatt ~ t'.

Proor. This theorem does not admit a direct string-diagrammatic presentation as described
above, since it concerns lens terms with non-1 final type. For this proof, we make the following
abbreviations:

(0): (Ao B)X(§—0 A) — (S— B)
gof=4s:5.9(fs)
(8) : [(AA) + (B,B)] X [(5,5") +» (AA)] = [(S,5) + (B B)]
gof=2As:S.let(a,r,) = fsinlet(b,rp) =gain(b,raorp)
=) [(S$S)+» (AD]IX[(S®AS’) + (B,B)] — [(S55") + (B B)]
f>g=2As:S.let(a,r,) = fsing (ry %, a)
id:S—o S
id=As:S.s
left : (A — B) — [(A,C) - (B,C)]
left = Af : (A = B).Aa: A. (f a,id)
Let
Fit:(I7, 1) -+ (A% B°)
By the correctness theorem, t is a linear term with the following Ar type:
Ft: (I, T)) -+ (A% BO) A
and
Et~ (x:1.(tAx:1.x) @ (1,1) > ((I7, ;) + (A%, B°),1)
Let x1 : Ay, ..., X, : Ay be the names and types of the live variables in I, and let y; : By, ..., Ym : Biy
be the corresponding names and types in I;. Define u by:

u = (let(a,r) =t (%,x1,...,x,)inlensb < ain (%, y1,...,ymy) =1 b)
Then
Iitu:A/BAT,
We claim that u ~ t. First,
Lkt (%20, %)t A°® (B° — Tp) AT
has translation:
3> (A(y.h) (17 ® ((T7. 1) > (A% B%)). (left h 6 (v, x1,. ... %)) )
t> (A(y,h).let(a,ry) = (%, X1, ..., Xn) yinlet (b, rp) = left h ain (b,rqgorp))
t> (AMy, h).let (a,rq) = (y,Ax: 1.x) inlet (b, rp) = left h ain (byrgory))
> (A(y,h).let (b,rp) = left hyin (b,1p))
t> (A(y,h).let (b,ry) = (hy,Ax: 1.x) in (b, 1p))

Q

t(%,%1,...,%Xn)

Q

Q

Q

X
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Q

t> (A, h). (hy, Ax:1.x))

Ay : Ty (8, A 1.y)) > (A(y, h). (hy, Ax : 1.x))

Ay : I} let (a,rg) = (1, Ax: 1. y) in(a (rq %), Ax : 1. x)
Ay : IV (ty, Ax : 1.x)

Q

Q

Q

And
l“f,a:Ao,r:(BO — )+ (lensb «— ain (% y1,...,Ym) =rb) 4L

has translation:

(lensb « ain (*,y1,...,Ym) =1 b)
~ ly: (1®A°) ® (B° o I3)).let(c,re) =ayin
(c,Ab:B°.let (x,1y) = ((x,y1,...,Ym) =71 b) (rc *,b) inryx)
A(xa),rq).let (c,re) = (a, (%, A% : 1. (%,14))) in
(c,Ab:B°.let (x,1g) = ((x,y1,...,Ym) =71 b) (rc *,b) inryx)
A((%,a),1q). (a, Ab: B® let (,7) = ((*,y1,. .., Ym) =7 b) ((%,74),b) inry*)
A(x,a),ry). (a,Ab: B°.r, b)
A((x a),1a). (a,1q)

Q

Q

Q

Q

Combining, we obtain:

u ~ (let(a,r) =1t (%x1,...,xp)inlensb < ain (%, yy,...,Ym) =rb)

~ t(xx1,...,%) > (A(y, (a,0)). (lensb «— ain (%, y1,...,ym) =1 b) ((y,a),b))
~ (Ay:I7. (ty, Ax 1 1.x)) > (A(y, (a,])). (A((x, a),7a). (@, 7a)) ((,a),]))

~ (Ay: IV (ty, Ax :1.x)) > (A(x, (a,ra)). (@, 7a))

~ Ay.let(c,re) = (ty,Ax:1.x)inlet (%, (a,ry)) = (re *,¢) in(a,ry)

~ Ay.let (% (a,ra)) = (= ty)in(ar,)

~ Ay.let(a,rg) =tyin(a,ry)

~ Ay.ty

x~ I

as required. A similar calculation can be used to show that the following linear term has translation
logically equivalent to t when B = 1:

Ik (let(ar) =t (xx1,...,x,)inlet* = ((%,y1,...,ym) :=r*)ina) 41 I3 O

References

[1] Samson Abramsky. 1993. Computational Interpretations of Linear Logic. Theoretical Computer Science 111 (1993), 3-57.
doi:10.1016/0304-3975(93)90181-R

[2] G.M. Bierman. 1994. On Intuitionistic Linear Logic. Technical Report UCAM-CL-TR-346. University of Cambridge,
Computer Laboratory. doi:10.48456/tr-346

[3] Dan Ghica and Fabio Zanasi. 2024. String Diagrams for A-calculi and Functional Computation. arXiv:2305.18945 [cs.LO]
https://arxiv.org/abs/2305.18945

[4] Ralf Hinze and Dan Marsden. 2023. Introducing String Diagrams. Cambridge University Press, Cambridge, England.

[5] Saunders Mac Lane. 1978. Categories for the Working Mathematician. Graduate Texts in Mathematics, Vol. 5. Springer
New York. doi:10.1007/978-1-4757-4721-8

[6] Paul-André Mellies. 2009. Categorical semantics of linear logic. Panoramas et syntheses 27 (2009), 15-215.


https://doi.org/10.1016/0304-3975(93)90181-R
https://doi.org/10.48456/tr-346
https://arxiv.org/abs/2305.18945
https://arxiv.org/abs/2305.18945
https://doi.org/10.1007/978-1-4757-4721-8

Flow Typing: A New Lens on Linearity (Appendix) 23

[7] Paul Wilson, Dan Ghica, and Fabio Zanasi. 2024. String Diagrams for Strictification and Coherence. Logical Methods in
Computer Science Volume 20, Issue 4 (Oct. 2024), 13982. doi:10.46298/Imcs-20(4:8)2024


https://doi.org/10.46298/lmcs-20(4:8)2024

	A Typing Rules
	B Typing Proofs
	C Translation Rules
	D Semantics
	D.1 Semantic Rules
	D.2 Logical Relations
	D.3 Categorical Semantics

	E Semantic Proofs
	References

