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1 Set theoretic preliminaries

1.1

Introduction to independence results

Independence results are found across mathematical disciplines.

®

(i)

(iii)

The parallel postulate is independent from the other four postulates of Euclidean geometry. It
states that for any given point not on a line, there is a unique line passing through that point
that does not intersect the given line. In the 19th century, it was shown that the other four
postulates are satisfied by hyperbolic geometry, but this postulate is not satisfied. This shows
that the other four axioms are insufficient to prove the parallel postulate.

Let ¢ be the statement in the language of fields describing the existence of a square root of 2.
We know that Q is a field satisfying —¢, and Q[\/E] satisfies ¢. The fields Q and Q[\/E] are
models of the theory of fields, one of which satisfies ¢, and one of which satisfies —¢. This
shows that the theory of fields does not prove ¢ or —¢. A similar result holds for the statement
@ that says that there are no roots of x* = —1.

Godel’s incompleteness theorem implies that there must always be an independence result in
a sufficiently powerful consistent set theory.

We will show that there are other independence results in set theory that are not self-referential like
the Godel incompleteness theorems.

Theorem (Cantor). |N| < |P(N)|.

The continuum hypothesis is that there are no sets of cardinality strictly between |[N| and |P(N)| =

IR].

Definition. The continuum hypothesis CH states that if X C P(N) is infinite, then either
|X| = |INJ or |X]| = |P(N)|, or equivalently,

2NO = Nl

Progress was made on the continuum hypothesis in the 19th and 20th centuries.

(1
(ii)
(iif)
(iv)
)

In 1883, Cantor showed that any closed subset of R satisfies CH.

In 1916, Alexandrov and Hausdorff showed that any Borel set of R satisfies CH.
In 1930, Suslin strengthened this result to analytic subsets of R.

In 1938, Godel showed that if ZF is consistent, then so is ZFC + CH.

However, in 1963, Cohen showed that if ZF is consistent, then so is ZFC + = CH.

In this course, we will prove results (iv) and (v), thus establishing the independence of the continuum
hypothesis from ZFC.

1.2

Systems of set theory

The language of set theory £ = L. is a first-order predicate logic with equality and membership
as primitive relations. We assume the existence of infinitely many variables v, v,, ... denoting sets.



We will only use the logical connectives v and — as well as the existential quantifier 3. Conjunc-
tion, implication, and universal quantification can be defined in terms of disjunction, negation, and
existential quantification.

We say that an occurrence of a variable x is bound in a formula ¢ if is in a quantifier 3x or lies in the
scope of such a quantifier. An occurrence is called free if it is not bound. We write FV(¢) for the set of
free variables of ¢. We will write ¢(u,, ... , u,) to emphasise the dependence of ¢ on its free variables
uy, ..., U,. By doing so, we will allow ourselves to freely change the names of the free variables, and
assume that substituted variables are free. The syntax ¢(uy, ..., u,) does not imply that u; occurs
freely, or even at all.

Some of the most common axioms of set theory are as follows.

(i) Axiom of extensionality.

Vx.Vy.(Vz.(zEX > XEY) > Xx=Y)

(ii) Axiom of empty set.
Ix.Vyexy#y

(iii) Axiom of pairing.
Vx.Vy.dz.(x ez Ay € 2)

(iv) Axiom of union.
Va.3x.Vy.(yeEx - Jz€a.y € 2)

(v) Axiom of foundation.
Vx.(3y.yex—->3dyex.ndzex.z€y)

(vi) Axiom scheme of separation. For any formula ¢,

Va.3x.Vy.(y € x « (y € a A p(3)))

(vii) Axiom of infinity.
da.(Ix.(x ea)AVx €a. Iy e a.x €y)

(viii) Axiom of power set.
Va.3x.Vy.(y e x o Vz.(z€y > z € a))

(ix) Axiom scheme of replacement. For any formula g,

Va.(Vx € a.3y. p(x,y) - Ib.Vx € a. Ty € b. ¢p(x,y))

(ix") Axiom scheme of collection. For any formula g,

Va.(Vx € a.3y. ¢(x,y) —» 3b.Vx € a. Ay € b. p(x, y))

(x) Axiom of choice.
VX.(@ ¢ X - 3f : (X > | JX).VaeX. f(a) € a)



(x") Well-ordering principle.
Va.3R. R is a well-ordering of a

Some common set theories are as follows.

» Zermelo set theory Z consists of axioms (i) to (viii). Axioms (ix) and (ix") are equivalent relative
to Z.

» Zermelo—Fraenkel set theory ZF consists of axioms (i) to (ix). Axioms (x) and (x") are equivalent
relative to ZF.

» Zermelo—Fraenkel set theory with choice ZFC consists of axioms (i) to (x).

o« Zermelo—Fraenkel set theory without power set ZF~ consists of axioms (i) to (vii), with the axiom
of collection (ix") instead of replacement (ix); it has been shown that (ix) is weaker than (ix’)
in the presence of axioms (i) to (vii).

« Zermelo-Fraenkel set theory with choice and without power set ZFC™ consists of axioms (i) to
(vii), with the axiom of collection (ix") and the well-ordering principle (x’).

In this course, our main metatheory will be ZF, and we will be explicit about the use of choice.

We say that a class X is definable over M if there exists a formula ¢ and sets ay, ..., a,, € M such that
for all z € M, we have z € X ifand only if ¢(z, a;, ..., a,,). A class is proper over M if it is not a set in
M.

Under suitable hypotheses, there is a countable transitive model M of ZFC. In this case, |R N M| is
countable, so there exists a real v that is not in M. Hence, v is a proper class over M. However, it
is not definable, and we cannot ‘talk about it’ in the language of set theory. The only proper classes
that affect our theory are the definable ones.

In this course, we will assume that all mentioned classes are definable. We can then use formulas of
the form
AC.(Cisaclass AVx € C.¢)

by defining it to mean that there is a formula 8 giving a class C satisfying Vx € C. . For example,
the universe class V = {x | x = x}, the Russell class R = {x | x & x}, and the class of ordinals Ord are
all definable. Any set is a definable class. Classes are heavily dependent on the underlying model: if
M =2thenOrd =2 =M, and if M = 3U {1} then Ord = 3 # M.

Suppose that M is a set model of ZF; that is, M is a set. Let D be the collection of definable classes
over M. Then one can show that D is a set in our metatheoretic universe V, and (M, D) is a model
of a second-order version of ZF, known as Gédel-Bernays set theory.

1.3 Adding defined functions

Often in set theory, we use symbols such as 0,1, C, N, A, V; they do not exist in our language.

Definition. Suppose that £ C £’ and T is a set of sentences in £. We say that P is a defined n-
ary predicate symbol over T if there is a formula ¢ in £ such that

TE VX5 Xp (P(X1, ..., Xp) © (X715 -en 5 X3))

Similarly, we say that f is a defined n-ary function symbol over T if there is a formula ¢ in £



such that
f(x1,....xy) =yifand only if T F ¢(xy, ..., X,, )

and
TEVYXxy, oo, Xy Y. 0(X15 oee , Xps V)

We say that a set of sentences T’ of £’ is an extension by definitions of T over £L when T’ = TUS
and S = {p, | s € £' \ £'} and each ¢; is a definition of s in the language £ over T.

Commonly used symbols such as 0,1, C, N, P, U are defined over ZF.

Theorem. Suppose that £ C £', and that T is a set of £-sentences and 7' is an extension by
definitions of T to £’. Then
(i) (conservativity) If ¢ is a sentence of £,then T - ¢ & T’ I ¢.
(ii) (abbreviations) If ¢ is a formula of £’, then there exists a formula ¢ of £ whose free
variables are exactly those of ¢, such that T’ F Vx. (¢ < ¢).

Example. The intersection a N b can be defined as the unique set c such that
Vx.(xEc < x€aAnx€ED)
This definition makes sense only if there is a unique c satisfying this formula ¢(a, b, ). If
M ={a,c,d,{a},{a,b},{a,b,c},{a,b,d}}

then it is easy to check that both {a} and {a, b} satisfy ¢({a, b, c},{a, b, d}, —), so intersection cannot
be defined.

1.4 Absoluteness

It is often the case that definitions appear to give the same set regardless of which model we are
working inside. For example, {x | x # x}is the empty set in any model, and {x | x = a vV x = b} gives
a pair set. Other definitions need not, for example P(N), which need not be the true power set in a
given transitive model. To quantify this behaviour, we need to define what it means for ¢ to hold in
an arbitrary structure; this concept is called relativisation.

Definition. The quantifier Vx € a.¢ is an abbreviation of Vx.(x € a) — ¢. Similarly,
dx € a.p is an abbreviation of 3x. (x € a) A . Let W be a class; we define by recursion the
relativisation ¢" of ¢ as follows.

xeyW=xey
x=p)=x=y
v =" vy
@) = ="
Ax.)¥ =3dx e W.op¥



One can easily show that

@AY =" AW
@Y =¥ - ¥
(Vx.p) =Vx € W.o"¥

Proposition. Suppose that M C N and M is a definable class over N. Then the relation
M E g is first-order expressible in N.
Proof. Suppose M is defined by 6, so
VzeN.O(z)ozeM

We claim that (N, €) E ¢M if and only if (M, €) E ¢. We proceed by induction on the length of
formulae. For example,

NE(xeyMiff NExeyandx,y € Miff6(x),0(y),MEx €y
The case for equality is similar, and disjunction and negation are simple. Finally,
NE @x.p(x)Miff N E 3x.x € M A M (x)

which holds precisely when there is some x € N such that N E x € M and N E ¢M(x), but
N E x € M if and only if 8(x), giving the result as required. O

Thus, relativisation is a way to express truth in definable classes.

Definition. Suppose that M C N are classes and ¢(uy, ..., u,) is a formula. Then g is called
(i) upwards absolute for M, N if

VX1, .oos Xy € ML (@M (X1, ..., %) = N (X1, .05 X))
(ii) downwards absolute for M, N if
VX1, ooy X € ML (N (X, v s Xp) = oM (X1, .0, X))
(iii) absolute for M, N if it is both upwards and downwards absolute, or equivalently,

VX1, oy Xy € ML (@M (X1, ..., X)) © N (X1, ..., X))

If N = V, we simply say that ¢ is (upwards or downwards) absolute for M. If I is a set of formulas, we
say that T is (upwards or downwards) absolute for M, N if and only if ¢ is (upwards or downwards)
absolute for M, N for each ¢ € T. Suppose T is a set of sentences and f is a defined function by ¢.
Then for M C N models of T, we say that f is absolute for M, N precisely when ¢ is absolute for
M, N.

Example. If M C N both satisfy extensionality, then the empty set is absolute for M, N by the formula
Vx € a.(x # x). The power set of 2 is not absolute between 4 and V, because in 4, it has only two
elements.



Example. ¢ < ¢ does notimply o™ < M. Let p(v) be the statement Vx. (x & v); in ZF this defines
@. Now, the following are two ways to express 0 € z.

P(z)=3y.(p(Y) Ay € 2); 0(2) =Vy.(p(y) > y € 2)

Note that if there exists a unique y such that ¢(y), then these are equivalent. However, this is often
not the case, for example if

a=0; b={0} c={{{o}}y M={ab,c}
then ¢™(a) holds, so M (b), but p™(c) also holds, so 6M(b) fails.

The main obstacle to absoluteness for basic statements turns out to be transitivity of the model.

Definition. Given classes M C N, we say that M is transitive in N if

Vx,yeEN.(xeMAyeEXx—>y€EM)

1.5 The Lévy hierarchy

Definition. The class of formulas A is the smallest class I" closed under the following con-
ditions.
(i) if ¢ is atomic, ¢ € T (thatis, (v; € v;) € T'and (v; = v;) € I');
(i) ifp, €T, thenp vy € ' and —¢ € T; and
(iii) if @ € T, then (Vv; € v;.¢) € T and (Jv; € v;.9) €T.

Thatis, A, is the class of formulas generated from atomic formulas by Boolean operations and bounded
quantification.

Definition. We proceed by induction to define %, and IT,, as follows.
(1) Zg =y = Ag;
(ii) if pis I1,,_; then Av;. @ is Z,;;
(iii) if @ is Z,_; then VYv;. @ is II,,.

Example. The formula Vv;.3v,.Vv;. (vs = v3) is II5. But (Vu;.0; = v,) AUz = v isnotIl, or I,
for any n.

Definition. Given an £-theory T, let £ be the class of formulas T such that for any ¢ € T,
there exists ) € Z, such that T - ¢ < . We define IT} analogously. A formula is in A if
there exists ) € £, and 6 € II,, suchthat T ¢ < pand T - ¢ < 6.

Note that A,, only makes much sense with respect to some theory T for n > 0.

Lemma. If p and ¢ are in 47, then so are
Jv.g; VY, oAy, Fu Evj.e; YU €V

If g is in =47, then —¢ is in IT4". Further, for every ¢, there exists n such that ¢ is in 247, and



if p is in 22F, then ¢ is in =2} for all m > n.

Remark. 3x,.Vx,.3x5.Vy.(y € v — v # v) is &, but is logically equivalent to the statement Vy €
.V # v, which is Z,. The fact that Z2F is closed under bounded quantification depends on the axiom
of collection. In particular, in Zermelo set theory, there is a % formula ¢ such that Vx € a. ¢ is not
>Z. In intuitionistic logic, these classes are very badly behaved; for instance, we could have a I}
formula ¢ such that ¢ is not 7.

We can now show absoluteness for A, formulas between transitive models.

Theorem. Let M be transitive in N and M C N, and let p(u) be a Ay-formula. Then, for any
aeM,
M E ¢(a) ifand only if N F ¢(a)

Proof. We prove this by induction on the class A,. The cases of atomic formulas and propositional
connectives are immediate, so it suffices to show the result for 3x € a. ¢ where ¢ is absolute between
M and N. Suppose M E Ix € a. p(x), so there exists b € M such that M = b € a A ¢(b). Then we
also have N F b € a A ¢(b) by absoluteness of ¢, as required. Conversely, suppose N E 3x € a. ¢(x),
so there exists b € N such that N E b € a A p(b). Since M is transitive in N, we obtain b € M, so
M E b € a A ¢(b) by absoluteness of . O

Proposition. The following are A", and therefore absolute between transitive models.
i xCy;
(i) a = {x,y} (the unordered pair);
(iii) a = (x,y) (the ordered pair);
(iv) a=xxy;

V) a=Ub;
(vi) ais a transitive set;
(vil) x = @;

(viii) r is a relation;
(ix) ris afunction;
(x) risarelation with domain a and range b;
(xi) x is the pointwise image of r on a, denoted r"a = {y | Ix € a.{x,y) € r};

(xii) rl,.
Remark. The following are not absolute between transitive models, and thus not A3F.
(i) the cofinality function a +— cf(a);
(ii) being a cardinal;
(iii) w;;

(iv) y = P(x).

Lemma. The statement that a given set a is finite is A"



Proposition. Let M be transitive in N and M C N. Then X, formulas are upwards absolute
between M and N, and II; formulas are downwards absolute between M and N.

Corollary. AZF formulas are absolute between transitive models.

Lemma. (ZF) The statement that « is an ordinal is absolute.
Proof. First, note that « is an ordinal in ZF if and only if it is a transitive set of transitive sets. This
can be written as
(VBeaVyepByea)A(VBea Vyep.Vsey.sd €f)
which is A, as required. O

We can give a slightly better rephrasing of this lemma.

Lemma. The statement that r is a strict total ordering of a is A.

Proof. The statement that r is a transitive relation on a is that
Vxyz € a.({x,y) Er A{y,z) Er > (X,Z) ET)

Trichotomy is
Vxy € a.({x,y) Erv{y,x) Ervx=y)

Irreflexivity is
Vx €a.(x,x)&r

Corollary. The statement that x is a transitive set totally ordered by € is A, and thus being
an ordinal is A,.

Lemma. (ZF) The statement that r is well-founded on a is A%F.

Proof. The I1; formula is
risarelationona A [VX.(Ax €X.(z=2)AX Ca) > IXEX.Vy € X.(y,2) & 1]

For the Z; formula, we first show that a relation is well-founded on a if and only if there exists a
function @ — Ord such that (y, x) € rimplies f(y) € f(x). Suppose r is well-founded; we then define
f 1 a— Ordby f(x) = sup{f(y) + 1| (¥, x) € r}, and one can show that this satisfies the required
property. For the other direction, let X C a be a nonempty subset, and consider the pointwise image

10



f"X. This has a minimal element «, then for any z € X, if f(z) = a then for all y € X, we have
f() = a,s0(y,z) & r. We then define well-foundedness with a ¥; formula as follows.

af.(f is a function AVu € ran f.(u € Ord) AVxy € a.((y,x) € r — f(y) € f(x)))

Proposition. The following are AZ".
(i) xisalimit ordinal;
(ii) xis a successor ordinal;
(iii) x is a finite ordinal,;
(iv) x = w;
(v) x = nfor any finite ordinal n.

Proposition. The following are IT#F and hence downwards absolute between transitive mod-

els.
(i) xis a cardinal;
(ii) x isregular;
(iii) x is a limit cardinal;
(iv) x is a strong limit cardinal.

Lemma. (ZF) Let W be a nonempty transitive class. Then the axioms of extensionality,
empty set, and foundation all hold in W.

Proof. For extensionality, the relativisation of
Vx.Vy.Vz.(ze€x o xE€EYy) > x=Y)

to W is
VxeWVyeW.(VzeW.(zEXXEY)>Xx=Y)

Suppose x € W,y € W, but x # y. Then by extensionality in the metatheory, without loss of

generality we can fix z € x with z ¢ y. But since W is transitive, we must have z € W, contradicting

X =y, as required.

As W is nonempty, we can use foundation to fix x € W such that x N W = @. Since W is transitive,
x C W, and therefore x = @ € W. Moreover, the statement that x = @ is A,y and therefore absolute.

O

Lemma. (ZF) Let W be a transitive class. Then
(i) if for any pair x,y € W, the real pair set {x, y} lies in W, then the axiom of pairing holds
in W;
(ii) if for any set x € W, the union U x lies in W, then the axiom of union holds in W;
(iii) if w € W, then the axiom of infinity holds in W;
(iv) if, for every formula ¢ with free variables in {x, a, vy, ..., v, }, we have

Va,vy,...,v, € WAx € a| ¥ (x,a,vy,...,0,)} €W

11



then the axiom of separation holds in W;
(v) if, for every formula ¢ with free variables in {x, y, a, vy, ..., U, }, for all a, vy, ... , v, € W,
if
Vx € a.3ly e W.o"(x,y,a,vq,...,0;)

then
bew.yl|lIxea ¥ (xya0,,..,0,)}Cb

then the axiom of replacement holds in W;
(vi) if, for every a € W, there exists b € W such that P(a) N W = b, then the axiom of
power set holds in W.

Corollary. (ZF) If W is a nonempty transitive class satisfying the conditions of the previous
lemma, it is a model of ZF.

1.6 Transfinite recursion

Definition. A relation R is set-like on a class A if forall x € A, the collection of R-predecessors
of x is a set.

Example. € is set-like on V, but 3 is not set-like on V.

Let A be a class, and let ¢ be such that A = {x | p(x)}. Then A" = {x | " (x)}. We say that A
is absolute for W if AY = A n W. Viewing a class relation R C V X V as a collection of ordered
pairs {(x, y) | {(x, )}, we have R" = {(x,y) | " (x, )}, and say that R is absolute for W if R" =
R N W?2. Observe that if R is a class function, we can only refer to the function RY if we first check
that (Vx. 3!y.¢(x,y))". In this case, we have R¥ : W — W, and we say that R is an absolute
function for W iff RW = R|,.

We briefly recall the transfinite recursion theorem.

Theorem. Let R be a relation which is well-founded and set-like on a class A. Let F : A X
V — V be a class function. Given x € A, let pred(A,x,R) = {y € A |y R x} be the set of
R-predecessors of x in A. Then there is a unique function G : A — V such that for all x € A,

G(x)=F (x, G )
pred(A,x,R)

We now prove the absoluteness of transfinite recursion.

Theorem. Let R be arelation which is well-founded and set-likeon aclass A. Let F : AXV —
V be a class function, and let G : A — V be the unique function given by applying transfinite
recursion to F. Suppose that W is a transitive model of ZF, and suppose that the following
hold.

(i) A and F are absolute for W;

(ii) R is absolute for W and (R is set-like on A)%;

12



(iii) for all x € W, pred(4,x,R) C W.
Then G is absolute for W.

Proof. By absoluteness, A” = An W and R” = Rn W?2. Hence, every nonempty subset of A" has
an R" -minimal element. In particular, (R is well-founded on A)"”. We can then apply transfinite
recursion in W to define a unique function G¥ : A% — W such that for all x € AY,

G%(x) = FW(x, G% )
predW(AW,x,RW)

To prove absoluteness for G, it suffices to show that G¥ = G | ,w. We show this by transfinite in-
duction in W. Suppose that for all y R x, we have G¥(y) = G(y). By absoluteness, (iii), and the
inductive hypothesis, we obtain

G¥(x) = FW<x, G%

) = G(x)

= F(x, G
predW(AW,x,RW)) pred(A,x,R)

Corollary. The following are absolute for transitive models of ZFC:
(i) the rank function;
(ii) the transitive closure of a set;
(iii) the addition and multiplication operations of ordinal arithmetic.

1.7 The reflection theorem
In this subsection, we will not use choice.

Recall the Tarski-Vaught test: if M is a substructure of V" with universes M and N respectively, then
the following two statements are equivalent.

(i) M is an elementary substructure of NV

(ii) for any formula ¢(v,w) and a € M, if there exists b € N such that N E ¢(b, a), then there
exists ¢ € M such that M E ¢(c, a).

Definition. A finite list of formulas ¢ = ¢, ..., ¢, is said to be subformula closed if every
subformula of the ¢; is contained on the list.

We can now state a version of the Tarski-Vaught test for classes.

Lemma. Let ¢ be a subformula closed list of formulas, and suppose W C Z are nonempty
classes. Then the following two statements are equivalent.
(i) each formula in ¢ is absolute for W and Z;
(i) whenever g; is of the form 3x. ¢;(x,y) where the free variables of ¢; are equal to x or
contained in y, then

Yy € W.(Elx € Z.¢¢(x,y) > Ix e W. cp]Z(x,y))

13



Proof. (i) implies (ii). Suppose that each formula in ¢ is absolute. Let ¢; be of the form 3x. ¢;(x,y),
and fixy € W. Then ¢f(y) is 3x € Z.¢%(x,y). If this holds, by absoluteness ¢;" (y) holds, so there
is x € W such that (pJW(x, y). Finally, W C Z and absoluteness of ¢; gives 3x € W. <ij (x,y).

(ii) implies (i). We show this by induction on the length of ¢;. The result if ¢; is atomic or of the form
®j V @ or 1g; is immediate. Suppose @; is of the form 3x. ¢;(x,y), and fixy € W. Then qoiZ (y) is
equivalent to the statement 3x € Z. gDJZ (x,y). By (ii), this gives 3x € W. (ij (x,y). Since W C Z, the

reverse implication is trivial. But 3x € W. quZ (x,y) is equivalent to the statement that ¢!¥ (y) holds,
as required. O

Theorem (reflection theorem). Let W be a nonempty class, and suppose that there is a class
function Fy, such that for any ordinal «, Fy () = W, € V. Suppose that
(i) ifa < B, then W, C W g;
(ii) if A is a limit ordinal, then W 1 = |
(i) W = Uycgrq Wi
Then for any finite list of formulas ¢ = ¢, ..., ¢,, ZF proves that for every a there is a limit
ordinal B > a such that the g; are absolute between W g and W.

a<id %;

One example of such a class function is W, = V.

Corollary (Montague-Lévy reflection). For any finite list of formulas ¢ = ¢, ...,9,, ZF
proves that for every « there is a limit ordinal 8 > a such that the ¢; are absolute for V.

We now prove the reflection theorem.

Proof. Let@ = ¢y, ..., ¢, be a finite list of formulas. By extending the list and taking logical equival-
ences if necessary, we will assume that this list is subformula-closed and that there are no universal
quantifiers. For i < n, we will define a function G; : Ord — Ord as follows. If ¢; is of the form
3x. ¢j(x,y) where y is a tuple of length k;, we will define a function F; : Wki — Ord by setting

0 if-3Ixew. go]W(x,y)

Fl(y) = { . . w
n where 7 is the least ordinal such that 3x € W,. ¢/ (x,y)

We set K
Gi(6) = sup{Fi(y) | y € W5’}

If ¢; is not of this form, we set G;(8) = 0 for all . Finally, we let
K(6) = max{d + 1, G,(9), ..., G,(6)}

Note that the F; work in an analogous way to Skolem functions, but does not require choice. The F;

are well-defined, and, using replacement in V, since W 5 is a set, F;’ Wé{ "is also a set in V, so G; and
K are both defined and take values in Ord. Also, G; is monotone: if § < 8’ then G;(8) < G(&").

We claim that for every « there is a limit ordinal 8 > « such that for all § < § and i < n, we have
G;(8) < B; thatis, 8 is closed under this process of finding witnesses. Set 1 = e and let ,,; = K(4,).
Then we set B = sup,,, 4, which is a limit ordinal as it is the supremum of a strictly increasing
sequence of ordinals. If § < f3, then § < A4, for some ¢, so G;(6) < G;(4;) by monotonicity, but
Gi(A;) < K(A;) = A441 < B asrequired.
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To complete the theorem, it suffices to consider ¢; of the form 3x. ¢;(x, y) by the Tarski-Vaught test
for classes above. Fixy € W g, and suppose there exists x € W such that goJW(x,y). Since g is a limit
ordinal and y is a finite sequence in W g, we must have y € W, for some y < 8. Thus

0<F(y)<Gi(y) <P

so by construction, there exists a witness x € W 8 such that ¢1W(x, y). Hence ¢ is absolute between
W g and W as required. O

Remark. This is a theorem scheme; for every choice of formulas ¢, it is a theorem of ZF that ¢ are
absolute for some V3. We cannot prove that for every collection of formulas ¢, for all ordinals « there
exists § > o such that ¢ is absolute for W g, W. Note that even if ¢ is absolute for W g and W, we

need not have ¢"2.

If ¢ is any finite list of axioms of ZF, then there are arbitrarily large 8 such that ¢ holds in Vg. If 8 is
a limit ordinal, Vg E Z(C), so we may restrict our attention to instances of replacement.

Corollary. Let T be an extension of ZF in £, and let ¢, ..., ¢,, be a finite list of axioms from

v,
T. Then T proves that for every o there exists § > a such that ( /\l.”:1 qoi) £

Corollary. (ZFC) Let W be a class and let ¢, ..., @, be a finite list of formulas in £c. Then
ZFC proves that for every transitive x C W, there exists some transitive y D x such that the
@; are absolute between y and W, and |y| < max {w, |x|}.

Taking x = w and W =V gives the following result.

Corollary. Let T be any set of sentences in £ such that T - ZFC. Let ¢;, ..., ¢, € T. Then
y
T proves that there is a transitive set y of cardinality ¥, such that ( /\;1=1 goi) .

Corollary. Let T be any consistent set of sentences in £, such that T - ZF. Then T is not
finitely axiomatisable. That is, for any finite set of sentences I' in £¢ such that T + T, there
exists a sentence ¢ such that T F ¢ but T" ¥ ¢.

This only holds for first-order theories without classes; for example, Godel-Bernays set theory is
finitely axiomatisable.

Proof. Let ¢y, ..., ¢, be a set of sentences such that T + /\?=1 @;. Suppose that /\?=1 @; proves every
axiom of T. By reflection, T proves that for every « there is 8 > « such that the ¢; hold in V if and
only if they hold in V. Since they hold in V, they must hold in some V. Fix §, to be the least ordinal

V
such that /\:;1 ®; #0 Then all of the axioms of T hold in Vg, 80 Vg, E T. Since T extends ZF, our
basic absoluteness results hold, so in particular, if « € Vg then

VR —vV. AV, =V
a — Va Bo — Va
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So 'V, isabsolute for Vg . Note that T proves that there exists a such that /\l.":1 qo\i/"‘, butas Vg, satisfies

every axiom of T, this must be true in Vg . That is, there must be « < 8, such that /\?=1 qoy‘". This
contradicts minimality of 3. O

1.8 Cardinal arithmetic
In this subsection, we will use the axiom of choice. We recall the following basic definitions and

results.

Definition. The cardinality of a set x, written |x|, is the least ordinal « such that there is a
bijection x — a.

This definition only makes sense given the well-ordering principle.

Definition. The cardinal arithmetic operations are defined as follows. Let x, 4 be cardinals.
G x+1=[{0} xxu {1} x 1;
(i) x- A=k xA;
(iii) %t = |K’1|, the cardinality of the set of functions 1 — x;
(iv) ¥ = sup {x* | @ < A, a a cardinal}.

Theorem (Hessenberg). If x, A are infinite cardinals, then

x+A=1x-4=max{x,1}

Lemma. Ifx, A, u are cardinals, then

e N (2 Ly

Definition. A map between ordinals « — f is cofinal if supran f = . The cofinality of an
ordinal y, written cf(y), is the least ordinal that admits a cofinal map to y. A limit ordinal y is
singular if cf(y) < y, and regular if cf(y) = y.

Remark. (i) Since the identity map is always cofinal, we have cf(y) < y.
(i) w = cf(w) = cf(w + w) = cf(N,).
(iif) cf(y) < [7]-

Theorem. Let y be a limit ordinal. Then
(i) if y is regular, y is a cardinal;
(ii) the cardinal successor y™* is a regular cardinal,
(iii) cf(cf(y)) = cf(y), so cf(y) is regular;
(iv) N, is regular whenever o = 0 or a successor;
(v) if Ais a limit ordinal, cf(N;) = cf(1).
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Theorem. Let x be a regular cardinal. If  is a family of sets with || < x and each |X| < x
for X € #, then | F| < x.

Proof. We show this by induction on || = y < x. Suppose the claim holds for y, and consider
F ={X, | @ < y + 1}. Then, assuming the sets involved are infinite,
e } <x

Uxaux,|=

a<y

U= U* U

a<y a<y
Now suppose ¥ is a limit, and suppose the claim holds for all 8 < y. Let F = {X,, | « < y}, and define
g:y—xby

+1X,| = max{

8(B) = U Xpg
a<p
But « is regular and y < x, so this map is not cofinal. Hence g"y = || F| < . O

We can generalise the notions of cardinal sum and product as follows.

Definition. Let (x;);c; be an indexed sequence of cardinals, and let (X;);c; be a sequence of
pairwise disjoint sets with |X;| = x; for all i € I. Then the cardinal sum of (x;) is

S =|Ux

iel iel

The cardinal product is
T -
iel

where [, ; X; denotes the set of functions f : I — UieI X; such that f(i) € X; for each i.

L1

iel

The following theorem generalises Cantor’s diagonal argument.

Theorem (Konig’s theorem). Let I be an indexing set, and suppose that x; < 4; for alli € I.

Then
Z Ki < H Ai

iel iel

Proof. Let (B;);er be a sequence of disjoint sets with |B;| = 4;, and let B = [],_; B;. It suffices to
show that for any sequence (A4;);cr of subsets of B such that for all i € I, |A;| = x;, then

Jai#8

iel
Given such a sequence, we let S; be the projection of A; onto its ith coordinate.

Si={f@1|feA}

17



Then by definition, S; C B;, and
ISil < Ail =%; < 4; = |By]

Fix t; € B; \ S;. Finally, we define g € B by g(i) = t;; by construction, we have g ¢ A; for all i, so
gE€Bbutg & J,.;Ai- O

Corollary. If ¥ > 2 and 4 is infinite, then
1t > 2
Proof.

A=Y 1<[[2=2* <ot

a<i a<ld

Corollary. cf(2%) > A.

Proof. Let f : 1 — 2%, we show that || J f”A| < 2%. Since for all i € I, we have f(i) < 2%, we deduce
Ul < D 1ror < []20 = @) =24 =2

i<d i<d

Corollary. 2% =+ x for any x of cofinality N,. In particular, 250 # R,,.

Corollary. x*) > x for every infinite cardinal «.
We can prove very little in general about cardinal exponentiation given ZFC.

Definition. The generalised continuum hypothesis is the statement that 2¥ = x* for every
infinite cardinal x. Equivalently, 28 = N ;.

Under this assumption, we can show the following.

Theorem. (ZFC + GCH) Let «, A be infinite cardinals.
(i) ifx < A, then x* = A*;
(ii) if cf(x) < A < x, then x* = x™*;
(iii) if A < cf(x), then ¥t = «.

When we construct models with certain properties of cardinal arithmetic, we will often want to start
with a model satisfying GCH so that we have full control over cardinal exponentiation. Without this
assumption, we know much less. The following theorems are essentially the only restrictions that
we have on regular cardinals that are provable in ZFC.
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Theorem. Let x, A be cardinals. Then
(i) if x < A, then 2% < 24;
(ii) cf(2®) > x;
(iii) if x is a limit cardinal, then 2% = (2<%)°f(0),

Theorem. Let x, A be infinite cardinals. Then
(i) ifx < A, then x* = 24,
(i) if u < x is such that u* > x, then x* = u?;
(iii) if x > 1 and u# < x for all u < x, then
(a) if cf(x) > A, then ¥* = «;
(b) if cf(x) < A, then ¥ = %<9,

Theorem (Silver). Suppose that « is a singular cardinal such that cf(x) > N, and 2% = at
for all « < x. Then 2% = x*.

This theorem therefore states that the generalised continuum hypothesis cannot first break at a sin-
gular cardinal with cofinality larger than R,

Remark. It is consistent (relative to large cardinals, such as a measurable cardinal) to have 2%» =
R, foralln € o, but 28 =R ;.

Theorem (Shelah). Suppose that 28 < R, for all n € w, so X, is a strong limit cardinal.
Then 2%« < R, .

It is not known if this bound can be improved, but it is conjectured that 2% < Ny,

2 Constructibility

In this section, we will prove
Con(ZF) - Con(ZFC + GCH)

2.1 Definable sets

Recall that the V,, hierarchy has the property that V,,; = P(V,). We will construct a universe L in
which we restrict to the ‘nice’ subsets.

Definition. A set x is said to be definable over (M, €) if there exist a;,...,a, € M and a
formula ¢ such that
X = {Z € M | (Ms E) '= gO(Z, al’ oee ’an)}

We write
Def(M) = {x C M | x is definable over M}

Remark. (i) M € Def(M).
(ii) M C Def(M) C P(M).
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This definition involves a quantification over infinitely many formulas, so is not yet fully formalised.
One method to do this is to code formulas as elements of V,, called Gddel codes. We can then use
Tarski’s satisfaction relation to define a formula Sat, and can then prove

Sat(M, €,7¢™, X1, ..., Xp) < (M, €) E ¢(x1, ..., Xy)

where "p € V,, is the Godel code for ¢. We will later use a different method to formalise it, but for
now we will assume that this is well-defined.

2.2 Defining the constructible universe

We define the L, hierarchy by transfinite recursion as follows.

Lo=@ Loy =Def(ly) Ly=|JLs L= La
a<i aeO0rd

Lemma. For any ordinals «, 3,
(i) if B < athenLg C Lg;
(ii) if @ <athenLg € Lg;
(iii) L is transitive;
(iv) the ordinals of L, are precisely a;
(v) L is transitive and Ord C L.

Definition. Let T be a set of axioms in £, and let W be a class. Then W is called an inner
model of T if
(i) W is a transitive class;
(ii) Ord C W;
(iii) TY is true; that is, for every formula ¢ in T, we have goW.

Theorem. L is an inner model of ZF.

This is a theorem scheme; for every axiom of ZF, we can prove its relativisation to L.

Proof. By the previous lemma, it suffices to check that ZF" holds.
« Since L is transitive, L satisfies extensionality and foundation.
« For the axiom of empty set, we use the fact that @~ = @ = L, € L.

« For pairing, given a, b € L, we must show {a, b} € L. Fix a such that a,b € L,. Then

fa,b} ={x €Ly | (Ly,€) F x =aVx=>b}e Def(L,)

« For union, let a € L. By transitivity, U a CL,. Then

Ua:{xeLa | (Lys €) E 3z.(z € a A x € 2)} € Def(L,,)

+ For infinity, note that

w={nelL,| (L, €) EneOrd} € Def(L,)
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+ Consider separation. Let ¢ be a formula, and let a,u € L,. We claim that
b={x€al¢p“(x,u)} el

This implicitly uses the fact that L is definable. Using the reflection theorem, there is § > «
such that
ZF F Vx € Lg. (pM(x,u) & ¢4 (x,u))

Moreover, "4 (x, u) holds if and only if (Lg, €) F ¢(x,u). We thus obtain

[xeale'x,w}={x€alp(x,w)}={xeLs|(Lg€)F p(x,u) Ax € a} € Def(Ly)

» We now consider replacement. It suffices to show thatifa € Land f : a — L is a definable
function, then there exists y € Ord such that f”a C L,, since then we can use separation. First,
observe that for every x € a, there exists 8 € Ord such that f(x) € Lg. Using replacement in
V, there exists an ordinal y such that for all x € a, there exists 8 < y such that f(x) € Lg. As
Lg C L, we thus obtain for all x € a that f(x) € L,.

« Finally, consider the axiom of power set. It suffices to prove that if x € L then P(x)n L € L.
Take x € L. Using replacement in V, we can fix an ordinal y such that ?(x) N L. C L,. Then

Px)NnL={zeL,| (L, €)FzCx}e Def(L,)

2.3 Godel functions

We will now formally define L. For clarity, we will define the ordered triple (a, b, c) tobe (a, (b, ¢)).

Definition. The Godel functions are the following collection of functions on two variables.
(D) F(x,p) ={x,y}
() F(y)=Ux;
(i) F3(x,y) =x\y;
(iv) Fa(x,y) =x X y;
(v) F5(x,y) = domx = {m;(2) | z € x A z is an ordered pair};
(vi) F¢(x,y) =ranx = {m,(2) | z € x A z is an ordered pair};
(vii) F7(x,y) = {{w, v, w) | (u,v) € x,w € y};
(viil) Fg(x,y) = {{u,w,v) | (u,v) € x,w € y}
(ix) Fo(x,y) ={(v,u) € y X x | u =0}
x) Fro(x,y) ={{v,u) € y X x | u € v}.

Proposition. The following can all be written as a finite combination of Godel functions
(D-(vid).
ik xuy, xny (xy) (p.2)

Proposition. For everyi € {1,...,10}, the statement z = F;(x, y) can be written using a A
formula. Hence, these formulas are absolute.
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Lemma (Gddel normal form). For every A, formula ¢(x,, ..., x,) with free variables con-
tained in {x, ..., X,,}, there is a term 7, built from the symbols 7, ..., #1¢ such that

ZF EVay,...,0,. F5(ay, .., @p) = {{Xps oo, X1) € @y X - X a1 | @(Xy, .05 X))

Remark. (i) The reversed order of the free variables is done purely for technical reasons.

(ii) #, will correspond to disjunction for A, formulas, intersection will correspond to conjunction,
F3 will give negation, and F4 and F;4 will give atomic formulas.

(ili) #; and Fg will deal with ordered n-tuples. For example, the triple (x;, x,, x3) is formed using
x; and (x,, x3), but it cannot be formed using (x;, x,) and x; without F; or F;.

Proof. We show this by induction on the class Ay. We call a formula ¢ a termed formula if the conclu-
sion of the lemma holds for ¢; we aim to show that every Aj-formula is a termed formula. We will
only use the logical symbols A, V, =, 3, and the only occurrence of existential quantification will be
in formulas of the form

(X155 Xp) = IX gy € X5 P(Xq, v s Xpg1)
where j < m < n. For example, we allow 3x; € x;.(x; € X, A X3 = Xx;), but we disallow 3x; € x,.9
and Ix; € x;.(x3 € x5 A Axy € X;.9). Every Ag-formula is equivalent to one of this form. We allow
for dummy variables, so ¢(x1,x;) = x; € Xx, and @(x1, X5, X3) = X; € X, are distinct. This proof
will take place in four parts: first some logical points, then we consider propositional formulas, then
atomic formulas, and finally bounded existentials.

Part (i): logical points. We make the following remarks.

o If ZF I ¢(xX) « ¥(x) and ¢(x) is a termed formula, then 1 is also a termed formula. This is
immediate from the definition, since we can let = ?q,.

 For all m, n, if p(x, ..., x,,) = (x4, ..., X,,,) and 1 is a termed formula, then so is . If n > m,
we can show this by induction on n. The base case n = m is trivial. For the inductive step,
suppose

Pt e Y1) =YX, e, Xm)
Then, we can write
D(X1s e s Xpy1) = O(X15 ee 5 Xp)

where 0 is a termed formula. Then

.7¢(a1, ooy an, an+1) = an+1 X ?@(al, ooy an) = ?4(an+1,.?9(a1, ooy an))

giving the result by the inductive hypothesis. This is the reason for reversing the order: because
the ordered triple (x, y, z) is (x, (y, z)), the map

{(x1,%2) € a1 X ay | 6(x1, x2)} = {{X1, X2, X3) € a1 X a X a3 | 6(xy, x,)}

is much more complicated to implement in Godel functions. We prove the case n < m by
induction; if

(X1 ey X)) = P(X1, e, Xi)
then

@(X1, ooy Xp1) = 0(X1, ..., Xp)
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and
{0} = {F3(ay, a)} = F1(F3(ay, a1), F3(ay, a1))
Then

Foay, s ap_1) = {(Xp_1s e X1) € @y X - Xy | @(X1, 000, Xp1)}
= ran({{0, X,_1, ..., X1) € {0} X ap_q X -+ X a; | O(xy, ..., X1, 0)})
= Fs(Folay, ..., an_1, F1(F3(a1, a1), F3(ay, a1))), a1)

o If(xy,...,X,)is a termed formula and

qD(.X'l, ’xn+1) = lp(xl, 7xn—1’xn+l/xn)

then ¢ is a termed formula. First, if n = 1, we have a termed formula (x;) and consider
Y(x,/x1). Then

Folar, az) = {{x2,x1) € a; X ay | P(x,)}
= {(xz,x1> | X, €Ea;Ax; € 3—'“4,((12)}
= Fylaz) X a;
= ?4(?¢(az), a)

If n > 1, we have
Fors ey Apyr) = {<xn+1’ s X1) | X € ap AXpg1s Xpo1s e X1) € Fylay, ... ’an—l’an+l)}
= F(Fylar, ..., ap1, Apyr), an)
o Ifi(x;,x,) is a termed formula, and
(X1, ey Xp) = P(Xp_1 /X1, X/ X3)
then ¢ is a termed formula. This is trivial if n = 2, so we assume n > 2. Then
Fo(@ry oo s @) = {(Xps o0, X1) € @y X -+ X a1 | Xy Xp_1) € Fp(@p_1, @)}
= f7(?¢(an—1! Ap), Ap_p X -+ X ay)
Part (ii): propositional connectives.

» If p is a termed formula, then so is —¢.

Fop(@rs s ay) = (@p X - X a1) \ Fp(ay, ..., a,)

« If ¢, are termed formulas, then sois ¢ Vv .
Fovp(@rs -, ay) = Fp(ay, ..., an) U Fylay, ..., a,)

It is easy to see that unions can be formed using Godel functions.

« Conjunctions are similar to disjunctions.

7;0/\1/;(01, s Q) = 5"¢(a1, s Qy) n?¢(a1, s Qy)
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Part (iii): atomic formulas.

« Consider ¢(xy,...,X,) = Xx; = x;. We show that this is a termed formula for all i, j < n.
Suppose i = 1 and j = 2. In this case,

Folar,az) = {(x2,x1) € a; X a; | X1 = X5}

so F, is formed using Fy and the discussion on dummy variables. Now suppose j > i. We

prove this by induction. First, if i = j, then
Fo={(Xps s X)) €@y X - Xy | X; = X3} =@y X Xy
Now, if j =i+ 1, we let
O(x1, ..., xi41) = (1 = x2)[x3/%1, Xi41/%,]
This is a termed formula by the result on substitutions. We thus obtain F, by adding the re-
quired dummy variables. Now suppose we have ¢(x;, ..., x,) = X; = Xj;;. Then we can write
(xq, ... ’xj+1) = (xi’xj)[xj+l»xj]

which is a termed formula by substitution. This concludes the case i < j by induction. Finally,
suppose i > j. As x; = X; is logically equivalent to x; = x;, which is a termed formula, ¢ is
also a termed formula.

« Now consider ¢(xy, ..., X,,) = X; € x;. As with equality, we first consider the case i = 1, j = 2.
In this case, we can form F;, with dummy variables. If i = j, the formula is always false, so we
have

Folay, .nap) =@ =a; \ a1 = F3(a1, a1)
Now, let
P(X1s e s Xpg2) = (X = Xpg1) A (X = Xpy2) A (g1 € Xpg2)

We note that x,,; € x,,,isatermed formula as it is given by the substitution (x; € x,)[Xy11/X1, Xp42/X5].
The equalities are termed formulas as above, so ¥ is a termed formula. Then

Folay, ..., ay) = ranran{(x, 5, ..., X1) X @; X @; X @ X =+ X @ |
Xi = Xpp1 AXj = Xpy2 AXpyg € Xny2}
= F6(Fe(Fy(ay, ..., an), a1), a1)

Part (iv): bounded quantifiers. We required that the only occurrence of 3 was in the form

P(X15 e s Xp) = X1 € X P(X15 0 s Xppg1)

where j < m < n. Due to this restriction, it suffices to show that if (x;, ..., X,,,1) is a termed formula,
then so is the formula

(X155 Xp) = Xy € X P(Xq, oev s Xpg1)

Let 0(xy, ... , Xp41) = Xp41 € Xj. Then 6 A 9 is a termed formula. Now

Fonp(ar, ., an, Fr(aj,a;)) = fe/\zp(al, U U aj)
= {(an, v Xy) € (U aj) XAy X Xa |

Xpp1 € Xj AVK S n.x € g AP(Xy, ... ,xn+1)}
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So

ran(fe,\d,(al, s Oy U aj)) = {(xn, X)) Eay X Xay |
Ju.(u, x,, ..., x;) € 3"9,\¢(a1, s Qs U aj)}

= {(xn,...,xl) €Ea, X - Xa |

Ixp41 € X P(xy, ... ,xn+1)}

Definition. A class C is closed under Godel functions if whenever x,y € C, we have
Fi(x,y) € Cfori € {1, ...,10}. Given a set b, we let cl(b) be the smallest set C containing b
as a subset that is closed under Godel functions.

For example, cl(@) = @, a, b € cl({a, b}), and cl(b) = cl(cl(b)).

Definition. Let b be a set. Define D"(b) inductively by

Do) =b; D"™(b) = {Fi(x,y) | x,y € D"(b),i € {1, ...,10}}

One can easily check that cl(b) = |, _. D"(b).

new
Lemma. If M is a transitive class that is closed under Gédel functions, then M satisfies Ag-
separation.
Proof. Let p(xy, ..., X,) be a Ay-formula, and let a, by, ..., b;_1, bi41, ..., b, € M. Let
Y= {xi €a | qD(bl, eey bi_l,xi, bi+1’ veey bn)}

We must show Y’ € M. Let 7, be the formula built from Godel’s normal form theorem. Then for any
1, ..., ¢, € M, we have

Folerseescp) = {{Xps s X1) € € X oo Xy | @(Xq, ., X))} EM
Hence, as {b;} = #,(b;, b;) € M, we obtain
Fo({b1}, ..o, {bia b a{bi}s .o, (b)) €M

Then, we can show that Y € M by taking the range ¥4 a total of n — i times and then taking the
domain 5. O

Theorem. For every transitive set M, the collection of definable subsets is

Def(M) = cl(M U {M}) n P(M)
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Proof. We first prove the forward direction. Let ¢ be a formula. Then g™ is A, so there is a term G
built from the Godel functions 77, ... , #1o such that for a, ..., a,, € M, we have

{xeM|M,e)F p(x,ay,...,a,)} = {x e M | M(x, 0y, ...,a)} = (M, ay, ..., a,) € cI(M U{M})

We now show the converse. We first claim that if G is built from the Godel functions, then for any
X, ay, ... , ay, the formulas
ng(ala---’an); xeg(ala---7an)

are A,. This can be proven inductively using the iterative construction of cI(M U {M}). For example,
if X,Y € D*(ay, ..., a,), then x = #(X,Y) is equivalent to the statement

Vzexz=Xvz=Y)AFwexw=X)AGFwexw=Y)

so the result holds for #;; very similar proofs show the result for both equality and membership for
all other Godel functions.

Let Z € cI(M U {M}) n P(M). Since Z € cl(M U {M}), we can fix a term G built from the F, ..., F},
such that Z = G(M, a4, ...,a,). Let ¢ be a Ay formula such that x € G(M, ay, ..., a,) if and only
if (x,M, ay,...,a,). Then G(M,ay,...,a,) = {x e M | p(x,M,a,,...,a,)} as Z C M. It therefore
remains to prove that there is a formula 3 such that

WM(x,ay,...,a,) < o(x,M,ay, ...,a,)

For example, we can define 3 from ¢ by the following replacements.
(i) Jv; e M — Fv;;
() v;eM v; =v;;
(iii) M =M vy = vy;
(iv) M e M,M € v;, M = v; > vy # V.

Finally, we obtain

Z=9GM,ay,...,a,) ={x e M | pM(x,ay, ..., a,)} € Def(M)

2.4 The axiom of constructibility

Definition. The axiom of constructibility is the statement V = L. Equivalently, Vx.da €
Ord. (x € Ly).

We will show that if ZF is consistent, then so is ZF + (V = L), by demonstrating that L is a model of
ZF + (V = L). To do this, we will show that being constructible is absolute.

Lemma. Z = cl(M)is A%F.

26



Proof. The II,; definition is simply being the smallest set closed under Godel functions. More expli-
citly,

VW.(Mu{M}g W AVx,y € W. /\?i(x,y)eW) S>ZCW
i<10

The X, definition will use the inductive definition of the closure.
AW.Wisafunction AdomW =wAZ = U ran W
AWO)=MAWH) CWh+1)

A (Vx,y e W(n). /\ Filx,y) e W(n+ 1))

i<10

A (Vz € W(n+1).3x,y € W(n). \/ z= fi(x,y)>

i<10

Lemma. The function mapping a — L is absolute between transitive models of ZF.

Proof. Define G : Ord X V — V by

cd(x(B)u{x(B)}) ifa=p+1and xisafunction with domain 8
G(a,x) = U,B<ot x(B) if a is a limit
(] otherwise

All of these conditions and constructions are absolute, so G is an absolute function. Therefore, by
transfinite recursion, there exists F : Ord - Vwhere F : a — G(x, F| a). By absoluteness of
transfinite recursion, F is absolute. Finally, F(«) = L, for all ordinal a. O

Theorem. (i) L satisfies the axiom of constructibility.
(ii) L is the smallest inner model of ZF. That is, if M is an inner model of ZF, then L C M.

Proof. Part (). We must show
(Vx.3a € Ord. x € L))"
which is
Vx € L.3a € Ord. x € (Ly)"

Since the L, hierarchy is absolute, x € (Lg)" if and only if x € L,. As L contains every ordinal, if
x € L then x € L, for some a, and thus x € (L,)*. Hence LE a € LA x € L.

Part (ii). Let M be an arbitrary inner model of ZF. We construct L inside M to give LM. By absolute-
ness, for every « € M n Ord, we have L, = (Ly)M. Thus L, C M for every « € M n Ord = Ord.
Hence L. C M as required. O

27



2.5 Well-ordering the universe

We will show that L satisfies a strong version of the axiom of choice, namely that there is a definable
global well-order. We will define well-orderings <, on L, such that <, ; end-extends <,: ify € L,
and x € Lgy; \ Lo, then y <1y x. Then we set <;= | J,, <q-

Theorem. There is a well-ordering of L.

Proof. For each ordinal a, we will construct a well-order <, on L, such that if « < 3, the following
hold:

(i) if x <4 y then x <g y; and
(ii) ifx € Ly andy € Lg \ Ly, then x <g y.

<Y=U<Y

a<y

For limit cases, we take unions:

We now describe the construction of <., ;. To do this, we consider the ordering on L, and append
the singleton {L,}. We then follow that by the elements of D(L, U {L,}) \ (Lq U {Ly}). We then add
D?(Ly U{LyD \ D(Ly U {Lg}), and so forth. In order to do this, we define <%, ; for n € w as follows.

(i) <Y, is the well-ordering of L, U {L,} given by making {L,} the maximal element.
(ii) Suppose that <%, is defined. We end-extend <", to form <*1 as follows. Suppose x,y &

DMLy U{Lg}). We say x <1*1 y if either

(a) theleasti < 10 such that Ju,v € D"(L, U {L,}) with x = F;(u, v) is less than the least
i <10 such that u,v € D"(L, U{L,}) with y = F;(u, v); or

(b) these indices i are equal, and the <%, ,-least u € D"(L, U {L4}) such that there exists
v € DL, U{Ly}) with x = F;(u, v) is less than the <}, ;-least u € D"(L, U {L,}) such
that there exists v € D"(L, U {L,}) with y = F;(u, v); or

(c) both of these coincide, and <2, ;-least v € D"(L, U {L,}) with x = F;(u, v) is less than
the least v € D"(L, U {L,}) with y = F;(u,v).

O

The restriction of <; to any set x € L is a well-ordering of x. Since every set can be well-ordered, the
axiom of choice holds.

Lemma. The relation <; is X;-definable. Moreover, for every limit ordinal § and y € Lgs, we
have x <; yifand only if x € Ls and (Ls, €) F x < y.

2.6 The generalised continuum hypothesis in L

Lemma. (ZFC)
(i) Foralln € w,we haveL,, = V,,.
(ii) If M is infinite, then |M| = |Def(M)).

28



(iii) If ais an infinite ordinal, then |L,| = |«].

Lemma (Godel’s condensation lemma). For every limit ordinal 6, if (M, €) < (Ls, €), then
there exists some § < § such that (M, €) = (Lg, €).

Proof. Letw . (M, €) — (N, €) be the Mostowski collapse, and set § = NNOrd. Since N is transitive,
B € Ord. We will prove that 8 < § and N = Lg.

First, suppose § < . Then § € N, so 77!(§) € M. Since being an ordinal is absolute between
transitive models, N E § € Ord, so M E 7~1(§) € Ord. Note that this does not immediately
imply that 771(6) is an ordinal in V since M is not necessarily transitive. But as M < Lg, we obtain
Ls = 7~1(8) € Ord, and since Lj is transitive, 7~!(6) is an ordinal in V.

Also, M E x € n~1(8) if and only if N E 7(x) € 6. Hence,
(@Y )NM)—=§

is an isomorphism. Therefore, the order type of 7=1(§) "M is 6. Let f : § — 7~1(8) N M be a strictly
increasing enumeration. Then, for any a« € §, we must have a < f(«) < 77(5). Hence § < 771(5).
On the other hand, 771(8) € M < Lg, so 771(§) < 8. This gives a contradiction.

We now show 5 > 0. Since
Ls FIx.Vyex.(y #y)

the elementary substructure M must also believe this statement, and so N does. In particular, since
N believes in the existence of an empty set, we must have @ € N n Ord = {8 as required.

We show £ is a limit. We know that
Ls EVaeOrd.I3x.x=a+1

So M and hence N believe this statement. Let « € 8 = N N Ord, then by absoluteness, « + 1 € N.

Now we show Lg C N.
Ls EVae Ord.dy.y =L,

So N satisfies this sentence. Since the L, hierarchy is absolute, for all @ € N n Ord = (3, we have
L, EN.

Finally, we show N C Lg.
Ls FVx.Jy.3z.y € OrdAz=L,AX Ez
As N satisfies this sentence, for a fixed a € N there are y € N and z € N such that
NEy€eOrdAaz=L,Aa€z

By absoluteness, a € L, C Lg as required. O

Theorem. IfV = L, then 28« = R, for every ordinal a. In particular, GCH holds.
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Proof. We will show that P(wy) C Ly, ,,. Then, as |L,,_, | = Ngy41, the proof follows. To do this, it
suffices to show that if X C @, then there exists some y < wg; such thatX € L,.

Let X C w, and let 8 > w, be a limit ordinal such that X € Ls. Let M be an elementary submodel
of Ls such that w, C M, X € M, and |M| = N,. This exists by the downward Lowenheim-Skolem
theorem. By Gddel’s condensation lemma, if N is the Mostowski collapse of M, then there is a limit
ordinal y < & such that N = L,. As [N| = [M| = R, we have |L,| = Ry, 80 ¥ < wqy;. Finally, as
wq € M, the collapsing map is the identity on wg. Thus, the map fixes X, and so X € L,. O

This gives the following theorem.

Theorem. Con(ZF) implies Con(ZFC + V = L + GCH).

Proof. We have shown that there is a definable class L such that ZF proves
(ZFC+V =L+ GCH)L
Suppose that ZFC + V = L + GCH were inconsistent. Then fix ¢ such that
ZFC+V=L+GCHF oA g

Then
ZF (o A )L

By relativisation, o™ A —(p%). Hence ZF is inconsistent. O

Lemma (Shepherdson). There is no class W such that

ZFC \ W is an inner model A (wCH)Y

Therefore, the technique of inner models does not let us prove the independence of CH from ZFC. In
order to do this, we will introduce the notion of forcing.

2.7 Combinatorial properties

Definition. Let Q be either a regular cardinal or the class of all ordinals. A subclass C C Q
is said to be a club, or closed and unbounded, if it is

(i) closed: for all y € Q, we have sup(C ny) € C;

(ii) unbounded: for all « € Q there exists § € C with § > a.
A class S C Q is stationary if it intersects every club.

Note that being a stationary class for Ord is not first-order definable.

The property ¢ states that there is a single sequence of length w; which can approximate any subset
of w; in a suitable sense.

Definition. We say that the diamond principle ¢ holds if there is a sequence (Ag)y<e, Such
that
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(i) for each o < w,, we have A, C a; and
(ii) forall X C w,, the set{a | X na = A} is stationary.

Lemma. ZF - ¢ — CH.

Proof. If (Ag)a<ew, is a O-sequence, then for all X C w, there is « > w such that X = A,. Thus
{Aqg | a € w1 ANA; C 0} = P(w). O

Theorem. If V = L, then ¢ holds.

Remark. ¢ isused in many inductive constructions in L to build combinatorial objects such as Suslin
trees.

Definition. Let x be an uncountable cardinal. Then the square principle O, is the assertion
that there exists a sequence (C,) indexed by the limit ordinals « in x*, such that
(i) C, is aclub subset of «;
(i) if B is a limit ordinal of C, then Cg = Co N B; and
(iii) if cf(er) < x then |Cy| < x.

Theorem (Jensen). If V = L, then [, holds for every uncountable cardinal «.

Lemma. If 0, , then there exists a stationary set S C {8 € w, | cf(8) = w} such that for all
a € w, with cf(a) = wy, S N« is not stationary in a.

Remark. If x is a weakly compact cardinal, then every stationary subset of x reflects: there is a« € x
such that Sna is stationary in . In fact, the claim that every stationary subset of {§ € w, | cf(8) = w}
reflects at a point of cofinality w, is equiconsistent with ZFC together with the assertion that there is
a Mahlo cardinal.

3 Forcing

3.1 Introduction

The idea behind forcing is to widen a given model of ZFC to ‘add lots of reals’. But if we work
over V, we already have added all of the sets, so there is nothing left to add. Instead, we will work
over countable transitive set models of ZFC. However, this means that we will not immediately get
Con(ZF) - Con(ZFC + ~CH). We will then use the reflection theorem to obtain this result.

If M is such a countable transitive model, we want to add w}!-many reals to M. We will try to do
this in a ‘minimal way’; for example, we do not want to add any ordinals. This gives us much more
control over the model that we build.

Recall the argument that the sentence ¢(x) = 3x. x> = 2 is independent of the axioms of fields: we
began with a field in which the sentence failed, namely Q, and then extended it in a minimal way
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to Q[\/E] The model @[\/E] does not just contain Q U {\/5} it also contains everything that can be

built from Q and \/5 using the axioms of fields. The field @[\/5] is the minimal field extension of Q
satisfying ¢.

We may encounter some difficulties when adding arbitrary reals to our model. Suppose that M is of
the form Ly, where y is a countable ordinal. Then y can be coded as a subset ¢ of w, which can be
viewed as a real. If we added ¢ to M, we could decode it to form y = Ord N M. This would violate the
principle of not adding any new ordinals.

Suppose we enumerate all formulas as {¢,, | n € w}. Letr = {n | M E ¢, }. If we added r to M, we
could then build a truth predicate for M. This would cause self-referential problems discussed by
Tarski.

The main issues we must overcome are the following.
(i) We need a method to choose the w}!-many subsets of M to be added.
(ii) Given these, we need to ensure that the extension satisfies ZFC.
(iii) We must ensure that »? and coZZVI are still cardinals in the extension.

We will build these reals from within M itself. Note that if r is a real, then each of its finite decimal
approximations is already in M. The issue is that from within M, we do not know what the real
we want to add is. So we may not know from within M which reals we will add. Instead, we will
add a generic real. To be generic, we will not specify any particular digits, but its decimal expansion
will contain every finite sequence. We will call a specification dense if any finite approximation can
be extended to one satisfying the specification. For example, ‘beginning with a 7’ is not dense, but
‘containing the subsequence 746’ is dense. We will define that a real is generic precisely when it
meets every dense specification.

Note that there are explicit, absolute bijections f : P(w) —» w®, g : w® - 2%, h : 2 —> R and so on.
So if M = ZFC, knowledge of PM(w) gives us (w®)M, (2°)M, RM . Because of this, by a ‘real’ we mean
either an element of R, a function w — w, a function w — 2, or a subset of w. In formal arguments,
reals will normally be either subsets of w or functions w — 2.

The axiom of choice is not needed in the basic machinery of forcing, so we will work primarily over
ZF and state explicitly where choice is used.

3.2 Forcing posets

Definition. A preorder is a pair (P, <) such that
« [P is nonempty;
« <isa binary relation on P;
» <istransitive, so p < gand q < rimplies p < r;
« <isreflexive, so p < p.
A preorder is called a partial order if < is antisymmetric, so p < g and q < p implies p = q.

Definition. A forcing poset is a triple (P, <p, 1p), where (P, <p) is a preorder and Tp is a
maximal element. Elements of P are called conditions, and we say q is stronger than p or an
extension of p if ¢ < p. We say that p, q are compatible, written p ||p g, if there exists r such
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that r <p p, q. Otherwise, we say they are incompatible, written p L q.

Remark. In some texts, the partial order is reversed. This is called Jerusalem notation.

The notation P € M abbreviates (P, <p, Ip) € M. Note that by transitivity if P is an element of M,
then Tp € M, but we do not necessarily have <p € M.

Definition. A preorder is separative if whenever p # q, exactly one of the following two
cases holds:

(i) g< pand p £ g; or
(ii) there exists r < g such thatr L p.

Proposition. (i) If (P, <) is a separative preorder, it is a partial order.
(i) If (P, <) is a poset, then it is separative if and only if whenever q £ p, thereisr < q
such thatr L p.

Proposition. Suppose that (P, <) is a preorder. Define p ~ q by
p~qeVreP.(riper|q
Then there is a separative preorder on P/ such that
[Pl Llgl<plq
and if P has a maximal element, so does P/N.
Example. For sets I,J, we let Fn(I,J) denote the set of all finite partial functions from I to J.
Fn(I,J) ={p | |p] < w A pisafunction Adomp C I Aranp C J}

We let < be the reverse inclusion on Fn(I,J), so q < pif and only if g O p. The maximal element 1 is
the empty set. Then (Fn(Z,J), 2, @) is a forcing poset, and moreover, the preorder is separative.

Remark. When « is an ordinal, the forcing poset Fn(a X w, 2) is often written Add(w, &), denoting
the idea that we are adding a-many subsets of w.

3.3 Chains and A-systems

Definition. Let P be a forcing poset.
(i) A chain is asubset C C P such that for every p,q € C, either p < qor q < p.
(i) An antichain is a subset A C P such that for every p,q € A, either p =qor p L q. An
antichain is maximal if it is not strictly contained in any other antichain.
(iii) We say that P has the countable chain condition if every antichain is countable.

Example. (i) Consider the tree Fn(w, 2). A chain is a branch through the tree, and an antichain
is a collection of points on different branches.
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(ii) The set of functions {{(0, 0), (1, n)} | n € w} forms an antichain of length w in Fn(I, w) if {0, 1} C
1.

Definition. A family of sets .4 forms a A-system with root Rwhen X NY = RforallX #Y
in A.

Example. If R = @, then A is a family of pairwise disjoint sets.

Definition. Let A be a set and 6 a cardinal. Then we write [A]® for the set of subsets of A of
size 6.
[AP° ={x CA||x| = 6}

We write [A]<? for the set of subsets of A of size strictly less than 8.
[A]° ={xC A||x| <6}

Similarly, [A]S® = [A4]° U [A]<°.

Recall that for regular cardinals x, if # is a family of sets of size less than x and each element of F
has size less than x, then U F has size less than x.

Lemma (A-system lemma). (ZFC) Let k¥ be an uncountable regular cardinal, and let A be a
family of finite sets with |A4| = x. Then there exists B € [A]* that forms a A-system.

Proof. To begin, we construct C € [A]* such that all elements of € have the same cardinality. By
assumption, each element of A is finite, and so we can define Y,, = {X € A | |X| = n}, and suppose
each of the Y}, had size less than x. Then |A| = ||J Y,,| < , giving a contradiction.

Fix n € w such that ¢ = Y, has size x. We show by induction on n that if ¢ = {X € A | |X| = n},
then there is B C C of size x that forms a A-system. If n = 1, we have a collection of pairwise disjoint
singletons, so € is already a A-system with root @ as required. Now suppose n > 1 and the claim
holds for n — 1. For each p € |J G, let C, ={X € €| p € X}. There are two cases to consider.

Suppose |C,| = x for some p € | €. Then for such a p, we set D = X\{p}1Xe Cp}. This set has
size x, and each element of D has size n — 1. By the inductive hypothesis, we can find some € € [D]*
such that € forms a A-system with root R. Then {Y U {b} | Y € £} is a A-system with root R U {p}.

Now suppose all of the C, have size less than x. Then as x is regular, for any set S of size less than x,

xeelxns#oi=JG
PES

has size less than x. Therefore, there exists some X € € such that X N S = @. We recursively choose
X, € C for each a < x such that X, n U,@<aX6 = @. Then {X, | « < x} € [C]* is a A-system with
empty root. O

We can show that assumptions in the above lemma were required.
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Proposition. Suppose x is w or singular. Then there exists a family A of finite sets with
|A| = x but no B € [A]* forms a A-system.

Lemma. (ZFC) Fn(I,J) has the countable chain condition if and only if I is empty or J is
countable.

Proof. First, we observe that if I or J are empty, then Fn(Z,J) is empty and so trivially has the count-
able chain condition. Now let us assume that both I and J are nonempty.

Suppose that J is uncountable. Then for any i € I, the set

{@prjedt
is an uncountable antichain.

Now suppose J is countable, and let {p, | @ € w;} be a collection of distinct elements of Fn(Z, J). Let
A = {dom p, | « € w,}, which is a collection of w;-many finite sets. By the A-system lemma, we
can find an uncountable subset B C A with a root R C I. By definition, R C dom(p,) for all
dom p, € B, the root R must be finite. Since J is countable, there are only countably many functions
R — J. Therefore, as B is uncountable, there are a # 8 such that dom p, and dom pg are both in B
and pylp = p/3|R. But then since R is a root, dom p, N dom pg = R, 80 p, || pg, witnessed by their
union p, U pg. So the {p, | « € w,} cannot form an antichain. O

3.4 Dense sets and genericity

Definition. Let P be a forcing poset.
(i) D C Pis denseif for all p € P there exists q € D such that q < p.
(i) D C Pisopenifforall pe Dandq € P,if g < pthen q € D.

A set of conditions is dense if every condition can be extended to one in that set, and a set is open if
it is closed under strengthening conditions.

Example. Let I be infinite and J nonempty. Then for alli € I and j € J, the following are dense.
(i) D;={qeFn(l,J)|i € domg};
(i) Rj ={q € Fn(l,J) | j € rangq}.

Definition. A subset G of a forcing poset P is a filter if
(i) 1eG;
(ii) forall p,q € G thereisr € Gsuch thatr < pandr < g;
(iii) forall p,q € G,ifq < pand q € G then p € G.
A filter G is P-generic over M if G N D is nonempty for every P-dense subset D € M.

Lemma (generic filter existence lemma). Let M be an arbitrary countable set, and let P € M
be a forcing poset. Then for any condition p € P, there is a filter G C [P containing p which
is P-generic over M.
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Proof. Let (Dy,),e, enumerate all dense subsets of P which lie in M. We inductively define X C P
by X = {q, | n € w} as follows. Let q, = p, and given q,, we choose q,,; € D, such that q,,,; <
qy- Finally, let G = {r € P | 3n.q,, <r}. Then G is a filter as the q,, form a chain, and it is clearly
generic. O

Definition. A condition p € P is minimal if whenever q < p, we have q = p.

Lemma. Let M be a countable transitive model of ZF, and let P € M be a separative partial
order. Then either P has a minimal element, or for every filter G which is P-generic over M,
we have G & M.

Proof. Suppose P has no minimal element. Let G be a P-generic filter over M. We show thatif F C P
is a filter in M, then the set Dp = P\ F € M is a dense set. Then G N D is nonempty for all filters
F, so G cannot be equal to any filter F € M.

Fix p € P. If p € F, then p € Dy as required. Otherwise, suppose p € F. As p is not minimal, we
can fix some q € F with g < p. Then p £ q, so by separativity, there is r < p such that r L q. But all
conditions in F are compatible, so one of r and q is not in F. O

Proposition. For sets I,J such that |I| > w and |J| > 2, the forcing poset Fn(I,J) is a separ-
ative partial order without a minimal element.

Proposition. (ZFC) Let P € M be a forcing poset, and let G C P. Then the following are
equivalent.
(i) G is P-generic over M, that is, for all dense sets D € M, we have G N D # &;
(ii) forall p € G and D € M, if D is dense below p in P, then GN D # @;
(iii) for all open dense sets D € M, we have G N D # &;
(iv) for all D € M that are maximal antichains in P, we have G N D # @.

3.5 Names

Definition. Let P be a forcing poset. We define the class of P-names M" recursively as
follows.
(i) M{ = @;
(i) Mgy = PMP x Mg);
(iii) at limit stages 4, M} = |J
(iv) MP = M.

ae0rd "7 &

P.
oc</1M0f’

Being a P-name is absolute for transitive models. P-names are denoted with overdots, such as in
X.
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Definition. The range of a P-name X is
ran(x) = {y | 3p € P.(p,y) € X}

Remark. Alternatively, by transfinite recursion on rank, we could define the class of P-names over
V in the following way. If rank x = «, then x is a P-name if and only if it is a relation such that for
all {p,y) € x, we have p € P and y is a P-name in V. Finally, M” = V" n M.

Definition. The P-rank of a name x, written rankp X, is the least o such that x C P X ME’ .

Definition. Let X be a P-name and G be an arbitrary subset of P. We define the interpretation
of % by G recursively by
x¢ ={y°|3p € G.(p,y) € %}

Definition. The forcing extension of M by G, written M[G], is

M[G] = {x¢ | x € M"}

Example. If @ € M, then g€ = @. Let

x ={(p, @), (r.{{q, D)N
If p,q,r € G, then

%% = {((p. @)% (r. {a. 21 °}

={2.{(q. 2»°}}
= {@.{o}}

If p,r &€ G, then

Ifr € Gbut p,q € G, then
% ={((q,2))°} = {2}
Finally, if p € G butr ¢ G, then
x¢ = {g}

We aim to show the following major theorem.

Theorem (generic model theorem). Let M be a countable transitive model of ZF, let P be a
forcing poset, and let G be a P-generic filter. Then
(i) M[G]is a transitive set;
(i) [M[G]| = No;
(iii) M[G] E ZF, and if M E AC then M[G] E AC;
(iv) ord™ = ord"!%l;
(v) M € M[G];
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(vi) M[G] is the smallest countable transitive model of ZF such that M C M[G] and G is a
set in M[G].

Countability is only needed to show the existence of a generic filter, so parts (i) and (iii)—(vi) of this
theorem hold without this assumption.

3.6 Canonical names

We can prove some parts of the generic model theorem by introducing the notion of canonical names.

Definition. Given a forcing poset (P, <,1) and a set x € M, we define the canonical name
of x by
X={1,y) |y € x}

The symbol X is pronounced x-check.

Lemma. If M is a transitive model of ZF, P € M, and 1 € G C P, then
o forallx € M, ¥ € MP and %€ = x;
« M C M[G];
« M|[G] is transitive.

Proof. Part (i). We show X € M" by induction, using the definition of P-names by transfinite recur-
sion. Hence
xX¢={%lyexj={ylyexi=x

Part (ii) follows directly from part (i).

Part (iii). Suppose that x € y and y € M[G]. By definition, y = y© for some P-name y. By construc-
tion, any element of y is of the form 2©, so in particular, x = x© for some P-name x € M". O

Remark. Even if G ¢ M, we can still define a name for G in M. From this, it follows that if G & M,
then M[G] # M.

Proposition. Let

G={p.p)ylpeP}
Then GC = G.

Proof. )
G°={p°|peCGl={plpeG=aG

3.7 Verifying the axioms: part one

We can define unordered and ordered pairs of names, with sensible interpretations.
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Definition. Given P-names X, y, let

up(x’ y) = {(1, %), <ﬂ’y>}

and
Op(x’ y) = UP(UP(X’ X’), up(x’ y))

Proposition. For x,y € M” and1€ G C P,

(up(x, )¢ = {x€, y°}

and
(op(x, y))¢ = (x,y°)

Lemma. Suppose M is a transitive model of ZF and ® € M is a forcing poset. If 1 € G C P,
then M[G] is a transitive model of extensionality, empty set, foundation, and pairing.

Lemma. Suppose that M is a transitive model of ZF and P € M is a forcing poset. Let G C P
be such that 1 € G. Then

(i) rank(x€) < rank x for all x € M";

(ii) ord" = ord™'®!,

(iii) [M[G]| = |M].

Proof. Part (i). We show this result by induction on x. @¢ = @, and both have rank 0. We have

rank(x%) = sup {ranku + 1 | u € x°}
< sup{rank(y®) + 1| y € ranx}
<supfranky+1|y € ranx}
<sup{ranku+1|u € x}
<rankx

Part (ii). Since M C M][G] and being an ordinal is absolute, ord” ¢ ord™!°!. For the reverse

inclusion, suppose « € M[G] is an ordinal, and fix a name x € M" such that « = x°. Then « is an
ordinal in the universe, so
a =ranka < rank x

. . . M
so since M is transitive, « € Ord ™.

Part (iii). Since any element of M[G] is of the form x€ for some x € M” C M C M[G], we must have
IM[G]| < [MP| < M| < IM[G]|

so the inequalities must be equalities. O
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Corollary. M[G] satisfies the axiom of infinity.

MI[G]

Proof. w € ord" sow € Ord C M[G]. O

Lemma. Suppose M is a transitive model of ZF, P € M is a forcing poset, and G C P is such
that 1 € G. Then if N is another transitive model of ZF with M C N a definable class in N
and G € N, then M[G] C N.

Proof. We carry out the construction of M[G] in N. Namely, we will show that for all P-names x, we
have x¢ € N, from which it follows that M[G] € N. We proceed by induction on x. As the axiom of
empty set holds in N and it is a transitive set, @¢ = @ € N. Moreover, since

MP=VPAMCVPANN=NP

if X is a P-name of M, it must be a P-name of M. In particular, x € N. Now, suppose that for every
(p,y) € %, we have y© € N. Then

GON = (30 |IpeG.(pyy e}
={0Y 1 Bp € G.{p,y) € )"}
={y°3p € G.(p.y) € %}

xG

Thus x€ € N as required. O

To prove the generic model theorem, it now suffices to prove the remaining axioms of ZF, which are
union, power set, replacement, and separation. We can prove the axiom of union now.

Lemma. Suppose M is a transitive model of ZF, P € M is a forcing poset, and G C P is such
that 1 € G. Additionally, suppose that G is a filter. Then M[G] satisfies the axiom of union.

Proof. 1t suffices to prove that for all a € M[G], there is some b € M[G] such that Ja = b. Fix
a € MP such that a° = q, and let b be the following name.

b={p2) | Hqy)€a.IrePAr,z2)eyAp<r,q}

Observe that b is a P-name in M: since d is a P-name, any y € rand is a "-name, so b consists of
pairs (p, Z) where p € P and z € ran y for some y € ran d. Thus z is a P-name in V. Moreover b € M
since b € P X tcl(a).

We claim that U aChC. Letw e U a, so w € v for some v € a. Since M[G] is transitive, we can fix
names y, z and conditions gq,7 € G such that

y=v z2°=w; (qyeda (rz2)ey

As G is afilter, by directedness there is a condition p < q,r in G. Then, by definition, {p, z) € b, and
w =z € bC.
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For the converse, we claim that b¢ C | Ja. Let (p,z) € b®, so p € G and z° = c. By definition, we
can fix(q,y) € aand r € P such that (r,Z) € y and p < q,r. Using the fact that G is a filter, we must
have q,r € G. Hence z€ € y© and y© € a©, so ¢ € y© for some y© € a. O

Example (motivation for genericity). Note that P, G € M[G]. If M[G] models any reasonable theory,
we should have P \ G € M[G]. We will try to build a name for P \ G. A natural name to consider is

¢={qp) I pqeP,plq

Then

¢“={pl3qeG.pLlgl
If G is a filter, its elements are pairwise compatible, so G N ¢¢ = @. But we still need to show that
G U ¢C = P. For each condition p, set

D,={qeP|plqvq<p}

It is easy to check that D, € M is dense. Now, if G is P-generic, we could fix some g € G N D, for any
given p. Then if p L g, by definition p € ¢, and if g < p, then p € G by upwards closure. From
this, it follows that G U ¢€ = P.

In fact, we have the following.

Proposition. Let M be a countable transitive model of ZF. Then there exists a forcing poset
P € M and a (non-generic) filter G C P such that P \ G ¢ M[G].

3.8 The forcing relation

To show separation, we need to show that if ¢(x, y) is a formula and d, b are P-names, then
C ={2° € a% | (p(2°, b)MICI} € M[G]

This is unclear, even for simple formulas such as ¢(x,y) = x ¢ y. We will build a way to formally
reason about M[G] from within M, without having to rely on G. To do this, we will define a relation
p I ¢ between conditions p € P and names in V”. Its relativisation (p I- )™ will provide a way to
work in M. Our aim is to define I such that p I ¢(#) if and only if for every generic subset G C P
with p € G, we have M[G] E ¢(1i°).

Naively, we might say that if (p,X) € y then p I X € y. The converse cannot be made to hold.
Consider x = {{p, @)} where p # 1. Then p I+ @ € x. Suppose q L p, then we have q I- X = @.
Therefore, we should have q I+ X € i. If we enforce the converse above, we would have (q,x) € i,
which is incorrect since 1 = {(1, @)}. Instead, we will define the forcing relation in terms of dense
sets, leveraging the fact that generics meet all dense sets.

Definition. Let P be a forcing poset. The P-forcing language FLp is the class of logical
formulas formed using the binary relation € and constant symbols from V",

Definition. Let [® be a forcing poset and let p € P. Let X, , 1t be P-names in V. We define
the forcing relation p |- (1) recursively as follows.
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(1) pIF @) A p(w) if and only if p I p(v) and p I+ P(w);
(i) p Ik —e(n) if and only if there is no g < p such that q IF ¢(w);
(iii) p IF 3x. (x,w) if and only if the set

{q < p|3x e VP.qI- ()

is dense below p;
(iv) p I x € y if and only if the set
{a<pl3rz)ey.q<ra(qlrx=2)}
is dense below p;
(v) pl- x C yif and only if for all {(g;,2;) € X, the set

r<plr<q = @, 25) €Y. r @ A(rl- 2y = 2,)}

is dense below p; and
(vi) plFx=yifandonlyifpl-F X Cyand p Iy C x.

Remark. (i) The definitions for C and = are defined recursively, and thus require transfinite re-

cursion to define formally.

(ii) All of the clauses except for the existential use only absolute notions. In particular, it does not
depend on M. When relativising to a model, (p I+ 3x. p(x))M precisely when the set

{[q<p|3xeMP.qlF p(x,u)}

is dense below p.

Proposition. Let p be a condition, ¢ be an ¥ Lp-formula, and X, ..., X,, be P-names in V.
Then the following are equivalent.
@ I @ e %n):
(ii) forallq < p, q IF @(x;, ..., X,);
(iii) there is no g < p such that q I+ ~¢(%y, ..., X,);
(iv) the set{r|r I+ @(x;,...,%,)} is dense below p.

Proof. (ii) implies (iii). If (iii) did not hold, there would be some q < p such that q I —=¢. Then there
isno r < g such that r I~ ¢. So in particular, g #¢ ¢, contradicting (ii).

(iii) implies (iv). Suppose that there is no q < p such that q I+ =¢. Take g < p. Then by assumption,
q ¥ g, so there is r < g such that r I+ ¢, so the set is dense as required.

(i) implies (ii). We show this by induction on formula complexity.

« For atomic formulas, let O be either € or C. Then p I+ X O y if and only if some set A is dense
below p. Take q < p, then A is dense below q. Then q I~ X O y as required.

« If p I+ —¢, then there is no r < p such that r I+ ¢. Then there is no r < g such thatr I+ ¢, so
by definition, q I+ —¢.

« If pl- @ A then p I ¢ and p I+ 3, so by the inductive hypothesis, q I ¢ and q I+ 3, giving
ql-p AY.
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« If p I 3x.p(x), then A is dense below p for some set A, but then A is dense below g, so
q I+ 3x. p(x).

(iv) implies (i). Again, we show this by induction.

« For atomic formulas, let [0 be either € or C. To prove that p I % O y, we must show that some
set A is dense below p. By assumption, the set {r | r I % O y} is dense below p. Fix q < p,
then there is r < q such that 7 I X O y. Hence there is some s < r < q < psuch thats € A.
Therefore p I+ x O y as required. The proof for existentials is the same.

« Suppose that {r | 7 I ¢ A} is dense below p. So {r | r I ¢} and {r | r I ¥} are also dense
below p. By the inductive hypothesis, p I+ ¢ and p I . Hence p I- ¢ A .

+ Suppose that {r | r I- =¢} is dense below p. To show p I+ =g, we fix ¢ < p and suppose q I+ ¢.
By the fact that (i) implies (iii), there is no r < g such that r I =g, contradicting density of the
set{r | r I -}

O

Proposition. Let P be a forcing poset, let p,q € P, and let @, b € V”. Then
G plFa=ga
(i) if(q,b) € adand p < q, then pI- b € g;
(iii) if M is a transitive model of ZF and P € M, then for any ¢, 1,

{(q. %) | (q. %) € a A (qIF e} e M

and
{aeP|@-y@)M}eM
(iv) p I ¢ Vv ¢ if and only if
la<plql-gorql-d}
is dense below p;
(v) plF ¢ — ¥ if and only if there is no g < p such that q I+ ¢ and q |- —%;
(vi) pIF Vx.p(x) if and only if for all x € VP, p I ¢(%);
(vii) for any g, the set
{peP|pl-gorpl- g}
is a dense open set;
(viii) there is no p and formula ¢ such that

plEoA-g

3.9 The forcing theorem

Theorem (the forcing theorem). Suppose M be a transitive model of ZF, P € M is a forcing
poset, p(u) is a formula, and G is P-generic over M. Then for any x € M I

(i) if p € G and (p IF @(x))M, then M[G] E ¢(x®); and

(ii) if M[G] E ¢(x©), then there is a condition p € G such that (p I+ p(x)).

Once we have shown this theorem, we will have the following result.
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Corollary. Suppose that M is a countable transitive model of ZF, P € M is a forcing poset,
and ¢(u) is a formula. Then for any name x € M",

(p I+ ()M < for any P-generic filter G with p € G, M[G] E ¢(x%)
The only reason we need countability is so that every condition is contained in a generic filter.

Proof. The forward direction is part (i) of the forcing theorem. For the backward direction, suppose
that (p ¥ ¢(x))M. Then, by definition, there is some q < p such that (q I =¢(x))™. Let G be a [P-
generic filter over M such that ¢ € G. Then, since G is upwards closed, p € G. Hence M[G] E ¢(x©)
by assumption. But as q € G, by the forcing theorem we obtain M[G] E —¢(xC). This contradicts
part (viii) of the proposition above by the forcing theorem. O

Definition. Suppose M is a countable transitive model of ZF, P € M is a forcing poset,
X1 ..., X, € M”, p € P, and ¢(vy, ...,v,) is a formula. Then we can define a relation e
by

P lepa @(Xys e, Xp)

if and only if M[G] E @(x%, ..., x$) for all G C P such that p € G and G is a P-generic filter.

Corollary. pl-¢ < plp .

We will now prove the forcing theorem.

Proof. We show the result by induction on the complexity of formulas. Note that we need to work
with relativised formulas with parameters (p I+ ¢(v)), but this only changes the existential case, so
for all other cases we will suppress the relativisation and the parameters. We write ¥(¢p) for the claim
that for any name x € M?, if p € G and (p I+ (X)), then M[G] E ¢(x©), and if M[G] E ¢(x°),
then there exists p € G such that (p IF p(x))M.

Part (i): negations. Suppose ¥(p) holds. Let p € G and p I —g. Suppose for a contradiction that
M[G] E ¢, or equivalently, ™G], Then as W(¢) holds, there is ¢ € G such that q I+ ¢. As G is a
filter, there is r € G such thatr < p,q. Then r I+ ¢, which contradicts the definition of p I+ —¢.
Hence (pM[6]), so by definition (m@)MLS], so M[G] E —¢.

For the converse, suppose M[G] E —¢. Let
D={peP|pl-oVpl- g}

Then D is dense, because if ¢ ¥ ¢, then there is p < g such that p I =g, and p € D. So as G is
generic, we can fix p € GN D. If p I ¢, then by ¥(¢) we must have M[G] E ¢, but we assumed
M][G] E —¢. Hence p I+ —.

Part (ii): conjunctions. Suppose ¥(¢) and ¥(3). Suppose p I ¢ A 3 for some p € G, so by definition,
p Ik g and p I ¥. By ¥(p) and ¥(3), we have M[G] E ¢ and M[G] F ¢. So M[G] E ¢ A .

For the converse, suppose M[G] F ¢ A 3. Then M[G] E ¢ and M[G] E ¥, so there are p,q € G
such that p I+ ¢ and q I+ 3. But G is a filter, so there is r < p, q such that r I+ ¢ and r I 3. Hence
r I @ A 9, as required.
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Part (iii): existential quantifiers. For this case, we will not suppress relativisation and parameters.
Suppose ¥(¢p(x)); we show ¥(Ix. ¢(x)). To be more precise, for all names x € M", we assume the
forcing theorem holds for p(x). Suppose p € G is such that (p I+ 3x. p(x))M. Let

D=(fg<p| 3% e VP.(qIF p(@)))" ={q< p| 3% € MP.(q I ()M} € M

By definition of forcing existentials, D is a dense set. Since G is generic, there is some g € G N D.
Then we can fix some P-name x such that (q I~ ¢(x))™. Since the forcing theorem holds for ¢p(x),
we have M[G] E ¢(x©). Hence M[G] E 3x. ¢(x).

Now suppose M[G] E 3x. ¢(x). We can fix x € M" such that M[G] = ¢(x©). By the fact that ¥(¢(x))
holds, there is a condition p such that (p I+ @(x)). Then

{a<pl(qlFeG)™}
is dense. Hence, by definition, (p E 3x. p(x))M.
Part (iv): equality. Recall that p I+ X = y if and only if

(a) for all (q1,z,) € X, {r<plr<q — gy 2,) € y.r < q, A(r I+ 2Z; = 2,)} is dense below p;
and

(b) forall{qy,z,) €y, {r<plr<q, » q,2,) € X.r < q; A(r I+ 2z, = 2,)} is dense below p.

We show that for any X, y, we have ¥(x = y). We will show this by transfinite induction on the pair
(%, y) ordered lexicographically.

Suppose that p |- x = y and p € G. We show M[G] = xC C y©; the converse holds by symmetry,
and then we obtain M[G] E x¢ = y© by extensionality. Any element of x€ is of the form z¥ where
(q1,2,) € X and q, € G. Since G is a filter, we can fix s € G such that s < p,q;. Then, as s < p, we
have s I X = y, so the set in (a) above is dense below s. Hence there isr € G such thatr < s < q;
and there exists (g,,2,) € y such thatr < q, and r I 2, = z,. As G is afilter, q, € G, so z§ € y©.
By using the inductive hypothesis on (2, z,), as r € G we have M[G] E z° = x§$. Hence z¥ € y©,
so X6 C y©.

For the converse, M[G] E x¢ = y©. Define D to be the set of r € P such that at least one of the
following hold.

©) riFx=y;

(a") there exists (q;,2;) € x such thatr < q; and for all {(q,,2,) € yands € P, if s < g, and
sl-2, =2z, thens Lr;

(b") there exists (q,,2,) € y such that r < g, and for all {(q;,2,) € xands € P, ifs < q; and
sz, =z,thens Lr.

Note that by separation in M and absoluteness, D is a set in M. We claim that D is dense. Fix p € P,
and suppose p I x = y. Then at least one of (a) and (b) above fails. Suppose that the set in (a) fails;
the result for (b) holds by symmetry. Then there is (q;, Z;) € X such that

r<plr<qi—» qw,22) €Y. r S A(rl- 2y = 2,)}

isnot dense below p. Then thereiss < psuch thatforallr < s, wehaver < q;,and forall(q,, z,) € y
such that =((r I Z; = 2,) Ar < @,). In particular, this gives s < q;. Now, if (q;,2,) € ¥, r < q,, and
r I+ z, = Z,, then it must be the case that s L r, as any common extension of s and r would contradict
the fact that the set in (a) was not dense. Thus s < p and s satisfies (a"). Hence D is dense.
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D is dense below p € G and G is P-generic so we can fix r € G n D. We will show that r satisfies
(0), which finishes the proof. Suppose not, so suppose r satisfies (a") without loss of generality. Then
we can fix (q, z;) € x such that r < q; and for all {q,, Z,) € y such that for all s € P with s < g,
and s I+ Z; = Z,, we have s L r. Since r € G and r < q;, we must have q; € G by upwards closure.
Therefore, M[G] E 28 € x¢ = y©. So we can fix (q,, 2,) € y such that g, € G and M[G] E z¥ = 5.
By the inductive hypothesis, we can fix p’ € G such that p’ I+ z; = Z,. Since G is a filter and both
p',q, € G, we obtain s € G with s < p’, q,. Hence s I Z; = Z,. Hence, by ('), we have s L r. But
s,r € G,so s || r, giving a contradiction.

Part (v): membership. Suppose that p I % € y for p € G. Let
D={q<p|Irz)ey.qsra(ql-x=2)}

By definition, D is dense. We can fix ¢ € G n D. Since q € D, we may also fix (r,Z) € y such that
q<randql- X = z. As q € G, by the forcing theorem for equality, M[G] E x® = 2. Since Gisa
filter and q < r, then r € G and so 2¢ € y©. Hence M[G] E xC € y©.

Now suppose M[G] E x¢ € yC. Fix (r,z) € y such thatr € G and 2¢ = xC. Now, by the forcing
theorem for equality, there is ¢ € G such that q I %X = Z. Since G is a filter and q,r € G, we can
fix p € Gsuchthat p < q,r. Thenp -z € yand p I+ x = Z. Soforall s < p, we have s < r and
s+ x = z,s0 D is dense below p. Hence p I+ X € y, as required. O

3.10 Verifying the axioms: part two

Lemma. Suppose that M is a countable transitive model of ZF, P € M is a forcing poset, and
G C P is a generic filter. Then M[G] models separation.

Proof. Let ¢(x,v) be a formula with free variables x, v. It suffices to show that for any a,v € M[G],
b ={x € a| M[G] E ¢(x,v)} € M[G]

Fix names d, 0 such that ¢ = a and v® = v. Any member of d° is of the form x€ where (p, x) € d
and p € G. Then
b={x%|3p € G.(p,x) € a AM[G] E ¢(x%,0°)}

We define _
b={(p,x)|(p,x) € an(pl ok 0)"} e M’

Thus, b® € M[G], so it suffices to show b = b. We have x € b if and only if there is some P-name
%in M and p € G such that X¢ = x, (p,x) € @, and (p I+ ¢(x, 0))M. By the forcing theorem, this is
equivalent to the statement x € a© and M[G] & ¢(x, v), which is precisely the statement x € b. [J

The arguments for collection and power set will follow the same pattern.

Lemma. Suppose that M is a countable transitive model of ZF, [® € M is a forcing poset, and
G C P is a generic filter. Then M[G] models collection.
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Proof. Let¢(x,y,v)be aformula with free variables x, y, v. Fixa,v € M[G] with names a, 0. Suppose
M[G] E Vx € a.3y.p(x,y,v). We claim that there is b € M[G] such that M[G] & Vx € a.3y €
b.o(x,y,v). Let

C={px)|pEPAXErandaAIy € M".(p Ik p(x,y, )M}

Then for all {p, x) € C, there is y € M” such that (p I ¢(X, y, 0))M. Note that the collection of such
vy might not form a set, for example with the formula ¢(x,y) = x € y. However, using collection in
M, we may form a set B € M such that B C M" and

¥(p,x) € C.3y € B.(p I p(x, y, o)™

Finally, set .
b={1,y)|y€BeM”

We show that b = bC satisfies the required property. Fix some x € a, then by definition there is
(q,X) € asuch that g € G and x® = x. By assumption, M[G] E 3y € b. ¢(x,y,v). So fix ¢ such
that M[G] E ¢(x, z,v). By the forcing theorem, there is p € G such that (p I+ ¢(x, z, 0))M. Hence
(p,x) € C. Sowe can fix y € B such that (p I+ ¢(x,y,0))M. Therefore, (1,y) € b. Since 1 € G,
y© € bC. By the forcing theorem again,

MI[G] E y© € b A p(x%,5%,v)

Hence, collection holds. O

Note that since power set has not been used in any of the previous proofs, if M E ZF ", then M[G] &
ZF".

Lemma. Suppose that M is a countable transitive model of ZF, P € M is a forcing poset, and
G C P is a generic filter. Then M[G] models the axiom of power set.

Proof. By separation, it suffices to show that if a € M[G], then

P@)NM[G]l={xeM[G]|xCa}Ch
for some set b € M[G]. Fix a € M[G] with name x € M", and define

S ={%x € MP |ranx C rana} = P(P x rana)M
and let )
b={(1,x)|xeS}eM"’
Let ¢ € P(a) N M[G]; we must show that ¢ € bC. Let ¢ € MP be a name for ¢, and let
x={(p.2)|z€ranaA(pl-zedMles

G G

We claim x¢ = ¢C = c. First, we show x¢ C c. Fix 2¢ € xC. By definition, we can fix p € G such
that (p,Z) € x. From this, it follows that Z € rana and p I+ Z € ¢é. Since p € G, by the forcing
theorem, M[G] E zC € ¢, as required.

Conversely, since M[G] E ¢ C %, every element of c is of the form z€ for (q,2) € a with q € G.
Also, if M[G] E 2© € c, then by the forcing theorem, there is p such that p I+ z € é. Then (p, 2) € %,
so z¢ € x©. O
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Lemma. Suppose that M is a countable transitive model of ZFC™, P € M is a forcing poset,
and G C P is a generic filter. Then M[G] models the well-ordering principle, and hence
models ZFC.

Proof. It suffices to show that any a € M[G] can be well-ordered in M[G]. Fix a name a for a. Using
the well-ordering principle in M, we can enumerate the elements of ran d as

{Xq | a < 8}
Let
f=1{1,0p(& %)) | « < 8} € M”

So in M[G],
fC={a,x§) | a < &}

Hence f© is a function with domain &, and a C ran f¢. We can now define a well-order < on a by
defining that x < y if and only if

min{a <& | f%(a) = x} < minfa < § | f%a) = y}

Remark. (i) f© may not be injective, since we could have x§ = xg for o # B.

(i) ran f¢ may not equal a. Elements of d are conditions (p, X, ), and if p ¢ G, we may not have
i$ €a.
(iii) For power set, it sufficed to find a set of names which contained enough names to represent all

possible subsets of a. However, there are a proper class of names for the empty set, so we could
not produce a set of all such names.

(iv) The statement M[G] E ¢ should be considered a ternary relation between M, G, and ¢. It is
possible that G and H are both generic, but M[G] F ¢ and M[H] E —¢.

(v) The relativisation (p I+ @)™ will be dropped when clear in subsequent sections.

Lemma. Let M be a countable transitive model of ZFC and let P € M be a forcing poset. Let
®,% be FLp-formulas. Then, for any p € P and x € M?,

(i) if ZFC F Vv. p(v) = ¥(v) then (p IF ()M — (p I+ (%))M; and

(i) if ZFC F V. p(v) < ¥(v) then (p I- p(X)M < (p I+ P(x)M.

Informally, forcing is closed under logical equivalence.
Proof. Clearly (ii) follows from (i). Suppose that ZFC F Yv.p(v) — 1(v) and (p |- ¢(x))M. Since
M is countable, we can let G be a P-generic filter over M such that p € G. By the forcing theorem,

M[G] E ¢(xC). Since M[G] E ZFC, we have M[G] E %(x%). Hence, by the forcing theorem in the
reverse direction, as this is true for all generics containing p we have (p I+ 3(x))M. O
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4 Forcing and independence results

4.1 Independence of the constructible universe

In this subsection, we show Con(ZFC + V # L), and thus V # L is independent of the axioms of
ZFC.

Theorem. Let M be a countable transitive model of ZFC. Then there is a countable transitive
model N D M suchthat N E ZFC +V # L.

Proof. Let M be a countable transitive model of ZFC, and let P € M be any atomless forcing poset
(that is, it has no minimal elements), for example Fn(w, 2). Since M is countable, we can let G be a
P-generic filter over M. As P is atomless, G ¢ M. Hence M ¢ M[G] E ZFC.

We show that M[G] E V # L. We have
Lornm = LM € M ¢ M[G]

By the generic model theorem, Ord N M = Ord N M[G], so M[G] # Lornmic] = LMIC). In particular,
we have (V # L)YMIG], O

We will now discuss how to remove the assumption that we have a countable transitive model of
ZFC.

Theorem. If Con(ZFC), then Con(ZFC +V # L). Hence, ZFC ¥ V = L.

Proof. Suppose that ZFC + V # L gives rise to a contradiction. Then, from a finite set of axioms
' C ZFC+V # L, we can find 3 such that ' - ¢ A =p. By following the previous proofs, there is a
finite set of axioms A C ZFC such that ZFC proves that if there is a countable transitive model of A,
then there is a countable transitive model of . This set A should be sufficient to do the following:

(i) to prove basic properties of forcing and constructibility;

(ii) to prove the necessary facts about absoluteness, such as absoluteness of finiteness, partial or-
ders and so on;

(iii) to prove facts about forcing, including the forcing theorem; and

(iv) if M is a countable transitive model of A with P € M and G is P-generic over M, then A proves
that M[G] ET.

As A is finite and a subset of the axioms of ZFC, then by the reflection theorem there is a countable
transitive model of A. Hence, there is a countable transitive model N of I'. But ' - 3 A =1, so
N E % A . Hence (% A =), so in ZFC we can prove V¥ A =N, so ZFC is inconsistent. O

Remark. Gunther, Pagano, Sdnchez Terraf, and Steinberg recently completed a formalisation of the
countable transitive model approach to forcing in the interactive theorem prover Isabelle. To obtain
Con(ZFC) — Con(ZFC + =CH), they used ZC together with 21 instances of replacement, which are
explicitly enumerated in the paper.
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4.2 Cohen forcing
Fix a countable transitive model M of ZFC. Recall that for I,J € M,

(i) Fn(I,J) = {p | pis a finite partial function I — J}, together with D and @&, has the structure of
a forcing poset.

(i) Fn(I,J) is always a set in M.
(iii) Fn(I,J) has the countable chain condition if and only if I is empty or J is countable.

(iv) The sets D; = {q € Fn(l,J) | i € domq} and R; = {q € Fn(I,J) | i € ran g} are dense for all
ielandjelJ.

Now, suppose that G C Fn(1,J) is generic over M. Since G is a filter, if p,q € G then pnq € G. Hence,
if p,q € G, then p, q agree on the intersection of their domains. Let f; = | J G. Then f is a function
with domain contained in I and range contained in J. Note that this function has name

J={«p,op(L, D) | p € P,{i, j) € p}

Since D;, R; are dense, we obtain G N D; # @&, so we must have i € dom f¢. Similarly, j € ran fg.

We therefore obtain the following.

Proposition. Let G C Fn(I,J) be a generic filter over M, and suppose I,J are nonempty.
Then M[G] E fg : I — Jis a surjection.

Proposition. Suppose that I, J are nonempty sets, at least one of which is infinite. Then
[Fn(Z, J)| = max(|I], |J])
In particular, |Fn(w, 2)| = N,.
Proof. Each condition p € Fn(I,J) is a finite function, so from this it follows that
Fn(I,J) C (I X J)<®

Hence
Fn(I,7J) C |(I x J)<®| = |I x J| = max(|1], |J])

For the reverse direction, if we fix iy € I and j, € J, then
{GGo, ) 1 j € TFU{(is jo) | i € 1}
is a collection of |I U J|-many distinct elements of Fn(I,J). Thus
max(|1|,|J]) = [ITuJ| < Fn({,J)
as required. O

We aim to provide a model in which CH fails. To do this, we will consider the forcing poset Fn(w} x
®,2). We may consider fg : @} X w — 2,andletg, : w — 2 be the function defined by g,(n) =

50



fc(a,n). This provides w!-many reals in M[G]. To show that M[G] E ZFC + —CH, we must show
that all of the g, are distinct, and that

It will turn out that the countable chain condition guarantees that all cardinals in M remain cardinals
in M[G].

Example. Let x be an uncountable cardinal in M, and consider Fn(w, x), which does not satisfy the
countable chain condition. Then in M[G], the function f5 : w — x is a surjection. Hence, x has
been collapsed into a countable ordinal in M[G].

4.3 Preservation of cardinals

Definition. Let P € M be a forcing poset. We say that [® preserves cardinals if and only if for
every generic filter G C P over M and every ¥ € Ord N M,

( is a cardinal)” « (x is a cardinal)M[C!
Also, P preserves cofinalities if and only if for every generic filter G C P over M,

() = M%)

for all limit ordinals y.

Recall that being a cardinal is IT;-definable so downwards absolute. In particular, cardinals of M[G]
are automatically cardinals of M. Also, note that finiteness and being w are absolute.

Lemma. Let P € M be a forcing poset. Then
(i) P preserves cofinalities if and only if for every generic filter G, for all limit ordinals §
withw < < Ord N M,

(B is regular) — (8 is regular)M(C]

and
(ii) if P preserves cofinalities, then P preserves cardinals.

The converse of (ii) is not true. Note that the definition of regularity did not require being a cardinal,
but is a consequence.

Proof. Part (i). Suppose P preserves cofinalities and G is P-generic. Fix a limit ordinal 3 such that
w < B < Ord N M. Then if 8 is regular in M, we have

B = ct™(B) = "% p)

Hence § is regular in M[G]. Conversely, suppose y is a limit ordinal such that w < y < Ord N M. Let

B = ot (7). Then f is a regular cardinal in M. Let f € M be a strictly increasing cofinal function
B — y. If B is uncountable in M, then f is regular in M[G] by assumption. Otherwise, 8 = @, and
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then B = wMI[C] by absoluteness, and so again f§ is regular in M[G]. As f € M, also f € M[G], so
there is a strictly increasing cofinal map 8 — y in M[G], so

M%) = M) = g = ()

Part (ii). Suppose that P preserves cofinalities. Let x be a cardinal in M. One of three cases occur.
(a) Ifx < w, then (x < w)MIG] 50 % is a cardinal in M[G];
(b) Ifxisregularin M, then x is regular in M[G] by (i), so it is a cardinal in M[G].

(c) Suppose x is singular in M. In this case, one can show that x is the supremum of a set S of
regular cardinals in M. One way to show this is that if x is the supremum of a set T of cardinals,
we can set S = {4t | 1 € T}. Since P preserves regular cardinals, every element of S is regular
in M[G], and in particular they are cardinals. Hence « is the supremum of a set of cardinals,
and is therefore a cardinal.

O

Lemma (the approximation lemma). Let A, B,P € M, and suppose that (P has the countable
chain condition)™. Let G be P-generic over M. Then for any function f € M[G] with f :
A — B, there is a function F € M with F : A — PM(B) such that for all a € A, we have
f(a) € F(a) and (|F(a)| < Rp)™.

This proof requires that M is countable. Note that the relativisation of the countable chain condi-
tion to M ensures that the hypothesis is non-vacuous, as any forcing poset in M is externally count-
able.

Proof. Suppose that M[G] E f : A — B. Since A, B € M, we have canonical names A4, B € M. Let
f be aname for f. By the forcing theorem, there is a condition p € G such that

pl-f : A > Bisa function
Define F : A — PM(B) by
F(a)=1{be€B|3q < p.qIF- f(a) = b}
Note that F(a) € M by the definability of the forcing relation, so as A € M, the set
F={a,F(a))|aeA}

is a set in M. We now show that this definition has the desired properties. Observe that as F is a
function in M, it is also a function in V. We show that f(a) € F(a). Suppose that M[G] E f(a) = b
for b € B. By the forcing theorem, there is ¢ € G such that q I+ f(d) = b. As G is a filter, there is
r < p,qwithr € G witnessing b € F(a) as required.

We now show that |[F(a)| < N,. Working in M, and in particular using the axiom of choice in M, for
each b € F(a) there is a condition g, < p such that g, I+ f(d) = b. It suffices to show that g, L g,
for b # c, because then they form an antichain, so by the countable chain condition we may conclude
|F(a)] £ R,. Suppose not, so let r < qp, q.. Then

ri-f:A— Bisafunction A f(@) =bA f(@)=C¢Ab#¢
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Let H be a generic filter with r € H; this exists by countability of M. Then r < p and
M[H]E f : A— Bisafunction A f(a)=bA f(a)=cAb#c

But M[H] F ZFC, giving a contradiction. O

Theorem. If P € M is a forcing poset and (P has the countable chain condition)™, then P
preserves cofinalities and hence cardinals.

Proof. Using the previous lemma, it suffices to show that P preserves regular cardinals. That is, if
w < B <0rdNM and §8 is a limit, then if 8 is a regular cardinal in M, then § is a regular cardinal in
MI[G]. Suppose this is not the case, so there is such a 8 that is a regular cardinal in M but singular in
MIG]. In M[G], we can fix a cofinal map f : o — S for some ordinal @ < . As«, 8 € M, we can use
the approximation lemma to find a function F : a — PM(B) in M such that for all y € a, we have
f(y) € F(y) and |F(y)| £ ¥y. Working in M, let X = Uy < F(y). This is a union of countable sets

indexed by & < 8. So X C 8 and is a subset of less than S-many countable sets. Hence X # (3 as (3 is

a regular cardinal in M. But f was cofinal, so 8 = | J y<a f(y) C X, giving a contradiction. O

4.4 The failure of the continuum hypothesis

Theorem. Let @« < Ord N M, and let xk = (R )M. Let P = Fn(x X ,2), and let G be P-
generic over M. Then M[G] contains a x-length sequence of distinct elements of 2%. Hence,
M[G] E ZFC + (R = x < 2%0).

Proof. Let f = [JG € M[G]. Then f is a function x X @ — 2. For 8 < x, let gg : w — 2 be the
function given by gg(n) = f(B,n). We claim that for a # 8, we have g, # gg. Define a dense set
Eq g € M as follows.

EO(,ﬁ = {q eP | dn. <ﬁ’ n>’ <0(7 n> € dom qn q(<;67 I’l>) # Q(<“a I’l>)}

To show this is dense, fix p € P. Since p is finite, there is some m such that (8, m), (&, m) ¢ dom p.
Define q < p with q : dom p U {{8, m),{(a, m)} — 2 by

p(z) ifzedomp
q(z) =41 if z = (B, m)
0 ifz ={(a,m)

Since G is P-generic, we can fix ' € G N E, g. Then

gg(m) = f(B,m) = q((B, m)) # q({a,m)) = f(a, m) = gq(m)

Hence g, # gg- Finally, since P has the countable chain condition in M, it preserves cardinals, so it
preserves the X hierarchy. O

In particular, if & = 2, the model M[G] satisfies 7CH.
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Theorem. If ZFC is consistent, then so is ZFC + - CH.
The proof proceeds in the same way as the independence of V = L.

Definition. The gz defined above are called Cohen reals. More precisely, we say that ¢ :
w — 2is a Cohen real over M if there exists H which is Fn(w, 2)-generic over M and ¢ = | J H.

4.5 Possible sizes of the continuum

We have a way to add Cohen reals into a model M, but in general this process will add many more
reals. In this subsection, we determine the possible sizes that the continuum can be. Recall that by
Konig’s theorem, 280 # x for any x with cofinality ). We will show that this is the only restriction
on the possible sizes of the continuum. Note that under GCH, for any «, cf(x) # w if and only if
Y =x.

Recall that in our proof that the axiom of power set holds in M[G], given a name ¢ € M P the set
P(P x ran a@) is a name for its power set. We will show that there is a better name that gives a tighter
bound on the sizes of power sets.

Theorem. Let M be a transitive model of ZFC, and assume (x = R, A x® = )M, Let
P = Fn(x X w, 2), and let G be P-generic over M. Then M[G] E 280 = R, = .

Proof. We have already shown that M[G] E ZFC and M[G] E x = ¥, < 2%0; it therefore remains to
show that 280 < N,. Let X be a name for a subset of w. For n € w, let

Ein={peP|(plFrnex)v(pl-n¢gx)}

This is dense in P. For each n € w, choose a maximal antichain Ay , C E; ,. This is shown to be
possible on an example sheet using the axiom of choice. Define

zo=|J{pW | peAnapl-iiex]

new

Such names are called nice. We will show that z; and x are both names for the same subset of w, and
since we can produce a bound on the amount of nice names, we can bound the size of 20,

We claim that T I+ X = Z,. To do this, it suffices to prove that for all n € w,
Dyn={q€Ein| (qFREX) < (qIFni€ z)}

is dense. Fixn € wand p € P. Since E;, , is dense, we can fix p, < p such that p, € Ey ,. As Ay , is
a maximal antichain, thereis qy € Ay, such that p, || qo. Fixr < pg, qo. We will prove thatr € Dy, .
Ifr -7 € X, then qq I+ 71 € X as qo € Ey . Hence, (qo, 1) € Z; by definition, sor I+ 71 € z;. For
the converse, suppose 7 I 71 € Z,. By definition,

{s<r|Fgq,m)€z;s<q A(sIFm=rn)}

isdense below r. This can only happen if there is some q, with (q;, 71) € Z; such thatr | q,. Therefore,
by definition, q; € Ay . Since Ay , is an antichain containing q, and q; which are both compatible
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with r, we must have q, = q;. Hence, (qo, ") € X;. Thus q, I+ 72 € X by definition, so since r < qq,
we have r I 7i € x. Therefore Dy, , is dense as required.

The total number of subsets of w is therefore bounded by the number of nice names. First, note that
|P| = x. Furthermore, since P has the countable chain condition, each A, , is countable. Therefore,
the amount of nice names is bounded by (x®)® x (2¥)® = x. As every subset of w has a nice name,
M[G] E 280 < x. O

Corollary. Con(ZFC) implies Con(ZFC + (2% = R,)), and (for example) Con(ZFC + (2% =
Ny, ))-

Corollary. The following are equiconsistent.
(i) ZFC + there exists a weakly inaccessible cardinal;
(i) ZFC + GCH + there exists a strongly inaccessible cardinal;
(iii) ZFC + 2%o is weakly inaccessible;
(iv) ZFC + there exists a cardinal that is weakly inaccessible but not strongly inaccessible.

Proof. To show (i) implies (ii) we move to L. To show (iii) implies (iv), we note that 2% is not strongly
inaccessible. It is trivial that (iv) implies (i). It therefore suffices to show that the continuum can be
weakly inaccessible given (ii), which follows by considering the forcing P = Fn(x X w, 2). O

Remark. When building models of ZFC + (2% = x), we often assume GCH for convenience. This can
normally be done without loss of generality because we are usually only concerned with consistency
results.

Example. Consider P = Fn(XY x w,2). Let G be a P-generic filter. Then in M[G], we must have

2% > N,. By Konig’s theorem, this inequality must be strict. For convenience, assume GCH holds.

Under this assumption, if cf(x) = w, then ¥ = x*, so there must be at most x¥*-many nice names.

Hence M[G] E R, < 2% < RF which gives M[G] E 2% =R ;.

Remark. (i) Note that it is possible that 2% < R but Ny = 2‘11 = N, without GCH. This
can be proven using large cardinals.

(i) IfM 2% =Ry > Rgand P = Fn(R}' X @, 2), then M[G] = 2% = R,
(iii) The following are equiconsistent.

(a) ZFC + there exists a measurable cardinal + CH;

(b) ZFC + there exists a measurable cardinal + ~CH.

The same holds for other large cardinal axioms such as huge cardinals and I0 to I3. We may
also replace CH with GCH and the same holds.

(iv) The proper forcing axiom, which is a combinatorial axiom about forcing posets, implies that
2% = N, under ZFC.
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4.6 Larger chain conditions

We now discuss generalised Cohen forcing. Suppose that we want a model of ZFC + CH + (2% = X;).
Naively, we might consider the forcing poset Fn(w; X wq,2), but we can show that CH fails in this
model.

Proposition. Let M be a countable transitive model of ZFC + GCH, and let (x = ¥, A x® =
1)M. Let P = Fn(x X w, 2). Then, for any cardinal 1 in M such that ¥, < 4 < x, then in M[G]
we have
L if cfx> A1
xt if cfx <A

There is a natural bijection between w; X w and w; X w;, and from this it will follow that 2% = 2% =
N;.

Definition. Let I, J be sets and let x be a regular cardinal. Define Fn,(I,J) to be the partial
functions I — J of size less than x. Its maximal element is @& under the order q < p if and
onlyif p C q.

Remark. (i) Fny,(I,J) = Fn(l,J).

(ii) The reason that Fn(I,J) was absolute is that finite objects are absolute. In general, Fn,(I,J) is
not absolute. Moreover, if M is a countable transitive model, then Fn,(I,J) ¢ M. We instead
need to consider the relativisation (Fn,(I,.J))M.

(iii) If x > wand I,J # @, Fn,.(I,J) does not have the countable chain condition.
(iv) If G is Fn,(I,J)-generic over M, then f = | J G is a function I — J.

Let P = Fn, (4 X x,2) where 1 > x and « is regular. Suppose also that 7 = A. By a similar argument
to the w case, if f = |J G and h, : ¥ — 2 is defined by h(8) = f(a, B), then this gives a sequence of
A-many distinct functions ¥ — 2. Similarly, by the nice names argument, there are precisely 1-many
functions ¥ — 2 because A* = 1. We need to explicitly check that we have preserved all cardinals,
using a generalisation of the countable chain condition. Once we have shown this, we will obtain
M[G] E 2* = L.

Definition. For a cardinal x, we say that P has the x-chain condition if every antichain has
cardinality less than x.

The countable chain condition is equivalent to the X;-chain condition. All of the proofs above im-
mediately generalise to the x-chain condition.

Definition. We say that P preserves cofinalities above x if and only if for all P-generic filters
G and limit ordinals y € Ord N M with o™ (¥) = x, we have of y) = cof 6] 7).

Lemma. Let P € M be a forcing poset and ( is regular). Then
(i) P preserves cofinalities above « if and only if for all P-generic filters G and all limit
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ordinals 8 with x < 8 € Ord N M, we have (8 is regular) — (g is regular)™ [l
(ii) If P preserves cofinalities above x, then [P preserves cardinals above x.

Lemma. Let A,B,P € M, let (x is regular)™, let (P has the x-chain condition)™, and let G
be a P-generic filter over M. Then for any f : A — Bin M[G], thereisF : A - P(B) in M
such that for all a € A, we have f(a) € F(a) and (|F(a)| < ©)M.

Theorem. Let P € M be a forcing poset such that (x is regular)” and (P has the x-chain
condition)M . Then P preserves cofinalities above %, and hence cardinals above x.

On the example sheet, we show that for any infinite cardinal x, Fn,(I,J) has the (|J]~*)*-chain con-
dition. In particular, Fn, (2 X x, 2) has the (2<*¥)*-chain condition. We will show a different version
of this theorem.

Lemma. Let x be a regular cardinal in M, and suppose that (2<* = x)M. Then, if (1 < |J| <
2<)M the forcing poset P = Fn,(I,J))M has the x*-chain condition.

Proof. If I is empty, the result is trivial, so we may assume I is nonempty. Let W be an antichain in
P. To show that |[W| < x, we will construct chains (Ay)g <, in I and (W} )qe, such that

(i) foralla <8 <x,wehave A, CAg CTand W, C Wz CW;

(i) for limit ordinals y, we have A, = U5<,,A/3 and W, = Uﬁ<y W g;
(i) W= U, o, Was
(iv) forall @ < x, |A4| < x and |W| < «x.

The result then follows by regularity of x*. Set A, = W, = @. It remains to define successor cases.

Suppose we have constructed A, W,. For each p € P with dom p C A, using the axiom of choice

we choose g, € W such that p = q, | " if it exists. Note that if dom p C Ag for any § < a, we will
a

choose g, to coincide with the g, chosen at stage 8. Then define
Worr = VVaU{Qp | dom p gAa}
and
Agsr = J{domq | q € Wiy}
Finally, set A = UOKK Ag.

We claim that W = Ua <x Wa- By construction, we have Ua <« Wa © W. For any q € W, note that
domgnNA # @, otherwise take q; € W;, and domgq, C A, soifdomq,; Ndomq = @, then q, || g,
contradicting q;, g € W. Sincedom gNA = @ and |[dom q| < x, we must havedom gnA = dom qgnA,
for some o < x. Define p = q| 4+ By definition, there is some q' € W4, such that q'| A, = D- Since

domgq’ C A, we have q || q'. As W is an antichain, this is only possible if g = ¢, so q € |, ., Wa-

We now show that for all @ < x, the sets W, and A, have size at most x. We show this by induction
on a. The result for limit cases follows from regularity. If |W,,;| < x, then clearly |A,,;| < %, so
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it remains to show |W,,,| < x. Since every condition q that is added to W} is chosen from some
condition p with dom p C A, then

[Wera1| < [Wal + [{p € P | dom p € A}
As |A4| < x and |dom p| < %, then
[Ag]<%] < k<% = 2<% =«
Hence |W,,1| < x as required. O

Hence, if P = Fn, (1 X x,2), then M[G] = 2*¥ = 1 and all cardinals at least x* are preserved.
4.7 Closure and distributivity

Definition. A poset P is < x-closed if for every § < x, every decreasing sequence of length &
in [ has a lower bound.

Definition. P is < x-distributive if the intersection of less than x-many open dense sets is an
open dense set.

Lemma. If P is < x-closed then P is < x-distributive.

Lemma. If x is regular in M, then Fn, (I, )M is < x-closed.

Theorem. Let A,B,P € M, let x be a cardinal in M with (JA| < x¥)M, and suppose P is
< x-distributive in M. Let G be P-generic. Then if f € M[G] with f : A —» B, then f € M.

Informally, forcing over a distributive poset cannot add any new small functions.

Proof. It suffices to prove the statement for A =  where § < x. Suppose that M [G]Ef:8— B.By
the forcing theorem, there is p € G such that p I f : § — B. For a < &, let

Dy={q<p|3x€B.qlF f(&) = x}

These sets are clearly open, and they are dense below p because p forces that f is a function. Since P
is < x-distributive, their intersection D = [ «<s Da 1s also (open and) dense below p. Letq € DN G.
Now, in M, for each a < &, we can choose x, € B such that q I- f(&) = X, so we may define
g : 8 - Bbya — x4 This g liesin M. But for any a < &, we have q I- f(&) = X, = 8(&), so
M[G]|E f=g. O

Theorem. LetI,J,x € M. Suppose that x is a regular cardinal in M, and 2<% = xA|J| < M,
Then Fn, (I, )M preserves cofinalities and hence cardinals.
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Proof. Recall that it suffices to show that for every limit ordinal 8 € Ord n M, if 8 is regular in M
then 3 is regular in M[G]. Let 8 be regular in M.

Suppose that 8 > x. Since |J| < x = 2<¥ in M, the forcing poset Fn,(I, /)M has the x*-chain condition.
So it preserves all cofinalities and cardinals at least x*, so in particular, § is regular in M[G].

Now suppose that 8 < x. Suppose that 3 is singular in M[G]. Fixd < fSand acofinalmap f : § -
in M[G]. Note that § € M. Since P is < x-closed, it is < x-distributive, so f € M, contradicting the
assumption that § is regular in M. O

Theorem. Letx, A be cardinals in M such that X, < x < A. Suppose that x is regular, 2<* = x,
and 7 = Ain M. Let P = Fn, (1 X x, 2), and let G be P-generic. Then P preserves cardinals,
and M[G] E 2 = .

We can use this to fix multiple sizes of power sets at once.

Theorem. Let M be a countable transitive model of ZFC + GCH. Then there is a countable
transitive model of ZFC satisfying any of the following statements.
(i) CH + 2% =Ry;
(ii) 2% = 2% = R and 2% = R ,;
(iii) forafixedn € w, forallm < n, 2% =N, .

Proof. Part (i). Let P = Fny, (w3 X w,2)™. If G is P-generic, then M[G] F 2% = R;. As P is
w4 -closed, it does not add any new functions w — 2, so CH still holds in M[G].

Part (ii). Let Py = Fiy, (04,45 X @2,2)M. Let G, be Py-generic. By closure, 2<* = N, in M[G,], and
NSNI = N;. ThenletP; = Fny (wsXw, 2)MIGol Let G, be P,-generic. Then M[G,] E 2%0 = 281 = R,
where the latter equality is due to the fact that if M is a model of ZFC + GCH and G is Fn(x X w, 2)-
generic, then for any cardinal 1 € M with R, < 1 < x, the value of 2% in M[G] is x if cf(x) > 1 and
x* if cf(x) < A. Also, M[G,] E 282 = R, 5 by preservation of cardinals.

Part (iii) is similar; we first make 2% = N, 5, then make 2¥m-1 = R,,,_;),3, and continue down-
wards. 0
Remark. (i) Itisnecessary to start at the largest cardinal and work downwards; this ensures that

the cardinal arithmetic in our forcing models remains correct.

(ii) The iterative approach works for any finite number of cardinals. We will see later how we can
force 2% = R,, 5 forall n € w.

We give an example to show that the order described in (i) is necessary.

Proposition. Let M be a countable transitive model of ZFC with M E 2% = R,. Let P =

Fny, (x X Ry, 2) for some x > 1. Then if G is P-generic, M[G] F CH, and all cardinals & of M

with ®; < & < N, in M are no longer cardinals in M[G]. In particular, RY +# Nlo\f[c].

This is on the example sheets.
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4.8 The mixing lemma

Recall that p I+ 3x. ¢(x) if and only if
{g<pl3xe VP qIk p(x)}

is dense below p. In most cases, the witness x does not depend on G. For example, in p I 3x.(a €
x Ab € x), we can find a name x = op(a, b) without needing to know G. Informally, the mixing
lemma says that this is always the case, as long as M has AC.

Theorem (the mixing lemma). (ZFC) Suppose that (p I+ 3x. ¢(x))™. Then there is a name
x € M such that (p I+ p(x))M.

Proof. Since
{[g<pl3x e M”. qIF p(x)}

is dense below p, it contains a maximal antichain D. Now, for each q € D, choose some J'cq such that
ql- go()'cq). Without loss of generality, we may assume that if (, y) € )'cq, then r < q. This is because

(i) ifr L q, then q I- X4 = (x4 \ (r,y)); and
(ii) ifr | g, then define
Xg = Gg \ () U{s, ) [s<r.q}
so q Ik x, = Xg.
Now, if g,q" € D are such that q # q', we must have g L ¢’ as D is an antichain. So ¢’ I+ X, = @. We
‘mix’ the %, together to form
x=|J{x%1qeD}

Then if ¢ € D, we have q I X = X,. By the forcing theorem, q I~ ¢(%).

It remains to show that p I ¢(%). Suppose otherwise, so there is ¥ < p such thatr I+ =¢p(X). As D is
a maximal antichain of conditions below p, there is a condition g € D such thatq || r. Nowifs < g, 7,
we have s I+ p(X) and s I+ =¢(x), giving a contradiction. O

4.9 Forcing successor cardinals

We would now like to find forcing posets that collapse ¥ < A such that 2 = x*. Observe that this can
only happen if A is regular in M. This is because if f : « — A is cofinal with « < A and f € M, then

f € M[G], so
M2y < M) < 1M < 2

Assuming GCH in the ground model, this is the only restriction. We will prove this in the case where
A is a successor cardinal, and in the case where A is strongly inaccessible; given GCH, these are the
only options.

Theorem. Let x be a regular cardinal in M, and let § > x be a cardinal in M. Let A = 6% in
M. Let G be Fn,(x, §)-generic over M. Then in M[G],
@) 18] = 1;
(ii) every cardinal @ < x in M remains a cardinal in M[G];
(iii) if §<* = & then every cardinal @ > § in M remains a cardinal in M[G].
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In particular, if 5<% = §, then M[G] E 1 = k™.

Observe that if § is a cardinal in M and § > |P| in M, then § remains a cardinal in M[G]. This is
+ . ces
because P has the |P| " -chain condition.

Proof. Part (i). Note that | JG : x — & is a surjection, so || = |x| in M[G]. In particular, there are
no cardinals between & and A.

Part (ii). Since x is regular, Fn,(x, §) is < x-closed, so every cardinal a < x is preserved.

Part (iii). Finally, if §5<* = §, then |Fn,(x, §)| = &, so Fn,(x, §) has the §*-chain condition, so every
cardinal o > & (in particular, 4) is preserved. O

We can force inaccessible cardinals 4 to become successor cardinals. To do this, we will use a forcing
poset called the Lévy collapse.

Definition. Let 1 > x be infinite ordinals. Then Col(x, < 1) consists of all functions p such
that
(i) pisa partial function fromx X 1 — 4;
(ii) |dom p| < x;
(iii) p(a, B) < g for each (a, 3) € dom p.
We make this into a forcing poset by writing q < p if and only if q extends p as a function.

Informally, for each § < 4, we add a surjection ¥ — .

Theorem (Lévy). Let x be a regular cardinal in M, and suppose 1 > x is strongly inaccessible
in M. Let G be Col(x, < 1)-generic over M. Then in M[G],

(i) every ordinal 8 with x < § < 4 has cardinality x; and

(ii) every cardinal at most x or at least A remains a cardinal.
In particular, M[G] E 1 = x*.

Proof. If B < A, we can define Gg : x — B by Gg(a) = (|J G)(a §). By density, this is a surjection,
soifx < 8 < A, we have M[G] E |B]| = |x|.

Note that Col(x, < 4) is < x-closed, so preserves cardinals at most x. In particular, x remains a
cardinal.

Now, |Col(x, < A)| = A. Therefore, Col(x, < 1) has the A*-chain condition and therefore preserves
cardinals at least A*.

Finally, we show that A is still a cardinal in M[G], which follows from the A-chain condition. Given
p € Col(x, < 1), define the support of p to be

sp(p) = {f | 3a.(a, ) € dom p}

As |p| < x, we must have |sp(p)| < k. Let W be an antichain. We will construct chains (A, )y« and
(Wz) < such that

(i) fora<f <x,Ag CAgCAland W, C Wz CW;
(i) if y < x is a limit, then A, = Uot<yA0f and W, = UOKY W
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(i) W = U g W
(iv) forall o < x, |Agl, |Wy| < 4.
Assuming this can be done, since A is regular, we have |W| = |Ua < Wa| < A. To do this, first set

Ag = Wy = @. To define successor cases, suppose A, W, are defined. Suppose that p € Col(x, < 1)
has sp(p) C A,. Using the axiom of choice, choose q, € W such that p = if this exists.

Define

p |7<><Sp(p)

Werr =1{qp | SD(D) C Aal  Aasr = J{50(@) | ¢ € Worr}

One can show that W = |J,,_, W in the same way that we proved this for Fn,(I,J). We show by
induction that for o < x, |Ay|,|W,| < A. Limit cases follow by regularity. If |W,,;| < 4, then
|Ags1l < x - A = A. Suppose |A4| < 4. Then, since every q added in stage a + 1 is chosen from some
condition with support contained in A,, we must have

<
|Wasa| < |Aal™
Then as 4 is a strong limit, |Aa|<x <A O

Remark. (i) The requirement that x was regular allowed us to deduce x-closure.

(ii) Suppose 1 is weakly inaccessible and 2% > 1. Then Col(R;, < 1) has an antichain of length 2,
so will not satisfy the A-chain condition. Indeed, for A C w, we define p, : {w}X[w, w+w) — 2
by

0 ifneA

a,w+n)=
Pal ) {1 ifnegA
Then if A # B, the functions p4, pg are incompatible.

(iii) One can show that 1 is weakly compact if and only if it is inaccessible and satisfies the tree
property. We claim that if G is Col(X, < 1)-generic, then in M[G], R, has the tree property. In
general, we can use forcing to add combinatorial properties from large cardinals to N;.

(iv) This shows that A being a limit cardinal is not absolute between M and N, even if A being a
cardinal is absolute for M, N.

Corollary. If ZFC + IC is consistent, then so is ZFC + (XY is inaccessible in L).

Proof. Start with a model of V = L where 1 is inaccessible, and let G be Col(w,, < 4)-generic. Then
M[G] E 1 = Xy, but also M[G] E (4 is inaccessible)*. O

Remark. If V E ZFC + x is measurable, then for example, XY is inaccessible in L.

4.10 Product forcing

In this subsection, we will show that is consistent that, for example, each n € w satisfies 28 = R,, 5.
We have already shown that for a fixed N € o, it is consistent that all n < N have 28 = R, 1.
However, we cannot get this result using the iterated forcing process described in previous sections,
and will instead use product forcing. This technique will allow us to exactly determine the restrictions
on the continuum function F : Card — Card given by F(R,) = 2%«,
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Definition. Suppose (P, <p)and (Q, <g) are posets. The product order < on Px Q is defined
by
(P1,q1) < (Po,90) < P1 <p Po A1 <a 9o

Given a P X Q-generic filter G over M, we can produce the projections

Go={peP|3qe Q.(p,q) € G}
Gi={qeQ|3IpeP.(p,q € G}

Lemma. Let M be a transitive model of ZFC with P,Q € M. Let G C P and H C Q. Then
the following are equivalent.
(i) G x His P x Q-generic over M;
(ii) G is P-generic over M and H is Q-generic over M[G];
(iii) H is Q-generic over M and G is P-generic over M[H].
Moreover, when this is the case, M[G X H] = M[G][H] = M[H][G].

Proof. The first part is left as an exercise. For the last part, recall that the generic model theorem
shows that if N is a transitive model of ZF containing M as a definable class and containing G as a set,
then M[G] C N. Since M C M[G][H], and G X H is an element of M[G][H], we obtain M[G X H] C
M|[G][H]. For the other direction, G € M[G x H] and M C M[G X H] so M[G] C M[G x H], but also
H € M[G x H] so M[G][H] € M[G x H]. O

Recall that we started with a model of ZFC + GCH and forced with
Gy is Fn(w; X w,2)M-generic; Gy is Fn(ws X w;, 2)M[Col-generic
and found that M[G,][G;] E CH. But if instead we used
Go is Py = Fn(ws X w;,2)M-generic; G is P; = Fn(w; X w, 2)M[Gol_generic

then we obtain M[G,][G;] E 2% = R; + 28 = R,. However, P, is < w;-closed, so does not add
new sequences of length w. Thus P; = Fn(w; X w,2)M. We can therefore define the forcing poset
Py X P;-over M, and G, X G, is P, x P;-generic over M. To simultaneously force 2% = N,,,, 5, we
use the poset

P= H ann(w2n+3 X wp,2)

new

Easton’s theorem shows that this works.

Theorem (Easton’s theorem for sets). Let M be a countable transitive model of ZFC + GCH.
Let S be a set of regular cardinals in M, and letF : S — CardM be a function in M such that
forallx < Ain S,
(i) F(x) > x (Cantor’s theorem);

(i) F(x) < F(4) (monotonicity);

(iii) cf(F(x)) > x (Konig’s theorem).
Then there is a generic extension M[G] of M such that M, M[G] have the same cardinals, and
forall x € S, M[G] E 2* = F(x).
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The proof is non-examinable.

By essentially the same proof, this result can be generalised to proper classes of M, and in particular
S = RegM. This needs a notion of class forcing, as P is a proper class. The main obstacle with class
forcing is that M[G] need not be a model of ZFC. For example, consider Fn(Ord X w, 2), which makes
20 g proper class. Alternatively, consider Fn(w, Ord), which creates a surjection U G : w — Ord.
In fact, the forcing relation I may not even be definable. However, one can show that the particular
forcing poset used in Easton’s theorem also satisfies all of the required results for the proofs to work.
In conclusion, we can say almost nothing about the values of the continuum function.
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