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1 Introduction

1.1 Definition

Let I be a finite or countable set. All of our random variables will be defined on the same probability
space (Q, F, P).

Definition. A stochastic process (X;,),> is called a Markov chain if for all n > 0 and for all
X1 ... Xpy1 €1,

P(Xn+1 = Xn+1 | Xp = Xp, -, X1 = xl) = ﬂ:D()(n+1 = Xn+1 |Xn = xn)

We can think of n as a discrete measure of time. If P (X,,,; = y | X, = x) for all x, y is independent of

n, then X is called a time-homogeneous Markov chain. Otherwise, X is called time-inhomogeneous.
In this course, we only study time-homogeneous Markov chains. If we consider only time-homogeneous
chains, we may as well take n = 0 and we can write

Px,y)=PX;=y|Xo=x); Vx,yel
Definition. A stochastic matrix is a matrix where the sum of each row is equal to 1.

We call P the transition matrix. It is a stochastic matrix:

D P(x,y) =1
yel
Remark. The index set does not need to be N; it could alternatively be the set {0, 1, ..., N} for N € N.
We say that X is Markov (4, P) if X, has distribution 4, and P is the transition matrix. Hence,
(1) P(Xo = xo) = 4,
(i) PXpg1 = Xpg1 | X = X, o, Xo = Xo) = P(Xy, Xp41) =1 Bpxp

We usually draw a diagram of the transition matrix using a graph. Directed edges between nodes are
labelled with their transition probabilities.

1.2 Sequence definition

Theorem. The process X is Markov (4, P) if and only if Vn > 0 and all x,, ..., x, € I, we
have
P (Xo = Xg5 -+ » Xy = Xpp) = Ay P(x, X1)P(X1, X3) ... P(Xpp_1, %)

Proof. 1f X is Markov, then we have

P Xy = xg, ..., X = X)) =P (X, = xp | Xppe1 = Xyt -+, X = Xg)
P Xy = Xp_15 -, Xp = Xg)
= P(Xp_1, Xn)P (X1 = Xp_1, -, Xo = Xo)
= P(Xp_1,Xp) - P(xo’xl)/lxo



as required. Conversely, P (X, = xo) = A, satisfies (i). The transition matrix is given by

Ax P(xO’xl) "-P(xn—l’xn)
P(X,=xX,|Xg=Xg,.. X0 1=2%Xp_1)= —
( n nl 0 0 n—1 n 1) AxOP(xo’xl)---P(xn—Z’xn—l)

= P(xy—1,Xn)
which is exactly the Markov property as required. O

1.3 Point masses

Definition. Fori € I, the §;-mass at i is defined by
8 =1 =)

This is a probability measure that has probability 1 at i only.

1.4 Independence of sequences

Recall that discrete random variables (X,,) are considered independent if for all x;,...,x, € I, we
have
P(Xl = xl, ’X}’l = xn) = P(Xl = xl) I]:D(Xn = xn)

A sequence (X,,) is independent if for all k, i; < i, < --+ < i,, and for all xy, ..., X3, we have
n
P (X, = x1, Xy = %) = [ [P (X, = x))
j=1
Let X = (X,,),Y = (Y,,) be sequences of discrete random variables. They are independent if for all

k,m,i; < <ip, j1 < < jm

p}"Ole = X1, ... ’Xik = xik, le = yjl’ veey Y]

m

=PX; =x1, ... X =X )P(Yj, = yjp, e Y,)
1.5 Simple Markov property

Theorem. Suppose X is Markov (4, P). Let m € Nand i € I. Given that X,,, = i, we have
that the process after time m, written (X, ,,,)n>0, is Markov (§;, P), and it is independent of
Xo» - » X

Informally, the past and the future are independent given the present.
Proof. We must show that
P Xm = X0 s Xian = X | Xip = 1) = 5ix0P(x0’x1) e P(Xpp_1, Xp)

‘We have

(Xm+n = Xmgns o Xm = xm) 5ixm
PX,, =1

P
P Xmin = Xpmins - Xm = X | Xy = 1) =



The numerator is

P Xmins o » Xm = Xm)
= D PKntn = Xmtns s Xm = X Xt = X1 -0 Xg = Xg)

= P(Xpm, Xpmg1) - P(Omgn—1> Xman) Z /leP(xO: x1) o P15 Xm)

X0se-sXm—1

= P(Xy,, xm+1) P(xm+n—1a xm+n)P Xm = Xm)

Thus we have

P (Xm+n = Xmans > Xm = Xm | Xm = i) = P(xm’xm+1) P(xm+n—1’xm+n)5ixm

Hence (X,;+n)n>0 ~ Markov (6;, P) conditional on X,,, = i. Now it suffices to show independence
between the past and future variables. In particular, we need to show m < i; < --- < i} for some
k € N implies that

P (X, = Xma1s s Xip = Xpmakes Xo = Xgs oo s X = Xy | X = i)

=P (Xi, = Xpats oo Xiy = X | Xip = )P (Ko = X0, 00, Xy = X | Xy = 1)

So leti = x,,, and then

B P(Xi, = Xmts s Xip = Xmaks Xo = X0 oo s X = Xipy)

PXm =1)
_ /IxOP(x()’xl) e P(Xp—15 X)) P (Xil = X4l - ’Xik = Xk | Xim = xm)
- P(x, =1i)
PXy=Xp ..., Xppy = Xpp)
= P oy P = X Xy = X | X = Xim)
which gives the result as required. O

1.6 Powers of the transition matrix

Suppose X ~ Markov (4, P) with values in I. If I is finite, then P is an |I| X |I| square matrix. In
this case, we can label the states as 1, ..., |I|. If I is infinite, then we label the states using the natural
numbers N. Let x € I and n € N. Then,

I]:D(Xn = x) = Z I]:D(Xn = x,Xn_l = xn_l, ’XO = xO)

= Z AxyP(xg, X1) ... P(Xp—1, X)

We can think of A as a row vector. So we can write this as

= (AP"),



By convention, we take P® = I, the identity matrix. Now, suppose m,n € N. By the simple Markov

property,
|]:D()(m+n =y | Xm =Xx)= I]:D(Xn =y1Xo =X) = (5xPn)y

We will write Py (4) = P (A | X, = x) as an abbreviation. Further, we write p;;(n) for the (i, j)
element of P". We have therefore proven the following theorem.
Theorem.
|]:D(‘Xn =Xx)= (/IPn)x;
PXpym =Y | Xm=%)=Px (X, =y) = pxy(n)

1.7 Calculating powers
Example. Consider

P=<1Ea 1fﬁ>; @B € [0,1]

Note that for any stochastic matrix P, P" is a stochastic matrix. First, we have pr+l — prp Tetus
begin by finding p;;(n + 1).

pu(n+1) = pu(n)(1 —a) + p(M)B
Note that p;;(n) + p2(n) = 1 since P" is stochastic. Therefore,
pu(n+1)=pu(mMA—-a—-p)+p
We can solve this recursion relation to find

(o4

[o4
X L (Q—a—P) at+f>0
pu(n) = %+f “"'6( “op arp
1 a+p=0

The general procedure for finding P" is as follows. Suppose that P is a k X k matrix. Thenlet,, ..., 4,
be its eigenvalues (which may not be all distinct).

(1) All 2; distinct. In this case, P is diagonalisable, and hence we can write P = UDU~! where U
is a diagonal matrix, whose diagonal entries are the 4;. Then, P* = UD"U~!. Calculating D"
may be done termwise since D is diagonal. In this case, we have terms such as

pn(n) =a At + -+ apdy; a; €R

First, note P° = I hence p;;(0) = 1. We can substitute small values of n and then solve the sys-

tem of equations. Now, suppose 4 is complex for some k. In this case, /1_k is also an eigenvalue.
Then, up to reordering,

A = ret® = r(cos 6 + isin 0); Ax_, = Ay = rel® = r(cos6 — isin 6)
We can instead write p;;(n) as
pu(n) = AT + -+ + ag_1r" cos(nb) + air" sin(nb)

Since py;(n) is real, all the imaginary parts disappear, so we can simply ignore them.



(2) Not all ; distinct. In this case, 1 appears with multiplicity 2, then we include also the term
(an + b)A* as well as bA™. This can be shown by considering the Jordan normal form of P.

Example. Let

P =

NI O O
O NIr
NI= = O

. 1. 1, ces i 1 T . LT .
The eigenvalues are 1, b=k Then, writing 5 E(cos 3 +isin E)’ we can write

n)=a+ [3(1)n cos + (l)n sin 2%

puln) = 5 5 T3 5

For n = 0 we have p,;(0) = 1, and for n = 1 we have p;;(1) = 0, and for n = 2 we can calculate P?
and find p;;(2) = 0. Solving this system of equations for «, 3, ¥, we can find

(n) = ! + (l)n(‘—L cos = — gsin E)
Puly=373) (37 73553

2 Elementary properties

2.1 Communicating classes

Definition. Let X be a Markov chain with transition matrix P and values in I. For x,y € I,
we say that x leads to y, written x — y, if

P,(@n>0,X,=y)>0

We say that x communicates with y and write x < yifx - yandy — x.

Theorem. The following are equivalent:
(i) x =y
(ii) There exists a sequence of states x = X, Xy, ... , X, = ¥ such that

P(xg, x1)P(X1, X3) ... P(Xp—1, X)) > 0

(iii) There exists n > 0 such that p,,(n) > 0.

Proof. First, we show (i) and (iii) are equivalent. If x — y, then P, (3n > 0,X,, =y) > 0. Then if
P, (3n > 0,X,, = y) > 0 we must have some n > 0 such that Py (X,, = y) = py,(n) > 0. Note that

we can write (i) as P, (U:;O X, = y) > 0. If there exists n > 0 such that py,,(n) > 0, then certainly
the probability of the union is also positive.

Now we show (ii) and (iii) are equivalent. We can write

pxy(n) = Z P(x, xl) ---P(xn—l’y)

X15+-05Xp—1

which leads directly to the equivalence of (ii) with (iii). O



Corollary. Communication is an equivalence relation on I.
Proof. x < x since py,(0) = 1. If x - y and y — z then by (ii) above, x — z.

Definition. The equivalence classes induced on I by the communication equivalence rela-
tion are called communicating classes. A communicating class Cisclosedifx € C,x - y =
yeC.

Definition. A transition matrix P is called irreducible if it has a single communicating class.
In other words, Vx,y € I, x < y.

Definition. A state x is called absorbing if {x} is a closed (communicating) class.

2.2 Hitting times

Definition. For A C I, we define the hitting time of A to be a random variable T4 : Q —
{0,1,2... } U {oo}, defined by

Ty(w) = inf{n > 0: X,(w) € A}
with the convention that inf @ = co. The hitting probability of A is h4 : I — [0,1], defined by
]’lll‘1 = Pi (TA < 00)

The mean hitting time of A is k4 : I — [0, o0], defined by

[S.o]
kf = E;[Tal = 3, nP;(Ta = n) + 0oP; (Ty = o)
n=0
Example. Consider

1 0 0 0
po|/2 0 12 0
10 12 0 1/2
0 0 0 1

Consider A = {4}.
ht=0

1 1

1

A _

1
1+ Ehg‘
Hence h? = % Now, consider B = {1, 4}.

ki =k§ =0



1 1
kB=1+§k{3+§k§
1 1

Hence k5 = 2.

Theorem. Let A C I. Then the vector (h{');c4 is the minimal non-negative solution to the
system

H =

1 i€A
X PG pH igA

Minimality here means that if (x;);c; is another non-negative solution, then Vi, h! < x;.

Note. The vector h{* = 1 always satisfies the equation, since P is stochastic, but is typically not
minimal.

Proof. First, we will show that (h;);c4 solves the system of equations. Certainly ifi € A then ht = 1.
Suppose i ¢ A. Consider the event {T4 < co}. We can write this event as a disjoint union of the
following events:

{Ta <o} ={X € AU J{Xo €A, ... Xo1 £ A4,X, €A}

n=1

By countable additivity,

[s9)
Pi(Tya <o) =P;(Xo €A)+ D Pi(Xo € A, ... X,y € AX, €A)
=0 n=1

oo

=Y D PXg A ... Xy EAX, EAX Ej|Xy=1)
n=1 j

=ZP(X1 EAX =]j|Xo=1)
j

+ O OPOGEA, X EAX, EAX €| Xy =)
n=2 j

=Y Pl )PX, EA|X, =), Xo=1)
j

[c9)
+ D P J) Y P(Xy B A . Xy EAX, EA|X € j,Xg = 1)
j

n=2



By the definition of the Markov chain, we can drop the condition on X, and subtract one from all
indices.

=Y P, )P (X €A|X, =)
J

o0
+ O PL) D PG EA, ... Xy EAX, EAIX, € )
j

n=2

=D P, )P (X EA| Xy = )
j

+ D P D P X EA, ... Xy A X, €A)
J n=2

= ZP(i,j)([P’j KXo €AY+ D P (Xo € A, ... Xy & AX, eA))
j 2

= ZP(i,j)(IP’j (T4 =0)+ > P; (T4 = n))
J n=1

=" P(i, j)P; (T < )
j

PR A
= Z P(i, j)h;
J
Now we must show minimality. If (x;) is another non-negative solution, we must show that b < x;.

We have
x; = Y P(i, j)xj = D) P(i, )+ Y, P(i, j)x;
j jea jgA

Substituting again,
xp= ), P@i, j)xj+ ), P(i,j)( > P(j.k) + >k & AP(j, k)xk)
JEA JjgA keA

Then

xi= 2 PG j)+ > D) Pl j)P(jr. o) + -+

J1EA J1#A j2€A

+ > P(i, j1) - P(jn-1>Jn)
jl%A;-'ijl—lgA’jHEA

+ Z P(i’jl)-~-P(jn—1’jn)xjn
NEA..,jnEA

The last term is non-negative since x is non-negative. So
Xi > Ipi(TA = 1)+P1(TA = 2)+ +|]:DI(TA = }’l) > [pi(TA < n), VYn eN

Now, note {T4 < n}are a set of increasing functions of n, so by continuity of the probability measure,
the probability increases to that of the union, {T; < oo} = hf. O

10



Example. Consider the Markov chain previously explored:

1 0 0 0
1/2 0 1/2 0
0 1/2 0 1/2
0 0 0 1

P =

Let A = {4}. Then hft = 0 since there is no route from 1 to 4. From the theorem above, the system of
linear equations is

1 1
hz = Ehl + 5]’13
1 1
hy = Sha + 3hy
h4 = 1
Hence,

So the minimal solution arises at h; = 0.
Example. Consider I = N, and
PG,i+1)=pe(0,1); PGi-1)=1-p=q
Then h; = P; (T, < o) hence hy = 1. The linear equations are
p#q = h;=phiy +qhi

p(hiy1 — hy) = q(h; — hi_y)
Let u; = hi — hi—l' Then,

p p
Hence
i i q j
hi=Y(hj—h_)+1=1-(1-h)), (-)
j=1 jmP
The general solution is therefore
i
h’i =a+ b<g>
p
If g > p, then minimality of h; implies b = 0, a = 1. Hence,
hi=1

Otherwise, if p > g, minimality of h; implies a = 0, b = 1. Hence,

()

pr:q:%,then

1 1
h; = Ehi+1 + zhi—1
Hence, h; = a + bi. Minimality impliesa = 1and b = 0.
hi = 1

11



2.3 Birth and death chain
Consider a Markov chain on N with
PG,i+1)=p;; PGUi—-1)=gq;; Vi,pi+q =1
Now, consider h; = P; (Ty < ). hy = 1,and h; = p;hj.1 + qihi_;-
pi(hipy — hy) = qi(h; — hi_y)
Let u; = h; — h;_ to give

Uit = %Ui =11IJ= 1lq—i_ U

i Di

Yi
Then
hi=1-Q—=h)yo+n+-+7i-1)

where we let y, = 1. Since h; is the minimal non-negative solution,

1 1
<

hi20 = 1-h < —— < —5
Ej:()yj Zj:oyj

By minimality, we must have exactly this bound. If Z;io yj=ocothenl—h; =0 = h; = 1forall
i. If Z;io Yj < oo then

Z;ii Vj

Z;io Vj

hi:

2.4 Mean hitting times
Recall that

kit = E;[Ta] = D, nP; (Ty = n) + oP; (T4 = )
n
Theorem. The vector (k#);c; is the minimal non-negative solution to the system of equations
4_ {0 ifieA

i 1+ZJ.¢AP(i,j)k}“ ifigA

Proof. Supposei € A. Thenk; = 0. Now suppose i ¢ A. Further, we may assume that P; (T4 = o) =
0, since if that probability is positive then the claim is trivial. Indeed, if P; (T4 = o0) > 0, then there
must exist j such that P(i, j) > 0 and P; (T4 = c0) > 0 since

P (T4 < 00) = D P(i, )hf = 1—P;(T4 = 00) = D P(i, )(1 — P; (T4 = o))
j j

Because P is stochastic,
P; (T4 = 00) = ) P(i, ))P; (T4 = )
J

12



so since the left hand side is positive, there must exist j with P(i, j) > 0 and P; (T4 = oo > 0). For
this j, we also have kj‘ = o0. Now we only need to compute Zn nP; (T4 = n).

Pi(Ty=n)=P X, €A,...X,_1 €A X, €A
Then, using the same method as the previous theorem,

kit = P (Ty =n) =1+ ) PG, k!
n JEA

It now suffices to prove minimality. Suppose (x;) is another solution to this system of equations. We
need to show that x; > k# for all i. Suppose i € A. Then

=1+ ), P, )x; =1+ ), P(i,j)(l + P(j,k)xk)

JgA JgA keA
Expanding inductively,
x;=1+4 ), PG j)+ D, PG j)PG1j2)+
J18A J18A,j2¢A
+ D0 P PUnend)+ D, P ) PUin dna)Xg,
J1€A,....jnEA J1#A,.. ., jns1€A

Since x is non-negative, we can remove the last term and reach an inequality.

;214 ) PG j)+ D, PGJjDPGLD)+-+ D, PG j1) . P(ntsjn)
J1gA J1€A,j2 €A J12A,..,jnEA

Hence
X; > 1+|pi(TA > 1)+|pi(TA > 2)+ +[P>i(TA > l’l)
= I]:Di(TA >O)+|]:D1(TA > 1)+|pl(TA > 2)+ +H:Dl(TA > l’l)
n
=D Pi(Ty > k)
k=0
for all n. Hence, the limit of this sum is
X 2 D P(Ty > k) = E;[T4]
k=0

which gives minimality as required. O

2.5 Strong Markov property
The simple Markov property shows that, if X,,, =i,
Ximan ~ Markov (5;, P)

and this is independent of X, ..., X,,,. The strong Markov property will show that the same property
holds when we replace m with a finite random ‘time’ variable. It is not the case that any random
variable will work; indeed, an m very dependent on the Markov chain itself might not satisfy this

property.

13



Definition. A randomtime T: Q — {0, 1, ... }U{oo} is called a stopping time if, for alln € N,
{T = n} depends only on X, ..., X,.

Example. The hitting time Ty = inf{n > 0: X,, € A} is a stopping time. This is because we can
write
{Thy=n}={Xo €A,...X,_1 €AX, €A}

Example. The time L, = sup{n > 0: X,, € A} is not a stopping time. This is because we need to
know information about the future behaviour of X, in order to guarantee that we are at the supremum
of such events.

Theorem (Strong Markov Property). Let X ~ Markov (4, P) and T be a stopping time. Con-
ditionalon T < oo and X7 =i,

(Xn+T)nZO ~ Markov (5i’ P)

and this distribution is independent of X, ... , Xr.

Proof. We need to show that, for all x, ..., X, and for all vectors w of any length,

P(XT = Xg5 .- ’XT+n = xn,(Xo, ,XT) =w | T < OO,XT = l)
= Ojxo P(X05 X1) - P(xyp—1, X, )P (X, ., Xp) =w: T < 00, X1 = i)

Suppose that w is of the form w = (wy, ..., wy). Then,

P(XT =X0, ’XT+n = xn,(XO, ,XT) =w | T < OO,XT = l)
_ P(Xk = Xg5 .- ’Xk+n = xn,(XO, ’Xk) =w, T= k,Xk = l)
P(T < oo, Xp = i)

Now, since {T = k} depends only on Xy, ..., X}, by the simple Markov property we have

P(Xk = X5 - ’Xk+n = Xp | (XO’ ’Xk) =w, T = k,Xk = l)
=P Xk = X0 e s Xpepn = Xp | X = 1) = 5ix0P(x0’xl) e P(Xp_1, %)

Now,
[FD(XT = XQy - ’XT+n = xn,(Xo, ,XT) =w I T < OO,XT = l)
_ 8 P(x0, X1) .. P(xp—1, Xp)P (Xo, ... Xp) =w: T =k, X = 0)
- P(T < 00, Xp = i)
= OixyP(x05 X1) -.. P(Xp_1, X)P ((Xps .., X7) =w: T < 00, X7 = i)
as required. O

Example. Consider a simple random walk on I = N, where P(x,x+1) = % for x # 0,and P(0,1) = 1.
Now, let h; = P; (T, < o0). We want to calculate h;. We can write

1 1
h=5+5h

14



but the system of recursion relations this generates is difficult to solve. Instead, we will write
h2 = I]:DZ (TO < OO)

Note that in order to hit 0, we must first hit 1. So conditioning on the first hitting time of 1 being finite,
after this time the process starts again from 1. We can write T, = Ty + T, where T, is independent
of T, with the same distribution as T, under P;. Now,

h2=P2(To<OO,T1 <OO)=[|:D2(TO<OO | Tl <00)P2(T2<00)
Note that

:Pz(To<OO|T1<OO)
=[|:D1(T0<00)

But Ipz (Tl < 00) = Ipl (TO < 00), SO
hz = I]:DZ (Tl < 00) [Fbl (TO < OO)

By translation invariance,
h2 = h%

In general, therefore, for any n € N,
h,, = h{

3 Transience and recurrence

3.1 Definitions

Definition. Let X be a Markov chain, and let i € I. i is called recurrent if
P; (X,, = i for infinitely many n) = 1

i is called transient if
P; (X,, = i for infinitely many n) = 0

We will prove that any i is either recurrent or transient.
3.2 Probability of visits
Definition. Let Ti(o) = 0 and inductively define
T+ = inf{n >T" +1: X, = i}

We write Ti(l) = T;, called the first return time (or first passage time) to i. Further, let

fi=Pi(T; < o)

15



and let the number of visits to i be defined by

oo

Vi= D, 1(X, =1)

n=0
Lemma. ForallreN,ie,P;(V; >r) = fI.

Proof. Forr = 0, this is trivially true. Now, suppose that the statement is true for r, and we will show
that it is true for r + 1.

P (V;>r+1)=p (T < oo)

T-(Hl) < 00, Ti(r) < oo)

1

L < oo | T < 00) Py (T < )

~.

By the strong Markov property applied to the stopping time Tl-(r),
=Pi(Ti <o) ff
= fiff

— f.r+1
i

3.3 Duality of transience and recurrence

Theorem. Let X be a Markov chain with transition matrix P, and let i € I. Then, exactly
one of the following is true.
(i) IfP; (T; < o) =1, then i is recurrent, and

[se]
Z pii(n) =
n=0

(ii) If P; (T; < o0) < 1, then i is transient, and
(o]
> pu(n) <
n=0

16



Proof.

Ei[Vi]=E i 1(X, = i)]

n=0

I
Ms

E; [1(X,, = D)]

S
I
=]

I
Ms

P; (X, = i)

3
Il
o

1]
DM
=
5

=S
1]
o

First, suppose P; (T; < o0) = 1. Then, forallr, P; (V; >r) = 1,s0 P; (V; = o0) = 1. Hence, i is
recurrent. Further, E; [V;] = oo so Z:;o pii(n) = .

Now, if f; < 1, by the previous lemma we see that E; [V;] = # < oo hence P; (V; < o) = 1. Thus,
—Ji

i is transient. Further, E; [V;] < o0 so Z:;o pii(n) < . O

Theorem. Let X, y be states that communicate. Then, either x and y are both recurrent, or
they are both transient.
Proof. Suppose x is recurrent. Then, since x and y communicate, 3m, ¢ € N such that
pxy(m) > 0; pyx(g) >0
Note, >}, Pxx(n) = co. Then,

Pyy() 2 Y pyy(n+m+ ) 2 3 pu(O)Pax(M)Pry (M) 2 Pyx(€) Py (M) prx(n) = o0

Corollary. Either all states in a communicating class are recurrent or they are all transient.

3.4 Recurrent communicating classes

Theorem. Any recurrent communicating class is closed.

Proof. Suppose a communicating class C is not closed. Then there exists x € C and y ¢ C such
that x — y. Let m be such that p,,(m) > 0. If, starting from x, we hit y which is outside the
communicating class, then we can never return to the communicating class (including x) again. In
particular,

Py (i < 0) 2 Py Xy = y) = pxy(m) >0

Hence x is not recurrent, which is a contradiction. O

17



Theorem. Any finite closed communicating class is recurrent.

Proof. Let C be a finite closed communicating class. Let x € C. Then, by the pigeonhole principle,
there must exist y € C such that

P, (X, = y for infinitely many n) > 0
Since x and y communicate, there exists m € N such that p,,(m) > 0. Now,

P, (X, = y for infinitely many n) > P, (X,, = x, X,, = y for infinitely many n > m)
= Py (X,, = y for infinitely many n > m | X,,, = x) P, (X5, = x)
= Py (X,, = y for infinitely many n) Py, (X,, = x) > 0

Thus y is recurrent. Since recurrence is a class property, C is recurrent. O

Theorem. Let P be irreducible and recurrent. Then, for all x, y,

Py (T, < o0) =1

Proof. Since y is recurrent,
1 =Py, (X, =y for infinitely many n)
Let m such that p,,(m) > 0. Now,
1 =Py, (X, = y infinitely often)
= Z P, (X, = z,X,, = y for infinitely many n > m)

z

= Z P, (X,, = y for infinitely many n > m | X;,, = 2) P, (X5, = 2)
z

= Z P, (X,, = y for infinitely many n) P, (X,,, = z)
z

By the strong Markov property,
=Y. P, (T, < )Py, (X, = y for infinitely many n) P, (X, = z)
z

Since y is recurrent,

=Y P, (T, < )Py, (X, = 2)
= Z P, (T, < ) py,(m)

Since py,(m) > 0and )}, p,,(m) =1, P, (T, < o0) = 1. =

4 Polya’s recurrence theorem

4.1 Statement of theorem

18



Definition. The simple random walk in Z¢ is the Markov chain defined by

1
P(x,x+e;) = P(x,x—e;) = 2d

where e; is the standard basis.

Theorem. The simple random walk in 7% is recurrent for d = 1,d = 2 and transient for
d > 3.

4.2 One-dimensional proof

Consider d = 1. In this case, P(x,x + 1) = P(x,x — 1) = % We will show that Zn Poo(n) =
o0, then recurrence will hold. We have pyo(n) = Py (X,, = 0). Note that if n is odd, X, is odd, so
Po (Xok+1 = 0) = 0. So we will consider only even numbers. In order to be back at zero after 2n
steps, we must make » steps ‘up’ away from the origin and make n steps ‘down’. There are (2:) ways

of choosing which steps are ‘up’ steps. The probability of a specific choice of n ‘up’ and n ‘down’ is
2n

(%) . Hence,

n\/1\*" @) 1
Poo(z”)=(:>(§) - oy

Recall Stirling’s formula:

n! ~ n"e "™\ 27n
2n)! 1 1 A

2 2" o T

for A > 0; the precise value of A is unnecessary. Hence, for some large n,, Yn > ng, poo(2n) > A

n/n
So

Substituting in,

A
Poo(2n) > — =0
Zpolmz 3 - o

Now, let us consider the asymmetric random walk for d = 1, defined by P(x, x + 1) = p and P(x, x —
1) = q. We can compute py,(2n) = (2:)(pq)” ~ A%. If p # q, then 4pq < 1 so by the geometric

series we have
> poo(2n) £ ) 2A(4pg)" < o

n>ngp n>ngp

So the asymmetric random walk is transient.

4.3 Two-dimensional proof

Now, let us consider the simple random walk on Z2. For each point (x, y) € 7?2, we will project this
coordinate onto the lines y = x and y = —x. In particular, we define

_[(x+y x-y
f“"”‘(ﬁ’ ﬁ)
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If X,, is the simple random walk on 7?2, we consider f(X,,) = (X;}, X;,).
1

Lemma. (X;5),(X;) are independent simple random walks on ﬁZ'

Proof. We can write X, as
n
Xn = Z &
i=1

where ; are independent and identically distributed by

P =1,0) =P =(-1,0) =P =0,1)=PE=0,-1)=;

and we write & = (£}, £7). We can then see that

R TR e 5
Xn—g 7 Xn ; 7

We can check that (X;}), (X;;) are simple random walks on LZZ. It now suffices to prove the inde-

pendence property. Note that it suffices to show that &} + &2 and £} — &7 are independent, since the
X;F, X;, are sums of independent and identically distributed copies of these random variables. We
can simply enumerate all possible values of £}, &7 and the result follows. O

We know that pyo(n) = 0 if n is odd. We want to find pyo(2n) = Py (X,, =0). Note, X,, = 0 <
Xt = X;; = 0. Using the lemma above,

_ _ A A
PO(XZn =0)=P0(X2— =0,X5 =0)=P0(X; =0)[FDO(Xn =0)N =
Vayn o n
Hence,
AZ
D P =0)> ) =5, =%

nZnO nZno

which gives recurrence as required.

4.4 Three-dimensional proof

Consider d = 3. Again, pgo(n) = 0 if n odd. In order to return to zero after 2n steps, we must make
i steps both up and down, j steps north and south, and k steps east and west, with i + j + k = n.
There are ( ) .zr_’k k) ways of choosing which steps in each direction we take. Each combination has

i,i,j,J,k,

1 2n
probability (g) of happening. Hence,

Poo(2n) = 2 (i, i, sz k, k)(%)zn - (2:11)(%)2”

i,j,k>0,i+j+k=n

2

n 1 2n
i,j.k (5)

i,j,k=0,i+j+k=n (

20



The sum on the right hand side is the total probability of the number of ways of placing n balls in
three boxes uniformly at random, so equals one. Suppose n = 3m. Then we can show that ( ',1k) <

(o -
o> (2)4) )

m,m,m
Applying Stirling’s formula again, we have

LJ,

n

A
Poo(6m) ~ Py
It is sufficient to consider n = 3m:
1 1
DPoo(6m) > @Poo(w’l —2);  Ppoo(6m) > @Poo(Gm -4)

Hence

Z Poo(n) < o0

So the Markov chain is transient.

5 Invariant distributions

5.1 Invariant distributions
Let I be a countable set. (4;) is a probability distribution if ; > 0 and };, 4; = 1.

Example. Consider a Markov chain with two elements, and P(1,1) = P(1,2) = P(2,1) = P(2,2) =
Asn — oo, it is easy to see here that both states should be equally likely to occur. In fact, p;;(n)
P12(n) = pu(n) = ppn) = % In this case, the row vector (i, %) is an equilibrium probability
distribution.

| o1~

In general, we want to find a distribution 7 such that if X, ~ 7, we have X,, ~ 7 for all n. Suppose
Xy ~ 7. Then,

PG =))=),PX,=iX =))
iel
=2 P& =j1X=DP X =1)
iel
= > ()P, j)
iel

Since we want X; ~ 7, we must have 7(j) = Y. _, w(i)P(i, j) for all j. In matrix form, 7 = zP.

iel
Definition. An invariant (or equilibrium, or stationary) distribution for P is a probability
distribution 7 such that = = 7P.

Theorem. Let 7 be invariant. Then, if X, ~ 7, for all n we have X,, ~ 7.

Proof. If X, ~ 7, then X, ~ 7P" = 7. O
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Theorem. Suppose [ is finite, and there exists i € I such that p;;j(n) — 7; asn — oo for all
Jj- Then 7 = (7;) is an invariant distribution.

Proof. First, we check that the sum of 7T is one. Since I is finite, we can interchange the sum and
limit.

Zﬂ'j = Z lim pl](l’l) = lim Z plj(n) =liml=1

jeI jer"—ee n=eoer n=co

So 7; is a probability distribution. We now must show 7 = 7P.

;= lim p;(n) = im Y py(n— DP(k, j) = Y lim py(n— DP(k, j) = Y. mcP(k, j)
n—=oo n—=co kel kel n—=oo kel

as required. O

Remark. If I is infinite, the theorem does not necessarily hold. For example, let I = Z, X be a simple
symmetric random walk. We know that pyo(n) ~ % and pyx(n) > 0asn — oo forall x € Z. So
n

zero is given by the limit but this is not a distribution.

5.2 Conditions for unique invariant distribution

In this section, we restrict our analysis to irreducible chains. If P is finite and irreducible, then 1 is
an eigenvalue, since P is stochastic. The corresponding right eigenvector is (1, ..., 1)T. We know that
1 is an eigenvalue of PT, so PT has a right eigenvector corresponding to the eigenvalue of 1, which
can be transposed to find a left eigenvector for P. It is possible to show using the Perron-Frobenius
theorem that the eigenvector has non-negative components since P is irreducible. Since I is finite,
we can normalise the left eigenvector such that its components sum to 1, giving an invariant distri-
bution.

Definition. Let k € I. Recall that T} is the first return time to k. For every i € I, we define

Ty—1
(D) = rEk[ DX, = i)l

n=0

which is the expected number of times that we hit i while on an excursion from k (returning
back to k).

Theorem. If P is irreducible and recurrent, then v is an invariant measure: v, = v P.
Further, v, satisfies v, (k) = 1 and in general v, (i) € (0, o) for all i.

Proof. 1t is clear from the definition that v, (k) = 1, since we must hit k exactly once on the outset,
and we do not count the return. We will now prove that v, = v, P. T < oo with probability 1 by
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recurrence, and XTk = k. Then,

Vi) = Ee | D) 1(X, =i)l

I
Ms

Ex [1(Xp = 1, Ty 2 n)]

n=1

8

D P (X =1, Ty 2 n)

n=1

Zpk(x =1,X_1 =j, T > n)
E

||M8 ||M8

lek(X =il X1 = Te 2P Xy = J, T 2 1)
jeI

T, is a stopping time, so the event {T}, > n} = {T}, < n — 1}° depends only on values we already know
or don’t care about. Hence, we can remove it.

= D PkXy =1 Xy = )P Xy = ju T 2 1)
n=1 jel

Z 2 PUDP Xy = . T 2 1)

=1jel

=3, Z P(j, )Py Xy = J, Tic > 1)

Jeln=

=> Z P(j,DP (Xp = j, T 2 n+1)

jel

Ty—1
= P(j,i)E, [ > 1X, = j)l
JeI

n=0
= > P(j, vi())
JEI
Hence v, = v, P. We must show v, > 0. P is irreducible, hence there exists n such that p,;(n) > 0.
Then
Vi) = 2 (P, 1) = vi(k)pri(n) > 0
JjeI

To show v, < o0, let m such that p;(m) > 0.

1= vi(k) = X, vi(DP™(, k) 2 vi(DP™(i, k) = vie(D) <

1
—— <™
= pPm(i, k)
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5.3 Uniqueness of invariant distributions

Theorem. Let P be irreducible. Let A be an invariant measure (1 = AP) with 4;, = 1. Then
A > vi. If Pis recurrent, then 4 = v.

Proof. Let A be an invariant measure with A4, = 1. Then,
A =) A5 P(ji, )
J1

=P(k,i)+ Y, A;,P(jy,i)

J1#k
=P(k,i)+ Y P(k, j)P(ji. D)+ Y, P(jz j1)P(j1, DA},
J17k J1.j2#k
=P(k,i)+ Y P(k, j1)P(ji, 1) + ...
J1#k
+ D Pk ju)PUno1s jn2) - PG jOPGID + D5 Pl dne1) - P(ins DA;,
jlr“j}’t—l#k jlv--vjn?ék

>0
ZPk(Xl=i,TkZ1)+U:Dk(X2=i,Tk22)+"‘+Pk(Xn=i,Tan)

n
> > P (X, =i, Ty > n)
i=1

- V()

as n — oo. Now, suppose P is recurrent, so v is invariant. We define 4 = 4 — v;. Then u > 0 is an
invariant measure satisfying ;, = 0. We need to show y; = 0 for all i. By invariance, for all n,

i = D 4P (j k)
j

By irreducibility, we can choose n such that P"(i, k) > 0.
M = P ku; = u; =0
O

Remark. In the irreducible and recurrent case, all invariant measures are equal up to a scaling factor.

Let k be fixed. Then, v is invariant, and unique in the above sense. If Zi v (i) is finite, we can
take .
Vi (i)

- Zj Vk(j)
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which is an invariant distribution. The sum as required is

Ty —1
PRNOEDN = [ D 1X, = i)l

iel iel n=0

= Ex [TEIZ 1(X, = i)l

n=0 iel
Tyx—1

o[t

n=0

= Ex [Ti]

So we require that the expectation of the first return time is finite. If Ey [ T} ] is finite, we can normalise
v} into a (unique) invariant distribution.

5.4 Positive and null recurrence

Definition. Let k € I be a recurrent state (so Py (T < o0) = 1). k is positive recurrent if
Ex [Tx] < 0. k is called null recurrent otherwise; so if Ey [Tj] = oo.

Theorem. Let P be irreducible. Then the following are equivalent.
(i) every state is positive recurrent;
(ii) some state is positive recurrent;
(iii) P has an invariant distribution 7.
If any of these conditions hold, we have

for all i.

Proof. First, (i) clearly implies (ii). We now show (ii) implies (iii). Let k be the a positive recurrent
state, and consider v. Since k is recurrent, we know that vy, is an invariant measure. Then,

2. vk(®) = E¢[Ti] < oo
iel
since k is positive recurrent. If we define

Vi (i)

7T.
" Ek[Ti]
we have that 7 is an invariant distribution.

Now we show that (iii) implies (i). Let k be a state, which we will prove is positive recurrent. First,
we show that ;. > 0. There exists i such that 7z; > 0, and we will choose n such that P"*(i, k) > 0 by
irreducibility. Then,
T = Y, mP(j, k) > 7P"(i, k) > 0
J
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T

Now, we define 4; = . This is an invariant measure with 4; = 1. So from the above theorem,

Tk
A > vi.. Now, since 7 is a distribution,

T 1 1
E. [T ] = (i) < A= - = T = —
AT = T s Dh=3 = = Fm =
Hence Ej [T} ] < o0, S0 k is positive recurrent.
For the last part, we know that P is recurrent and 4; = Zi js an invariant measure with A = 1. From
Tk

the previous theorem, 4; = v,(i). Hence, 2t = v,(i). Taking the sum over all i,
Tk

1
™ Ex [Ti]

which proves the last part. O

Corollary. If P is irreducible and 7 is an invariant distribution, then for all x, y, the expected
number of visits to y starting from x is given by

w(y) = Z(_())g

Example. Consider the simple symmetric random walk on Z. We have proven that this is recurrent.
Suppose 7 is an invariant measure. So 77 = 7P, giving

1
T = 51 ¥ 5 ig

So 7r; = 11is an invariant measure. So all invariant measures are multiples of this. But since this is
not normalisable, there exists no invariant distribution. So this walk is null recurrent.

Remark. IfI is finite, we can always normalise the distribution, since we have only a finite sum.

Remark. Consider a simple random walk on Z3. This is transient. However, A =1foralli € 73,
this is clearly an invariant measure, so existence of an invariant measure does not imply recurrence.

Example. Consider a random walk on Z with transition probabilities P(i,i + 1) = p,P(i,i — 1) = q
such that1 > p > g > 0 and p + q = 1. This random walk is transient. Suppose there is an invariant
distribution 7, so 7# = 7P. Then

Ty =7i1q+ i1 D

Solving the recursion gives
i
Ti=a+ b<l—))
q
This is not unique up to a multiplicative constant, due to the constant a.

Example. Consider a random walk on Z* with transition probabilities P(i,i + 1) = p,P(i,i — 1) =
q,P(0,0) = g, and p < g so there is a drift towards zero. We can check that this is recurrent. We will
look for a solution to = = 7zP.

o =qmo +qmy; T = P + Q7
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Solving this system yields

i
=2ns n=(2)

This is unique up to a multiplicative constant. Since p < g, we can normalise this to reach an
invariant distribution. Let 7y = 1 — 2 Then,
q

Hence the walk is positive recurrent.
5.5 Time reversibility

Theorem. Let P be irreducible, and 7 be an invariant distribution. Let N € N and let Y,, =
Xn_n for0 <n < N.IfX, ~ 7, then (Y,)o<n<n is @ Markov chain with transition matrix

P(x,y) = %P(y, x)

and has invariant distribution 7, so 7P = 7. Further, P is also irreducible.

Proof. First, note that P is stochastic. Since 7 = 7P,

5 P(y,x)  m(x)
Poe,y) =2 = =1
2P0 =2,

r(x)  m(x)

Now we show Y is a Markov chain.

P(Yo=Y0-»YN=YN) =P Xy =Y0,--s X0 = Yn)
7(YN)PYNsYN-1) --- P(V1, Y0)
= P(yn_1,yN)T(YN_1)PN-1,YN_2) --- P(1. Y0)

= ”(yo)p()’o,yl) . PyN_1,YN)

Hence Y ~ Markov (7, P). Now, we must show 7z = 7P.

P(y, x)7(y)
7(x)

2, A(0P(x, y) = Y 7(x)

X X

= 7(y) ), P, x) = 7()

Hence 7 is invariant for P. Now we show P is irreducible. Let x,y € I. Then there exists x =
Xg, X1, ... » X} = y such that
P(xg,x1) ... P(Xg_1, %) >0
Hence
P(xj_1, xi)
7(xy)
So P is irreducible. O

P(xy, Xi—1) ... P(x1, x0) = m(x0)P(xg, X1) ... >0
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Definition. A Markov chain X with transition matrix P and invariant distribution 7 is called
reversible or time reversible if P = P. Equivalently, for all x, y,

7(x)P(x,y) = 7(y)P(y, X)

These equations are called the detailed balance equations. Equivalently, X is reversible if, for
any fixed N € N, X, ~ 7 implies

d
(Xo, ’XN) - (XN’ ,Xo)

which means that they are equal in distribution.

Remark. Intuitively, X is reversible if, starting from 7, we cannot tell if we are watching X evolve
forwards in time or backwards in time.

Lemma. Let P be a transition matrix, and u a distribution satisfying the detailed balance
equations.

u(x)P(x,y) = u(y)P(y, x)

Then y is invariant for P.

Proof.
D HOP(x,y) = Y u()PY, x) = u(y)

O

Remark. If we can find a solution to the detailed balance equations which is a distribution, it must
be an invariant distribution. It is simpler to solve this set of equations than to solve 7 = zP. If there
is no solution to the detailed balance equations, then even if there exists an invariant distribution,
the Markov chain is not reversible.

Example. Consider a random walk on the integers modulo n, with P(i,i+1) = g and P(i,i—1) = i

We can check 7r; = - is an invariant distribution. This does not satisfy the detailed balance equations.
n
Hence the Markov chain is not reversible.

Example. Consider a random walk on {0, ...,n — 1} with P(i,i+1) = g, P(i,i—1) = i and P(0,0) =
i, Pn—-1,n—-1)= 2. Thisis an ‘opened up’ version of the previous example; the circle is ‘cut’ open
into a line at zero. The detailed balance equations give

7iP(i,i+ 1) = ;PG + 1,i) = m; = k2!

We can normalise this by setting k such that 7 is a distribution. Hence the chain is reversible.
Example. Consider a random walk on a graph. Let G = (V, E) be a finite connected graph, where

V is a set of vertices and E is a set of edges. The simple random walk on G has the transition matrix

1
— (x,y) EE
Plry) =i Y

0 (x,y) ¢ E
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where d(x) = Zy 1((x,y) € E) is the degree of x. The detailed balance equations give, for (x,y) € E,

n(x) _ 7(y)
(x)P(x,y) = n(y)P(y,x) = =
(OP0y) = TIPGX) = Ze5 =708
Let 7(x) « d(x). Then this is an invariant distribution with normalising constant 5 ;(y) = ﬁ
y

the simple random walk on a finite connected graph is always reversible.
5.6 Aperiodicity

Definition. Let P be a transition matrix. For all i, we write
d; =ged{n >1: P"(i,i) > 0}

This is called the period of i. If d; = 1, we say that i is aperiodic.

Lemma. d; = 1 if and only if P"(i,i) > 0 for all n sufficiently large. More rigorously, there
exists n, € N such that for all n > ny, P"(i,i) > 0.

Proof. First, if P"(i,i) > 0 for all n sufficiently large, the greatest common divisor of all sufficiently
large numbers is one so this direction is trivial. Conversely, let

D@i)={n>1: P"(i,i) > 0}
Observe that if a, b € D(i) then a + b € D(i).

We claim that D(i) contains two consecutive integers. Suppose that it does not, so for all a, b € D(i)
we must have |a — b| > 1. Let r be the minimal distance between two integers in D(i), so r > 2. Let
n, m be numbers in D(i) separated by r, so n = m + r. Then we can show there exists k € D(i) which
can be written as €r+swith 0 < s < r. Indeed, if there were not such a k, we would have d; = 1, since
all elements would be multiples of r. Now, leta = (¢ + 1)nand b = (¢ + 1)m + k. Then a, b € D(i),
and a — b = r —s < r. This is a contradiction, since we have found two points in D(i) with a distance
smaller than the minimal distance.

Now, let ny, n; + 1 be elements of D(i). Then
{xn; +y(n; +1): x,y € N} C D(i)

It is then easy to check that D(i) 2 {n: n > n}}. O
Lemma. Suppose P is irreducible and i is aperiodic. Then for all j € I, j is aperiodic. Hence,
aperiodicity is a class property.

Proof. There exist n, m such that P"(i, j) > 0, P™(i, j) > 0. Hence,

PrMEN(f, j) 2 P"(j, P (1, DP"(i, )

The first and last terms are positive, and the middle term is positive for sufficiently large r. O
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5.7 Positive recurrent limiting behaviour

Theorem. Let P be irreducible and aperiodic with invariant distribution 7, and further let
X ~ Markov(4,P). Then forally € I, P(X,, =y) — 7, asn — oo. Taking 4 = &, we get
Pxy(n) = m(y) asn — co.

Proof. This proof will use the idea of ‘coupling’ of Markov chains. Let Y ~ Markov (7, P) be inde-
pendent of X. Consider the pair ((X,, Y;,)),>0- This is a Markov chain on the state space I X I, because
X and Y are independent. The initial distribution is A X 7. We have P ((X,, Yy) = (x,¥)) = A(x)7(y)
and transition matrix P given by

P((x,y), (x', ") = P(x,x")P(y,)")

This product chain has invariant distribution 7 given by

(x,y) = n(x)n(y)
Letael,andlet T =infn > 1: (X,,Y,) = (a, a) be the hitting time of (a, a).

First, we want to show that P (T < co0) = 1. We show that P is irreducible. Let (x,y), (x',y") € I x I.
By irreducibility of P, there exist €, m such that P¢(x, x’) > 0 and P™(y,y’) > 0. Now,

13'€+m+n((x, y)’ (X’, y/)) — P€+m+n(x’ xl)P€+m+n(y’ y/)

Note that
P€+m+n(x’ x/) > P€(x’ X')Pm+”(x/, x/)

By taking n large, by aperiodicity the product is positive. Therefore, for sufficiently large n, P"(x, x") >
0. So P is irreducible, and there exists an invariant distribution 7. Hence P is positive recurrent. So
P(T < o0) =1.

Now, we define
X, n<T
Z, =
Y, n>T

We wish to show Z = (Z,)n > 0 has the same distribution as X, that is, Z ~ Markov (4, P). Now,
P(Zy=x)=P(X, =x)=Ax)

so the initial distribution is the same. Now, we will check that Z evolves with transition matrix P. Let
A={Z,_1=2y_1,....Zy = 2zp}. Weneed toshowP(Z,,, =y | Z, = x,A) = P(x,y).

|]:D(Zn+l =yl|Z, ZX’A)ZP(ZVHI =y,T>n|Zn=x,A)
+P(Zpp=y.T<n|Z,=xA)
=PXp1=y1T>n2Z,=x,A)P(T>n|Z,=x,A)
+PY,+1=y|T<nZ,=x,A)P(T <n|Z,=x,A)
Now,
PXpy1=y1T>n2z, =x,A)
=Y PXp1 =y T>n2Z,=xY,=2,A)P(Y,=z|T>nZ—n=xA)
z
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Note, {T > n} depends only on (X,, Yp), ... , (X}, Y;,) since it is the complement of {T < n}, so it is a
stopping time. Hence,

PXpp1 =y | T>nZ,=x,A) =) P(x,y)P(Y,=z|T>nZ-n=xA)=P(x,y)
z
Similarly,

PYps1=yI|T>n2,=xA)=Px,y)

Hence,

P(Zum=y|Z,=x,A)=Px,y)P(T>n|Z,=x,A)+Px,y)P(T<n|Z, =x,A)
=P, P(T>n|Z,=x,A)+P(T<n|Z,=xA)]
= P(x,y)

as required. Hence Z ~ Markov (4, P). Thus,

IP X, =y) -7 = |P(Z, =y) - P (¥, =)
=PX,=y,n<T)+PY,=y,n>T)
-Y,=yn<T-P,=y,n>T)|
=PX,=y,n<T)—P(,=y,n<T)|
<P(n<T)

As n — oo, this upper bound becomes zero, since P (T < o) = 1. O
5.8 Null recurrent limiting behaviour

Theorem. Let P be irreducible, aperiodic, and null recurrent. Then, for all x, y,

lim P"(x,y) =0

n—oo

Proof. Let P((x,y),(x',y")) = f(x, x")P(y,y") as before. We have shown previously that P is also
irreducible. Suppose first that P is transient. Then,

2Py (6, 3)) < o0

This sum is equal to

D (P (x,y))* < oo

Hence,
P*(x,y) >0

Now, conversely suppose that Pis recurrent. Let y € I. Define as before

Ty—1
vy(x) = E, Z;) 1(X; = x)l
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This measure is invariant for P since P is recurrent. Since P is null recurrent in particular, Ey [Ty] =
o0. Hence,

T,-1
v, (D) = ZIVy(x) =E, l ZE) 1] =E,[T,] =

Because v,(I) is infinite, for all M > 0 there exists a finite set A C I with v,,(A) > M. Now, we define
a probability measure
vy(2)

vy(A)

u(z) = 1(z€A)

Now, forall z € I,

LP(z) = Z L(X)P"(x, 7) = Z 7y( o A)l(z € AP(x,2) < ﬁ > v, ()P (x, 2)
y bY

Since Vy is invariant,
vy(2)

HPE) < 5D = 55

Let (X,Y) be a Markov chain with matrix P, started according to u X &, so
PXo =2, Y = w) = u(2)5x(w)

Now, let
T=inf{n>1: (X,,Y,) = (x,x)}

Since P is recurrent, T is finite with probability 1. Let

X, n<T
Z, =
Y, n>T

We have already proven that Z is a Markov chain with transition matrix P, started according to u; it
has the same distribution as X. Hence,

v 1

P =) =P 0) < s =

Note,
Pr(Yo =) <Py (Ya=y,n2T)+P(T>n) =Py (Z,=y)+Px (T >n)
Hence, 1 )
i = < — = —
llﬂs;}p P, (Y, =y) < i +0 i
Since this is true for all M, P"(x,y) - 0 as n — oo. O
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