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1 Differential geometry of curves

1.1 Notation

Throughout this course, a column vector e.g.

should be interpreted as the vector
X = ae, + be), + xe,

where {e,, ey, e,} are the basis vectors aligned with the fixed Cartesian X, y, z axes in R3. We will
be dealing with various kinds of basis vectors through the course, so it is useful to define now that
column vectors written as above always represent the standard basis.

1.2 Parametrised curves and smoothness

A parametrised curve C in R3 is the image of a continuous map x : [a,b] — R3, in which ¢t — x(t).

In Cartesian coordinates,
x1(2) x(t)
- (28)- ()
x3(1) z(t)

The resultant curve has a direction, from x(a) to x(b).

Definition. We say that C is a differentiable curve if each of the components {x;(¢)} are dif-
ferentiable functions. C is regular if it is differentiable and |x'(¢)| # 0. If C is differentiable
and regular, we say that C is smooth.

Note. We need this regularity condition because it is quite easy to create ‘bad curves’ with cusps and
spikes using only differentiable functions, for example

x(t) = (14, 1)

The components are clearly differentiable, but x(¢) has a cusp at t = 0. At this point, |[x'(0)| = 0.

Definition. Recall that x;(t) is called ‘differentiable’ at ¢ if
xi(t + h) = x;(t) + xj(t)h + o(h)
where o(h) represents a function that obeys

. oth) _
i = =0

In terms of vectors,
x(t + h) = x(t) + X' (t)h + o(h)



where here o(h) is a vector for which

. Jo(h)| _
A == =1

1.3 Arclength

We can approximate the length of a curve C by splitting it into small straight lines and summing the
lengths of such lines. We will introduce a partition P of [a, b] with ¢, = a,ty = b and

o<t <t <. <ty

Let us now set At; = t;,1 — t; and At = max; At;. The length of the curve relative to P is defined

as
N-1

€(C,P) = . [x(tiy1) — x(1;)]

i=0

As At gets smaller, we would expect ¢(C, P) to give a better approximation to the true length of C,
which we will call £(C). Therefore we can define the length of C by

N-1
2(C)= 1 tiz1) —x(t;)| = lim €(C,P
(€)= lim 1;) [%(tis1) —x(t)| = lim 6(C, P)
Ifthis limit doesn’t exist, we say that the curve is non-rectifiable. Suppose C is differentiable. Then

X(tip1) = X(t; + b — 1)
= X(ti + Ati)
= X(ti) + X,(ti)Ati + O(Atl)

It follows then that
[x(ti41) — %(t;)] = [X'(t;)|AL; + o(At;)
So if C is differentiable,
N-1
é(C,P) = 1i "(t;)|At; At;
(€)= Jim, 3% (eIt + oAt)

Recall that this o(At;) term represents a function for which o(At;)/At; — 0. So for any ¢ > 0, if

At = max; At; is sufficiently small, we have |o(At;)| < biAti, fori =0,...,N—1. So by the Triangle
—a

Inequality, choosing At sufficiently small,

N-1 N-1 . N-1
€(C,P)— D) X (t)IAL] = | D) o(Ar)| < e D At =«
— — —a &
i=0 i=0 i=0

b—a



So the left hand side tends to zero as At — 0. We then get
= li ,P
#0) = fim, #C.P)

N-1

= lim "(t;)|At;
m 3% I @la

b
- f X (0] dt

according to Analysis I, and the definition of the Riemann Integral. So in summary, if C: [a,b] 3
t — x(t), then

b
o(C) = / X' (¢)] dt

:fds
c

where ds is the ‘arc length element’, i.e. ds = |x'(¢)| dt. Similarly, we define

b
f G ds = f FG() [K(D)] de
C a

If C is made up of M smooth curves Cj, ..., Cys, we say that C is ‘piecewise smooth’. We write C =
C, + -+ + Cyy and define

f f(x)ds_z f(x)ds

Now note (informally) that

o5 = peonae [ (&) (L) + (&)

ds® = dx” + dy2 +dz°

i.e. (now very informally)

which is Pythagoras’ Theorem.

Example. Let C be the circle of radius r > 0 in R3

rcost
x(t)=|rsint|; te]0,2n]
0

—rsint
x'(t) =| rcost
0

2 2 2
/ ds = / Ix'(0)]dt = f \/r2 sin®t + r2 cos? ¢ dt = / rdt = 27r
c 0 0

0

So

Therefore




Also, for example,

27 2
f x2yds = f (rcost)?(rsin t)\/r2 sin® t + r2 cos? ¢ dt = f r3cos?tsintdt =0
c 0 0

1.4 Choice of parametrisation of curves

Does ¢(C) depend on the choice of parametrisation of x(¢)? For example,
rcost
x(t)=|rsint|; te]0,2n]
0

and

rcos 2t
X(t)=|rsin2t]; tel0,x]
0

both give rise to a circle, but have different forms. Suppose that C has two different parametrisa-
tions,
x=x(); a<t<b

x=X(1); a<7<p

There must be some relationship x,(t) = x;(¢(7)) for some function ¢(7), since they represent the

same curve. We can assume a # 0, so the map between t and 7 is invertible and differentiable (see
T

IB Analysis and Topology). Note that

%(0) = +-%(0)
= Zx,t)

By the Chain Rule,

= %)

And now from the above definitions,

b
ff(X)ds=f Fea () %) (6)] de
C a

Making the substitution ¢ = ¢(7), and assuming Z—t > 0, the latter integral becomes
T

8 dt 8
[ ey ) frar = [ ea k@) ar
“ x5 ()| dz “

which is precisely the same as [, f(x) ds using the x,(7) parametrisation. When ? < 0, you get
T

the same result. So the definition of /. f(x)ds does not depend on the choice of parametrisation of
C.



1.5 Parametrisation according to arc length

We know that for any curve C there exist multiple unique parametrisations. We will define the arc-
length function for a curve [a, b] 2 t — x(t) by

t
s(t) = f X' (7)| dr

So s(a) = 0, s(b) = £(C). Using the Fundamental Theorem of Calculus, we have
s'(t) = [x'()] 20

For regular curves, we have that
s'(t)>0

So we can invert the relationship between s and ¢; i.e. we can find ¢ as a function of s. Hence, we can
parametrise curves with respect to arc length. If we write

x(s) = x(1(s))
where 0 < s < ¢(C), then by the chain rule we have

dt 1 1

ds ~ T ()
dt

So
x'(¢(s))
X’ (¢(s)]

In other words, r'(s) is a unit vector tangential to the curve. This (consistently) gives

£(C) o(C)
£(C) :f |r’(s)|ds:f ds
0 0

F(S) = Sox(1() = X (1(s) =

as previously found above.

1.6 Curvature

Throughout this section, we will be talking about a generic regular curve C, parametrised with respect
to arc length, where a position vector on C is given by r(s). We will define the tangent vector

t(s) =r'(s)

We already know that |t(s)| = 1. Therefore the only part of t that changes with respect to s is its
direction. So t'(s) = r”(s) only measures the change in the direction of the tangent as we move along
the curve. So intuitively, if [r”(s)| is large then the curve is rapidly changing direction. If [r"(s)| is
small, the curve is approximately flat; there is little change in direction. Using this intuition, we will
define curvature as

x(s) = [r"(s)] = |t'(s)]

In other words x is the magnitude of the acceleration a particle experiences while moving along the
curve at unit speed.



1.7 Torsion

Since t = r'(s) is a unit vector, differentiating t - t = 1 gives t - t' = 0. We will define the principal
normal n by the formula
t' =xn
Note that n is everywhere normal to the curve C, since it is always perpendicular to the tangent vector
t, since t - n = 0. We can extend the vectors {t, n} into an orthonormal basis by computing the cross
product:
b=txn

We call b the binormal. It is a unit vector, since it is the cross product of two orthogonal unit vectors
in R3. We also have thatb - b’ = 0; also since t - b = 0 and n - b = 0, we must have

0=(t-b) =t -b+t-b'=xn-b+t-b =t-b’

So b’ is orthogonal to both t and b, i.e. it is parallel to n. We will define the torsion 7 of a curve

by
b’ =—-mn

A physical interpretation of torsion is a kind of ‘corkscrew’ rotation in three dimensions.

Proposition (Fundamental Theorem of Differential Geometry of Curves). The curvature
x(s) and torsion 7(s) uniquely define a curve in R3, up to translation and orientation.

Proof. Sincen = b Xxt,wehavet’ = k(b xt) and b’ = —z(b x t). This gives six equations (written in
component form) for six unknowns. Given x(s) and 7(s), and given t(0) and b(0), we can construct
the functions t(s), b(s), n(s) = b(s) X t(s). O

1.8 Radius of curvature

A generic curve s — r(s) can be Taylor expanded around s = 0. Writing t = t(0), n = n(0) and so on,
we have

1

r(s) =r+sr' + Eszr" + o(s?)
1

=r+st+ Eszxn + 0(s?)

What circle that touches the curve at s = 0 would be the best approximation for the curve at this
point? Since the circle touches the curve, we know the position vectors (of the curve and the circle)
match, and their first derivatives match. So we want to unify the second derivatives. The equation
of such a circle of radius R is

x(6) =1+ R(1 — cosO)n + R(sin O)t
Expanding this for small 6 gives
X(6) = r + ROt + ZR6%n + 0(6?)
But the arc length on a circle is simply R6. So in terms of arc length,

1,1
x(0) =r+st+ iszin + o(s?)



Hence by comparing coefficients,

We name this R(s) the radius of curvature.

1.9 Gaussian curvature (non-examinable)

This subsection is non-examinable. How can we find the curvature of a surface? At any point r on a
surface, we have a normal vector n. We can construct a plane containing this normal; such a plane
will then intersect the surface near r. This intersection is a curve C, which has a curvature x. The
choice of plane is arbitrary, however. To unify all of these different possible results for x, we can
compute the Gaussian curvature xg by

XG = Kmin¥max

« The Gaussian curvature of a flat plane is zero, since the minimum and maximum curvatures
are both zero.

« On any point on a sphere of radius R, the Gaussian curvature is = Since any plane containing

. . . 1
the normal produces a great circle of radius R, i.e. of curvature -.
K

Theorem (Gauss’s Remarkable Theorem). The Gaussian curvature of a surface S is invariant
under local isometries; i.e. if you bend the surface without stretching it.

2 Coordinates, differentials and gradients

2.1 Differentials and first order changes

Recall that for a function f(uy, ..., u,), we define the differential of f, written df, by

_9f
df = a—ul dui

noting that the summation convention applies. The du; are called differential forms, which can be
thought of as linearly independent objects (if the coordinates u, ... , u, are independent), i.e. o; du; =
0 = o; = Ofor all i. Similarly, if we have a vector x(uy, ..., u,), we define

dx = a—ul dui

As an example, let f(u, v, w) = u? + wsin(v). Then
df = 2udu + wcos(v) dv + sin(v) dw
Similarly, given

x(u,v,w) = w

10



we can compute

2u —2v 0
dx=[ 0 |Jdu+| 0 |dv+[1]|dw
0 ev 0

Differentials encode information about how a function (or vector field) changes when we change the
coordinates by a small amount. By calculus,

fu+duy,...,u, +ou,) — f(uy, ..., u,) = %&ti + o(éu)
i

So if 6 f denotes the change in f(u,, ..., u,) under this small change in coordinates, we have, to first
order,
af

5f ~ a—uiéui

The analogous result holds for vector fields:

2.2 Coordinates and line elements in R?

We can create multiple different consistent coordinate systems by defining a relationship between
them. For example, polar coordinates (r, 0) and Cartesian coordinates (x, y) can be related by

x=rcosf; y=rsinf

Even though this relationship is not bijective (there are multiple polar coordinates mapping to the
origin), it’s still a useful coordinate system because the vast majority of points work well. Even co-
ordinate systems with a countable amount of badly-behaved points are still useful.

A general set of coordinates (u, v) on R? can be specified by their relationship to the standard Cartesian
coordinates (x, y). We must specify smooth, invertible functions x(u, v), y(u, v). We would also like to
have a small change in one coordinate system to be equivalent to a small change in the other coordin-
ate system (i.e. the inverse is also smooth). The same principle applies in R? for three coordinates,
for example.

Consider the standard Cartesian coordinates in R2.
X
x(x,y) = (y) = xey +ye,

Note that {e,, e, } are orthonormal, and point in the same direction regardless of the value of x: e,
points in the direction of changing x with y held constant, for example. Equivalently,

.. {—xx(x,y) . %X(XJ)
(aX(x, »)| '%X(x,y)|
Note that ix ix
dx = 5dx+ Edy =dxe, +dye,

11



In other words, when applying the change in coordinate x — x + &x, the vector changes (to first
order) to x — X + dxe,. In fact, in the case of Cartesian coordinates, this change is precisely correct
for any size of §, since the coordinate basis vectors are the same everywhere. We call dx the line
element; it tells us how small changes in coordinates produce changes in position vectors.

Now, let us consider polar coordinates in two-dimensional space. We can use the same idea as before,
giving

€r

%X(" ,0) (cos 6) ;—ex(r, 6) (— sin 6)

e “\sing)’ %07 |3 | coso
|5X(r, 9)| (£X(r, 6))
Therefore, we have
rcosf
x(r,6) = (r sin 9) =rer

Note that {e,, eg} are also orthonormal at each (r, 8), but their exact values are not the same every-
where. Since the basis vectors are orthogonal, we can call r and 6 orthogonal curvilinear coordinates.
Also, we can compute the line element dx as

ox ox cos 6 —rsin @
dx = Wd”%de‘ <sin6)dr+<rcose>de_dr e, +rdob eg

We see that a change in 6 produces (up to first order) a change x — x+r 86 eg, a change proportional
to r. So a small change in 6 could cause quite a large change in Cartesian coordinates.

2.3 Orthogonal curvilinear coordinates

We say that (u, v, w) are a set of orthogonal curvilinear coordinates if the vectors

ox ox ox

_ Ou . _ Ov . _ Oow
e”_|6x’ € = Toxr Cw = Tox
ou o ow

form a right-handed, orthonormal basis for each (u, v, w); but not necessarily the same basis over the
entire vector field. It is standard to write

_lox

h= |5

ox ox
O
We call hy,, h,, h,, the scale factors. Note that the line element is

ox ox ox
dx-adu+%dv+%dw

= hye, du+ hy,e,dv + he, dw

So the scale factors show how first-order changes in the coordinates are scaled into changes in x.

2.4 Cylindrical polar coordinates

We define (p, ¢, z) by
pcos¢
x(p,$,2z) = | psing
z

12



where 0 < p;0 < ¢ < 27m;z € R. So we can find

cos ¢ —sin¢ 0
ep=<sin¢); e¢=<cos¢); ez=<0)
0 0 1

hp=1; h¢=p; h,=1

The scale factors are

The line element is
dx=dpe,+pdpes;+dze,

cos ¢ 0
x=p|sing |+z|0)=pe, +ze,
0 1

2.5 Spherical polar coordinates

We define (7, 6, ¢) by

Note that

rcos¢sin @
x(r,0,¢) = | rsin¢gsin @

rcos @

where 0 <r;0 <6 < ;0 < ¢ < 27. So we can find
cos ¢ sin 6 cos ¢ cos B —sin¢
e, =|singsin® |; ey =|singcosd|; ey=| cos¢
cos 6 —sin 6 0

The scale factors are
h,=1;, hg=r; h¢ =rsin6

The line element is
dx=dr e, +rdf eg +rsinfde ey

cos¢psin @
x=r|sin¢gsinb | =re,

cos6

Note that

2.6 Gradient operator

For f: R3 — R, we define the gradient of f, written V£, by

f&+h)=fx) + Vf(x) -h+oth)

()

as |h| — 0. The directional derivative of f in the direction v, denoted by D, f or i—f, is defined
A%

by

-

Alternatively,
f&x+tv) = f(x) + tD, f(x) + o(t)

13

()



ast — 0. Setting h = tvin (x), we have
f&E+tv) = f(x)+tVfF(X)-v+o(t)
This gives another way to interpret the gradient of f. Comparing this result to (), we see that
Dyf =v-Vf

By the Cauchy-Schwarz inequality, the dot product is maximised when the two vectors are parallel.
Hence, the directional derivative is maximised when v points in the direction of Vf. So V f points in
the direction of greatest increase of f. Similarly, —V f points in the direction of greatest decrease of

f. For example, suppose f(x) = §|X|2. Then
1 1 2 1 1.2
fx+h)= §(X+h)-(x+h) = Elxl + 5(2x-h)+ §|h| = f(x)+x-h+o(h)

Hence Vf(x) = x.

2.7 Gradient on curves

Suppose we have a curve t — x(t). How does some function f change when moving along the curve?
We will write F(t) = f(x(t)), 5x = x(t + 6t) — x(¢).

F(t + 6t) = f(x(t + dt))
= f(x(t) + 6x)
= f(x(t)) + Vf(x(t)) - 6% + 0o(6x)

Since dx = x'(t) 8t + o(6t), we have
F(t+8t) = F(t) +X'(t) - Vf(x(t)) &t + o(5t)

In other words, dF d dx
& = L) = 5 - V(D)

2.8 Gradient on surfaces

Suppose we have a surface S in R3 defined implicitly by
S={xeR3: f(x)=0}
If t — x(¢) is any curve in S, then f(x(t)) = 0 everywhere. So

0= SF0) = V) -

So V f(x(t)), the gradient, is orthogonal to Z—f, the tangent vector of any chosen curve in S. So V f(x(¢))
is normal to the surface.

14



2.9 Coordinate-independent representation

If we are working in an orthogonal curvilinear coordinate system (u, v, w), it is not immediately
clear how to compute V f, since we need to represent this arbitrary perturbation h using (u, v, w). In
Cartesian coordinates it is simple; to represent the change x — x + h we simply add the components
of x and h.

f&+h) = f((x+hy,y + hy, 2+ hy))

= f(X) + ghl + %hz + ghy, + O(h)
of/dx

=fx)+ (6f/6y) -h + o(h)
of/oz

So we have
of/ox

= Vf = (0f/6y>
of/oz

Or, using suffix notation,

Vf= eig—i; [Vf] = %

We see that this V is a kind of vector differential operator. In Cartesian coordinates,

d 0 d

V = exa +ey5 +eZ§ Eeia_xi

From our previous example,

09 = 362y +2%) = 3P

d 11
[Vfli= a Exjxj]

1
= 5 [8i%) + x;04]

Let us return back to computing the gradient in the general case. Recall that in Cartesian coordinates,
the line element is simple:
dx = dxi €;

And also, if we have a function on R3 such as f(x,y, z), it has the differential

_2of
df = a—XI dxi

15



Then,

d
Vf-dx= <eia—£)-(ejdxj)
1
of
= a_xi(ei re;)dx;
of
= a—)‘jléu dxj

_of
= a_xidxi

=df
In other words, in any set of coordinates,

Vf-dx=df
2.10 Computing the gradient vector

Proposition. If (u, v, w) are orthogonal curvilinear coordinates, and f is a function of the
position vector (u, v, w), then
of 19f 1 of

1
Vf = h—u%eu + h—v%eu + E%ew

Proof. If f = f(u,v,w) and x = x(u, v, w), then

df = afd +a—fd +g—fdw

dx =h,due, + h,dve, + h,dwe,,
Using the above result, we have
Vf-dx=df

((Vf)ueu + (VHve, + (Vpey) - (hy,due, + h,dve, + hy,dwe,,) = ﬂ af dv + 6f dw

(VF)uhy du + (VFphy dv + (V) hy dw = afd + gf dv + af dw

Since u, v, w are independent coordinates, du, dv,dw are linearly independent. So we can simply
compare coefficients, getting

19f L1 13
VIi= 5t a0 hy awe

as required. O

In cylindrical polar coordinates, we have

of o L 10f, f

A% += + 35
f= pP ¢¢>

16



In spherical polar coordinates, we have

_of . 10f 1 of
Vf= ety rsin65¢e¢

Then using the familiar example f(x) = %lxlz, we have

1(x2+y?+2%) in Cartesian coordinates
f= %(,o2 + z2) in cylindrical polar coordinates
2

57 in spherical polar coordinates

Then we can check the value of Vf in these different coordinate systems.

xe, + ye, +ze, in Cartesian coordinates
Vf=1{pe, + ze, in cylindrical polar coordinates
re, in spherical polar coordinates

=X

3 Integration over lines

3.1 Line integrals

For a vector field F(x) and a piecewise smooth parametrised curve C defined by [a, b] 3 t — x(¢), we

define the line integral of F along C

b

dx
F.dx = F(x(t)) - — dt
fc x f x0) -

tangent vector

Note that this tangent vector is not necessarily normalised, and note further that the curve direction
matters. If we want to integrate in the other direction, it is common to write f_ c instead. We can
think of this line integral as the work done by a particle moving along C in the presence of a force F.

As an example, consider the vector field given by

x%y
F=|yz
2xz

1
Consider two curves connecting the origin to the position vector ( )
1

t t
C:[0,1]2t-|[t]); C:[0,1]Dt |t
t t?
1/ 83 1 5
/F-dx:f 2 ]-|1 dt=Z
a1 o \2r2) \1

17



1/t3 1
fF-dx:/ B]1 dt=%
C o \263/ \2t
In general, the result of the line integral depends on the path taken between the two points. In the

force analogy, there might be a path between A and B that is very easy to traverse, and another path
that is very difficult (i.e. uses a lot of energy).

Now, consider a particle at x experiencing a force F, represented in cylindrical polar coordinates
as

F(x) = zpey

acost
C:[0,27r] 2t~ [ asint

t

Consider the path C given by

What is the work done by the particle travelling along C? Using the definition of the line element dx
in cylindrical polar coordinates, we can compute that Fdx = zp? d¢. Note that in cylindrical polar
coordinates, the path can be represented simply as (p, ¢, z) = (a, t, t). Hence,

(dp,d¢,dz) = (0,dt,dt)

Therefore, F - dx = zp? dt. We can now compute the integral:

27
fF-dxzazf tdt = 27m%a?
c 0

A curve [a,b] © t — x(t) might be such that x(a) = x(b). This is called a closed curve. The line
integral around a closed loop is written
95 F.dx
c

Sometimes, this is called the ‘circulation’ of F about C. Consider the first example from this lecture,
with curves C; and C,. Let C = C; — C,. Then

Sép.dhfc

3.3 Conservative forces and exact differentials

3.2 Closed curves

F-dx—/ F-dx=_—2
c 15

1 2

We have seen how to interpret things like F - dx when inside an integral. This is an example of a
differential form; in orthogonal curvilinear coordinates (u, v, w) we have

F-dx=adu+bdv +cdw
for some a, b, c dependent on u, v, w. We say that F - dx is exact if
F-dx=df
for some scalar function f. Recall that df = Vf - dx. So equivalently, F - dx is exact if and only
if
F=Vf

18



Such a vector field is called conservative. F - dx is exact if and only if F is conservative. Using the
properties that d(af + fg) = adf + fdg, d(fg) = gdf + f dg and so on, it is usually easy to see if a
differential form is exact.

Proposition. If 0 is an exact differential form, then

po-o
c

for any closed curve C.

Proof. If O is exact, then 6 = V f - dx for some scalar function f. Given a curve C : [a,b] 2 t — x(¢),

é6=éVfdx
= fab VIx(1)) - j—’t‘dt

By the previous lecture,

b

- [ g eona

a

= f(x(a)) - f(x(b))
=0

since x(a) = x(b). O

Note, for example in cylindrical polar coordinates, that f(p, ¢, z) = ¢ is not a function on R3, since
there are many possible values of ¢ for any given position vector. These are called multi-valued
functions; for example the contour integral of this function over a circle where ¢ € [0,27] is not
well-defined, since f(p,0,z) # f(p, 27, Z).

Note that if F is conservative, then the circulation of F around any closed curve C vanishes. This
means that the line integral between A and B is not dependent on the path chosen between the two
points; simply choose the most convenient curve for the problem.

Let (u, v, w) = (uy, Uy, uz) be a set of orthogonal curvilinear coordinates. Let

F.-dx =6 = A(u,v,w)du + B(u, v, w) dv + C(u, v, w) dw = 6; du;
61 6, 63

A necessary condition for 6 to be exact is

g6, 06;
B = B )
j i
Indeed, if 6 is exact, then 6 = df, so
_9f _9f
6= 3u; dy; = 6; = u;

19



and therefore,

6uj - aujaui - 6ui

96; _ _f _ 95

A differential form 8 = 6; du; that obeys (1) is called a closed differential form. Certainly any exact
differential form is closed. A differential form is exact if it is closed and the domain Q C R3 on which
0 is defined is simply connected, i.e. all closed loops in Q can be continuously ‘shrunk’ to any point
inside Q without leaving it. This is notable, since one direction of implication is related to calculus,
but the other direction is related to topology.

Now, let us consider an example. Let
6 =ydx—xdy
Is this differential form exact? First, we will check if it is closed.
0 0

It is not closed, so it is not exact. As another example, let us compute the line integral
f 3x2ydx + x3dy
c

where
cos 1m ¢ (2 1)
C: [ay, 100l 2 ¢~ | sin (Re (g’(% + it)))
0

where o; and a;qq are the 1st and 100th zeroes of { (% + it). The loop is closed and exact; d(x3y) =

3x2y dx + x3 dy. So the result is zero. As a final example, consider a particle travelling along a curve
C: [a,b]  t » x(t). Then the work done is

W:fF-dx
o

b
=mf X+ xdt
a

b
= 1m |}k|2
)

a

which is the change in kinetic energy. If F = —VV, i.e. F is conservative,
fF -dx = —/ VV -dx = V(x(a)) — V(x(b))
6 C

So the change in kinetic energy is equal to the change in potential energy; energy is conserved.

4 Integration in Euclidean space

4.1 Definition of integral in two dimensions

We can integrate over a bounded region D C R2. To do this, we can cover D with small, disjoint sets
A;j each with area 6A;;. Each of these sets A;; are contained in a disc of radius ¢ > 0. Let (x;, y;) be
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points contained in each A;;. We now define
/ f(x)dA = E{%Zf(xi,yj')aAij
D ij

The integral exists if it is independent of the choice of partitions A4;; and the points (x;,y;). The
obvious choice of partitioning D is to use rectangles where the area of each rectangle is 6A;; = 6x;5y;.
We can create horizontal ‘strips’ of height §y which we can integrate over. The possible x coordinates
for this strip are x,, = {x: (x,y) € D}. We can take the limit as §x — 0, giving

5y f FGy)dx

Summing over each such strip, taking the limit as §y — 0, we have

fD fx,y)dA = fY ( f f<x,y>dx>dy

where Y is the set of all possible y coordinates, i.e. Y = {y: 3x,(x,y) € D}. We can equivalently sum
over all vertical strips, and get

ff(x,y)dA=f< f(x,y)dy)dx
D X Yx

More concisely, we can write the following (Fubini’s Theorem):
dA =dxdy = dydx

Let us consider an example; let D be the triangle with vertices (0,0), (1,0),(0,1). If f(x,y) = x)?,
then by integrating over horizontal strips, we have

1 1-y
ff(x,y)dA=f (f xyzdx>dy
D 0 0
1 1-y
_ 15,
_fo [2xy]0 dy

'
f S —y2y*dy
0
1
60
Instead, integrating over vertical strips, we have

1 1—-x
[ ronaa= [ ( [ xyzdy)dx
D o \Jo
1 1 1-x
=/0 [gxy3]0 dx
[ 3a-wra
= =x(1 —x)>dx
A 3’x( X

1
60
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Note that if f(x,y) = g(x) - h(y), and D is a rectangle {(x,y): a < x < b,c <y < d}, then
b

‘if@J0¢4=(l gMdQ(ldmwdﬂ

4.2 Change of variables

It can be useful to introduce a change of variables in order to compute the one-dimensional integral.
For example, if x is represented as a function of u,

x~1(b)

b
dx
f(x)dx = f(x(w)— du
l ./;;—l(a) du

Note that if j—x > 0, then the right hand side integral is taken over a limit from a smaller value to a
u

larger one, but if j—x < 0, then the integral is the ‘wrong way round’. If I = [a,b] and I' = x~11I, we
u

have
f f(x)dx = / f(x(u))‘ ‘du

where the absolute value is used since I is defined as going from the lower limit to the upper limit.
There is a similar formula in 2D.

Proposition. Let x(u,v) = (x(u,v), y(u,v)) be a smooth, invertible transformation with a
smooth inverse that maps the region D’ in the (u, v) plane to the region D in the (x, y) plane.
(This map must be a bijection; every point must have a unique inverse.) Then

ﬂmwMyﬁﬂmwwm“”\m

d(u,v)
a(x,y) — ] = det dx/0u 0dx/dv _ <6_x 6_X>
d(u,v) dy/ou dy/dv du | dv

is the Jacobian determinant. More concisely,

where

dxdy = |J|dudv

It doesn’t matter if the Jacobian vanishes at a single point, since the area of a single point is
zero and hence will have no contribution to the result. The Jacobian being zero means that
something non-smooth is happening at this point, so it is important to consider why this point
is special.

Proof. We can form a partition of D by using the image of a rectangular partition of D’. Let the
rectangular partition be characterised by a horizontal step dx and a vertical step of §y. Then each
small rectangle in D' is mapped to some small (not necessarily rectangular) region in D’, with vertices

X(u;,07), X(Ui g1, 07), X(Uig15 0 41), X(Us, Vj41)

To first order, the area of this region is the area of the parallelogram with the same vertices. Two of
the sides of the parallelogram are

X(Ui41,05) = x(u5, 0 )~ (ul, v;)éu
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ox
X(uj, Vj41) — x(u;, v5) = %(ui’ v;)év
So the area of the parallelogram is approximately
ox ox ox ox
a—u(ui,vj)5u' a_v(ui,vj)&)‘ = ‘det(a_u(uiyvj)‘ a_v(uiavj)>’

= [J(u;, v))| u v

Hence,
ffdA = E_{%z,f(xi,)’j)fmij
D ij

= ll_r)lgz Fx(ug, v5), y(uz, v7)) T (uy, v;)| Sudv
ij

= / F(x(u, v), y(u, v)) [T (u;, v)| dudo
D/

As an example, let us consider polar coordinates (p, ¢), where

x(p, ) = pcos¢;  y(p,$) = psing

Hence,

_ cos¢ —psing\|
1= faer(Gnd 20 = b=

IfD ={(x,y): x>0,y >0, x> + y?> < r?}, which is a quarter-circle of radius r in the first quadrant,
thenD' ={(p,¢): 0<p<r,0<¢ < g}. This is notably a rectangle in polar coordinates.

/]];f(x,y)dxdy=.//D,f(pcos¢,psin¢)pdpd¢

So, for example, if we let r — oo, then

/ f f(x,y)dde=/2[ f(ocos$.psing) pdodg
x=0 Jy=0 ¢=0 Jp=0

(o]
I=/ e~ dx
0

Consider
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4.3 Definition of integral in three dimensions

To integrate over regions V in R3, we can use similar ideas to those discussed in the previous lec-
ture.

/ fx)dav = lim D f i zi) 8V i
|4

i,j,k
where the §V'; ;. partition V, and each contain the point (x;, y;, zx). In this case, the volume element

satisfies
dV =dxdydz

The integrals may be computed in any order. As an example, consider the simplex defined by
V={x>0,y>0,z>0,x+y+2z<1}

We can compute the volume using the integral

1 1-z 1-y—z
I= / / f ldxdydz
z=0 Jy=0 x=0
1 1-z
:f f (1-y—-2z)dydz
z=0 Jy=0

1
=f ((1 —z)— %(1 -22-Q1 —z)z)dz
z=0

1

1, 1. 1, 15 1, 13]
Z—=z°—=z4+-z"—=>z°—=z°+ =z
2 2713 6 2737,

1
6

We can compute things like the centre of mass, assuming it has constant density p = 1. Then
1
1 1
X=— f exdV=-|1
m J,, 4 1

24



Proposition. Let x(u, v, w), y(u, v, w), z(u, v, w) be a continuously differentiable bijection
with a continuously differentiable inverse, that maps the volume V' to V. The integral

[/ f(x,y,z)dxdydz = [/ f(x(u, v, w), y(u, v, w), z(u, v, w)) |J| du dv dw
14 v

where

szet(ax ox 6x)

du | dv | dw
More concisely,
dxdydz = |J|dudvdw

The Jacobian comes from the fact that the volume of a parallepiped generated by the vectors

ox ox ox
5;5u,555v,3335u

is precisely the determinant of the Jacobian matrix multiplied by du dv dw. The rest of this proof
follows from the two-dimensional case. As an example, let us consider cylindrical polar coordinates

(u,v,w) = (p, ¢, 2).
dV =pdpdgpdz; |J[=p

In spherical polar coordinates (u, v, w) = (r, 6, ¢),

dV =r?sin0drdfd¢; |J|=r?sinf

4.4 Calculating volumes

We can use the volume element to calculate, for example, the volume of a ball of radius R. To begin,
let us use Cartesian coordinates.

R Nt V=27
/dV:f dz/ dyf dx
|4 z=—R =—V§E:;E x=—V§7:27:;5

R VR2=z2
=f dzf dy[2 R2—22—y2]
z=—R ——VR—z2
R VR2=z2
= f dz | yVR? — z2 — y2 4+ (R? — z?) arctan <+)
R
= f dz [n(R* — z%)]
z=—R
= gn'R3
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We can alternatively use spherical polar coordinates.

de /drf f d¢ - r?sin6
r=0 6= $=0

R 27
= / r dr/ sin@d@f d¢
r=0 6=0 ¢=0

r2 dr- sin6deo - / d¢

=

R3-2.-2r

l23

W .bwlp—a

This is clearly a much cleaner computation. Now, consider the a ball of radius a with cylinder of
radius b < aremoved from the centre aligned with the z axis. To calculate this volume, the symmetry
of the problem suggests we might want to use cylindrical polar coordinates.

V={(p,$,2): 0<p?+z?<a’, b<p<al

a Vaz—p2
fore[ o o7
v =b —Jaz— pz
:Zn'f 2p\ a2 — p2dp
b

3
= Sn(a® ~ b):

5 Integration over surfaces

5.1 Two-dimensional surfaces

A two-dimensional surface in R® can be defined implicitly using a function f : R?® — R, with
={xeR’: f(x)=0}

The normal to S at x is parallel to V f(x). We call the surface regular if V f(x) # 0 everywhere on the
surface. For example, consider

S={(x,y,2): x* +y*+2z2—-1=0}

2x
Vi) = (Zy) =2x
2z

which is clearly normal to S at x. Some surfaces have a boundary, for instance a hemisphere.

Then

S={(x,y,2): x> +y*+2z2—-1=0,z >0}
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We label the boundary 45, so
S ={(x,y,2): x*+y*=1,z =0}

In this course, a surface will either have no boundary or its boundary will be made of piecewise
smooth curves. If S has no boundary, we say that S is a closed surface. It is often useful to parametrise
a surface using some coordinates (u, v).

= {x =x(u,v): (u,v) € D}

where D is some region in the u-v plane. For a hemisphere, we can use spherical polar coordin-
ates:

sin 6 cos ¢ -
S=4x=x(6,¢) =|sinfsing | : 0<6 < 5,0§¢§2n
cos ©
We call a parametrisation of S regular if
ox
a—u X - 75 0

everywhere on the surface. Note that a_ is the tangent in one direction, and — 1s the tangent in
another direction, so their cross product should be normal to the surface.

ox ox
—_— X —_—
du v
ox ox
— X =
ou dv

n=

This normal will vary smoothly with respect to u and v, if we are moving across a smooth part of the
curve. Choosing a consistent normal over S gives a way to give an orientation to the boundary 0S. We
make the convention that normal vectors near you should be on your left as you traverse 9S.

5.2 Areas and integrals over surfaces

Consider a parametrised surface

={x=x(u,v): (u,v) € D}

ffD dudo

since a patch of area du dv in D will not in general correspond to a patch of area du v in S. Note that
the small change u — u + du produces a change

The integral over S cannot be of the form

ox
x(u + du,v) — x(u,v) ~ Eéu
Similarly, changing v, we have

x(u, v + 6v) — x(u,v) ~ a—év
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So the patch of area u dv in D corresponds (to first order) to a parallelogram of area

ox 0Ox
a X %‘51450

This leads us to define the scalar area element and the vector area element as follows:

ox o0Ox
dS—aX%’dudU
ds = X 5 X gy qy = ads
ou  dv

So for instance the area of S is given by

de:/f|a—an—X|dudv
s Dau ov

As an example, consider the hemisphere of radius R.

Rsin O cos ¢ -
S=4x=x(6,¢4) =| RsinOsin ¢ =Rer:0§6§§,05¢§2n

Rcos6
So
ox RcosBcos¢
36" Rcosfsing | = Reg
—Rsin6
ox —RsinOsin ¢
=7 =| Rsin6cos¢ | = RsinOey
felo) 0
Hence

dS = R*sin 0 |eg x ey| d6dp = R*sin 6 d6 d¢

So the surface area of the hemisphere is

g 2
/ do / d¢ R?sin 6 = 27R?
6=0  Jgp=0

Here is another example. Suppose the velocity of a fluid is u(x). Given a surface S, we might like to
calculate how much fluid passes through it per unit time. On a small patch &S on S, the fluid passing
through the small patch would be (u - §S) &t in time 8¢, where 88 is the normal direction to the area
8S. Over the whole surface, the amount that passes over S in ¢ is

St/u-dS
S

This kind of integral is called a ‘flux integral’.
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5.3 Choice of parametrisation of surfaces

Letx = x(u, v) and x = %(ii, 0) be two different parametrisations of S with (u,v) € D and (ii,0) € D'.
Since every coordinate in S has a pre-image in both D and D’, there must be a relationship

x(u, v) = X(@(u, v), 6(u, v))

By the chain rule,
B, Bx (B30, o), (380, seon)
ou” dv \diidu  dvdu diidv = 40 dv
WECEEATEBE
“\dudv dvou/\ou "~ I
_9(#, D) (6_)2 y 6_)2)
T A(u,v) \di ~ 3D
Hence,

fsfd5=ffﬁf(i(a,ﬁ)) S—ng—’; da do

_ %  0x||d(a,0)
= ffD Fxtn ) | 55 x 5| | Sy | du e

:/];f(x(u,v)) g—};xg—}: dudv

So the result of the integral over the surface is independent of the choice of parametrisation.

6 Differential operators

6.1 Divergence, curl, and Laplacian
Recall the gradient operator V, which is defined in Cartesian coordinates as

d
V=eigy
1

For a vector field F: R3 — R3, we define the divergence of F by
V.F

In Cartesian coordinates,
d OF,
.F=le.— ] -(Fe,) = —
V <el axi > ( ‘]e]) axi

Note that the divergence of a vector field is a scalar field. We define the curl of F to be
V X F
In Cartesian coordinates,

d oF oF
a_xj(erk)] = (e; X ek)a—x;‘ =€ ja—e;

0
VxF-(eja—xj)x(erk)—ejx an
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Hence (just in Cartesian coordinates):

oF
[V X F]l = Eijka—xj

The curl of a vector field is another vector field. In terms of a ‘formal’ determinant, we can write
€ € €3
V X F = det 5/ax1 a/axZ a/axZ
F F, F;

We cannot trivially generalise the curl operator to spaces that do not have three spatial dimensions.
Finally, we define the Laplacian of a scalar field f : R> — R as

V2f:=V-Vf
In Cartesian coordinates, [Vf]; = 9f / dx;, so

Zf_ aZf
- axiaxi

6.2 Explanation of divergence and curl

Consider
F(x) =x
Using Cartesian coordinates,
d
V'F= a_XiXi=5ii=3

0
[VXF] = 5ijk$xk = Eijkakj = gjjj = 0
J

A positive divergence at a point indicates that the vector field is generally pointing away from that
point. If thought of as a fluid, the point acts as a ‘source’ of fluid. A negative divergence indicates
that the vector field is pointing towards that point, so it acts like a ‘sink’. If a vector field has zero
divergence, it can be thought of as representing the velocity of an incompressible fluid. The curl
measures the local rotation of the vector field (or the related ‘fluid’) in a given direction. If the vector
field was going anticlockwise in the e;-e, plane, then the component of the curl in the e; direction
would be positive. If there is no local rotation, then the component is zero.

6.3 Identities

Proposition. For f, g scalar fields, F, G vector fields, the following identities hold.
- V(fg) = (Vg +(Ve)f
« V-(fF)=(Vf)-F+(V-F)f
VX(fF)=(Vf)XF+(VXE)f
e VF-G)=FXx(VXG)+GX(VXF)+(F-V)G+ (G- V)F
VXFXG)=FV:-G)—G(V-F)+(G-V)F—-(F-V)G
V- (FXG)=(VXF)-G—F-(VXG)

30



Note, for example, that we can compute the dot product between vector fields and operators:

_ d _ . 0G;
Specifically, F-V is a differential operator, and V- F is a scalar field; they are not the same thing.
Proof. We will only prove the fifth one for now, as all the proofs are similar. The identities hold in

any coordinate system, so we will choose the Cartesian coordinate system since the basis vectors are
the same everywhere.

0
[V X (F X G)]l = Eijka(F X G)k
j
o)
= EijkagklmFle
j

d
= Eijkgklm_ax.Fle
j

aG, oF
= € jkElim (F,a—xm + Gla_x?)
J J
oG, OF,;
=(8;;0im — J; 5'1)<Fl_m+Gl_)
0G; 3G 3F; OF;
—F_J _p27i .
- lan Fjaxj +G"5Xj Glan

=[F(V-G)]; - [(F- V)G]; + [(G - V)F]; — [(V - F)G];

6.4 Definitions in orthogonal curvilinear coordinate systems

For a general set of orthogonal curvilinear coordinates, divergence is defined by

190 10 1 0
V-F= <euaa + evh_b,% + ewm%) . (Fueu +E)ev +Fwew)
We would get terms like
1 9 1 d
<euh_u£> ' (Fvev) = h_ueu : [E(E)ev)]
1 OF, Jde,
= h—ueu I:aev + WFU]
K

_ de,
" (eu ’ E)

We can combine all such terms and then derive that

1 d o) 0
V-F= m [a(hvthz‘t) + %(huthl‘)) + %(huthw)]
1 h,e, hye, hyey,
VXF:W a/au a/av 6/6w
huFu thv thw
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e 1 [a<hh 6f) (hh af) (hh&f)]
VI = ong L3\ T, u) T a0\ "hy, do +6w hy Ow

For cylindrical polar coordinates (p, ¢, z), we have (hp, hg, h,) = (1,p,1) and hence

( )+ F¢ 6F
pdp Pt t
e, rey e,
VxF=2 a/ap a/a¢ d/oz
PIE Ry E
af\ 18*f 0
2 — - J L J
v f_p6p< 6p)+p25¢2 "5z

For spherical polar coordinates (r, 6, ¢), we have (h,, hg, hy) = (1,r,7sin 6) and hence

_10 o 1 1 OF;
VoF= G5 (PR eae(smeFe)“Lrsme 3%
e, reg rsinfey

6/61’ 6/66 6/6¢
E rFg rsinfFy

,of 1 3f 1 &f
2,
vf_r26r< 6r)+rzSin939<smeae>+rzsin296¢2

6.5 Laplacian of a vector field

VXFZZ—Q

The Laplacian of a vector field might be expected to be something like V - (VF). However, we have
not defined the gradient of a vector field. In Cartesian coordinates, it would make sense that

V2F = V*(Fe;) = (V’F)e; ()
If this is the case, we can show then that, in Cartesian coordinates,
VZF=V(V-F)—V x(VxF)
In other words, in Cartesian coordinates,

&F,

dxjaxj

[V?F]; = = VX(F)

Since the right hand side of (1) is well-defined in any orthogonal curvilinear coordinate system, we
will use it as a definition.

6.6 Relations between differential operators

Proposition. For a scalar field f and a vector field F,

VXxVf=0
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and
V.-VXF=0

In other words, curl o grad gives zero, and div o curl gives zero.
Proof. We will use Cartesian coordinates for simplicity.
6xk

3f

=i —
”kdxjdxk

[Vx VSl = gijkaixj (i)

a2f

anaxk

€;jk is antisymmetric in j and k, but is symmetric in j and k. Hence the result is zero. Further,

d d
V.-VXF= a—XiEijka—ijk
. 8%F)
- ”kaxiéxj

Once again the € term is antisymmetric and the partial derivative is symmetric, so the result follows.
O

6.7 Irrotational and solenoidal forces

Asashort aside, ‘simply connected’ means that any loop in a space can be ‘shrunk’ to any point within
that space. It can also be referred to as ‘1-connected’ since the loop is a one-dimensional manifold.
For example, R3 is 1-connected, but R3 with the z-axis removed is not 1-connected; a loop around
this axis cannot be shrunk to a point away from the axis.

We can write that a space is “2-connected’ if it is 1-connected and any 2-manifold (surface) can be
shrunk to any point within the space. Certainly R3 is 2-connected, but for example R* without the
origin is not 2-connected. The space is certainly 1-connected, but it is not 2-connected because a
surface around the origin cannot be shrunk to a point away from the origin.

Recall that F is conservative if we can write F = V f. We say that F is irrotational if VX F = 0. Hence,
any conservative function is irrotational. The converse is true if the domain of F is 1-connected. We
say that F is solenoidal if V - F = 0. If there exists a vector potential A for F,i.e. F = V X A, then F
is solenoidal. The converse is true if the domain of F is 2-connected.

7 Integral theorems
7.1 Green’s theorem

Proposition. If P = P(x,y) and Q = Q(x,y) are continuously differentiable on a planar
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domain A U 0A (A and its boundary), and 0A is piecewise smooth, then
§6 Pdx+Qdy = j] d xdy
0A
where the orientation of 0A is such that A lies to the left while traversing 0A.

Note that it is easy to arrive at this result for a rectangle. In this case,

[ oor=[(or [t [an [

- f [Q(b,y) — Qa, )] dy + f [P(x.¢) - P(x.d)] dx

=9§ Pdx+Qdy
8A

It then intuitively follows that we can approximate a surface with a set of small rectangles, and then
the theorem should hold. As an example, let

1 1
P——Ey, Q—Ex

Then the area of some region is given by

ffdxdy ff > )axdy
./../. d dy

:—¢ xdy —ydx
2 Joa

2 2
So letting A be the ellipse z—z + i—z < 1, we can parametrise A by

bsint

[0,27] 3 t > (acos t)

Hence the area is

27
1
> f (ab cos? t + ab sin” t) dt = ab
0

7.2 Stokes’ theorem

Proposition. If F(x)is a continuously differentiable vector field, and S is an orientable, piece-
wise regular surface with a piecewise smooth boundary dS, then

/(VxF)-dS=¢ F-dx
S as
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This can be thought of as a generalisation to the fundamental theorem of calculus. From the funda-
mental theorem, we know that the integral of a differentiated function over an interval I is just the
original function evaluated at the boundary d1. Likewise, Stokes’ theorem states that the integral of
the curl of a function (just another differential operator) over a surface S is just the original function
evaluated at the boundary of the surface dS. In the one-dimensional fundamental theorem of cal-
culus, we say that the function ‘evaluated over the boundary’ is simply the function applied to the
final point, minus the function applied to the initial point; we are in some sense considering every
point on the boundary J1. But in the case of dS being a curve, we must integrate around the curve
boundary, since without an integral we can’t consider infinitely many boundary points.

Note that for a surface to be ‘orientable’, it simply means that it has two sides, an inside and an outside.
There must be a consistent choice of normal at each point. For example, a sphere is orientable, but a
Mobius strip is not orientable.

Example. Let S be a cap of a sphere:

sin 8 cos ¢
S=1x(6,9)=|sinfsing | =e;;0<0 <0< p <27

cos®
Now, let
—x%y 0
Fx)=| 0 | = VxF=|o0
0 x?
On S, q q
b4 X .
ds = 10 X Ed@dqb =e,sin6dod¢

Note that since
x%e, - e, = (sin O cos ¢)? cos O

on S, we can compute
27 a -
f(V X F)-dS =f ( (sin O cos ¢)? cos@sin@d@) do = Zsin*a
S ¢=0 \JO=0 4

We can instead compute the integral over the boundary. By Stokes’ theorem, the results should match.
0S is described by
sinacost
[0,27] 2t~ (sin asin t)
cosa

Then
dx —sint
dx = —dt =sina| cost |dt
dt 0

We can show that

2
95 F-dS = sin4ocf (—cos?tsint)(—sint)dt = T sin o
as 0 4
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7.3 Stokes’ theorem on closed surfaces

If S is an orientable, closed surface, and F is continuously differentiable, then
f (VXF)-dS=0
s

This is clear since 4S = @.
7.4 Zero circulation and irrotationality

Proposition. If F is continuously differentiable, and for every loop C we have that

pF-ax=0
c

then V X F = 0. In other words, F is irrotational if and only if F has zero circulation around
all closed loops.

Note that the backward implication is trivial. If F has zero circulation around all loops, we can define
that loop to be the boundary of some surface, and so the integral of the curl vanishes.

Proof. Suppose that the result is false; there exists a unit vector k such that k - (V x F(xy)) = € > 0
for some x,. By continuity, for a sufficiently small § > 0,

k- (VXxF(xg)) > %s; for |x —x¢| < &

Now, we can take a loop in this ball {x : [x — X,| < &} that lies entirely in a plane with normal k. Let
this small loop’s enclosed surface be S, with boundary dS. Then

o=9§ F-dx:/VxF-fcds>lsfds>o
aS S 2

which is a contradiction. O

7.5 Intuition for curl as infinitesimal circulation

Let S, denote a region contained inside a disc of radius ¢ > 0, centred at x, with normal k.

/VxF-dS: (VxF(x)—VxF(xo))-dS+fVxF(xO)-RdS
Se Se Se

:f(VxF(x)—VxF(xo))-dS+VxF(x0)-f<fdS
S S

€ €
——

o(area(S¢)) area(Sg)

As ¢ shrinks, the first integral tends to zero faster than the second term. Hence,

/ VxF-dS =V xF(x) - k- area(S,) + o(area(S,))
Se
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We can then see, by Stokes’ theorem, that

R 1
V X F(xo) o area(S;) 93555 o

So the curl of F at X, in the direction k is the infinitesimal circulation around x,, per unit area.
7.6 Gauss’ divergence theorem

Proposition. If F(x) is a continuously differentiable vector field, and V is a volume with a
piecewise regular boundary dV, then

/V-FdV=/ F-ds
1% oV

where the normal of dV points out of V.

There is also a two-dimensional version. If D is a planar region with a piecewise smooth boundary

oD,
fV~FdA:9§ F-nds
D 8D

where the ds represents arc length, and where n points out of D.

Example. Let V be a cylinder, defined in cylindrical polar coordinates (p, ¢, z) as
V={(p,$,z): 0<p<R,-h<z<h0<L¢<2m}

Let us label the boundary on the top S, the boundary on the bottom S_, and the rest of the boundary
SR:

Sy ={(p,$,2): 0<p<R,z==h,0< ¢ <27}
Sg={(p,¢$,2): p=R,-h <z < h,0< ¢ <2}

Consider F(x) = x, hence V - F = 3.

/V-FdV=3/dV=67rR2h
124 174

Using instead the divergence theorem,

/V-FdV:f F.-dS
14 oV

On Sg, dS = e.R d¢dz,and x - e, =R. So we have the flux integral
h 27
/ F-dS=/ f R?d¢dz = 47R?h
SR z=—h J¢=0
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On S,,dS = +e,pdpd¢, and x - e, = +h. Hence

27 R
f F-dS:/ f hpodpd¢ = 7R*h
S. ¢=0 Jp=0

+

The total is 67R?h as expected.

Proposition. If F is continuously differentiable, and for every closed surface S we have

fF-dS=O
s

then V- F = 0.

Proof. Suppose that the result is false; V - F(Xy) = € > 0. By continuity, for some sufficiently small
d > 0 we have

1
V.- Fx) > Esforlxo—xl <é

Now, we can choose a volume V inside the ball |x, — x| < &, and then by assumption, applying the

divergence theorem,
O:/ F-dS:fV-FdV>0
v v

which is a contradiction. We then conclude that if the vector field has zero net flux through any
closed surface, it is solenoidal. O

7.7 Intuition for divergence as infinitesimal flux

Let V be a volume in R3, contained inside a ball of radius ¢ > 0, centred at a point x,. Then

f V-FdV = vol(V,)V - F(x,) + [V-Fx)—V-F(xy)]dV
Ve Ve

o(vol(V¢))

Dividing both sides by the volume of V;, and taking ¢ — 0, we can apply the divergence theorem to

get
. 1
VF(XO)_?—{%W‘/;VEFdS

The divergence of F measures the infinitesimal flux per unit volume. If the flux is moving ‘outward’
at this point, V - F > 0, and vice versa.

7.8 Conservation laws

Many equations in mathematical physics can be represented using density p(x, t) and a vector field
J(x, 1), as follows.

L iv.r=0 *)
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This kind of equation is called a ‘conservation law’. Suppose both p and |J| decrease rapidly as [x| —
0. We will define the charge Q by

0= f o(x,£)dV

R3

We have conservation of charge;
dQ op
dt f v

- [ v
R3

= — lim V.Jdv
R—-o0 Ix|<R

=— lim J.ds

R-o0 Ix|=R

=0

as J decreases rapidly to zero as |[x| = 0. So () gives conservation of charge.

7.9 Proof of divergence theorem

Proof. Suppose first that
F=F(x,y,2)e,

OFE,
f % v - f Fe,-ds @)
V == oV

V.F

The divergence theorem states that

We would like to show that these two are really the same. First, let us simplify the problem to a convex
volume V, such that we can split the boundary into two halves, one with normals in the positive z
direction (S, ) and one with normals in the negative z direction (S_). Then dV = S, U S_. Project
the volume into the x-y plane, and call this region A. This planar region is then the shape of the ‘cut’
between the S, and S_ halves. We can write

X
S, = {X(x,y)=( y ) D (x,y) eA:
gi(x’y)

g+(x,y)
f =Zdv = [[ f 9% dz] dxdy
z=g_ (xy)

_ ff (E(x,y.8,(6.)) — E(x,y.8_(x, y)] dx dy
A

We can then say
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To calculate right hand side of (f), we need dS:

ox _ 0x

6g+ / ox
6g+ / dy |dxdy
Since we want the normal to point ‘out’ of V, on S we have

6g+/6x
ag+/6y dxdy
s

ds

1

Therefore,

Ee, -dS

/ms: /+f
v S, YIS

= ff F(x,y,84+(x,y))dxdy — ff F(x,y,8_(x,y))dxdy
A A

which matches the expression we found for the left hand side of () above. In the same way, we can
show that

aﬂdV:/ Ee, -dS
av

and because the integrals are linear, we can compute their sum to find

/V-FdV=/ F-ds
14 oV

which is exactly the divergence theorem. O

7.10 Proof of Green’s theorem

We can use the two-dimensional divergence theorem to prove Green’s theorem.
Fo ( Q(x,y) )
—P(X, J’)

[[ dxdy '/.V-FdA=¢ F-nds
A 9A

If 0A is parametrised with respect to arc length, this means that the unit tangent vector is
!
()
y'(s)
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then the normal vector is

(Y
" (_x/@)
Therefore,

_ Q y'(s) dx dy
éAF-nds—SéA<_ ) ( x(s))d —9§APd—d +Q ds—gaSAde+Qdy

7.11 Proof of Stokes’ theorem

We can now use Green’s theorem to derive Stokes’ theorem.

Proof. Consider a regular surface
={x=x(u,v): (u,v) € A}

Then the boundary is
={x=x(u,v): (u,v) € 0A}

9§Pdu+Qdu_/ ———dd )
0A

P(u,v) = F(x(u,v)) - g—j; Q(u,v) = F(x(u,v)) - g—j

Green’s theorem gives

We will now set

Then
Pdu+ Qdv = F(x(u,v)) - <6_ du + 63 dv) F(x(u,v)) - dx(u, v)

And so we can compute the left hand side of (¥):

95 Pdu+de=9§ F-dx
0A as

For the right hand side, we must first compute some derivatives.

_ axi BQ _ ax] aF‘l axi azxi
Q=FxW)5, = Fu = Guax, dv T oudv
6Q _ ax] aF, axi a2xi

_ 0x;
P=RG&wgy = 5= Jvax, 3u T avou
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Hence

0Q P _ (axl ox;  dx; 6x,~> JF,

du dv \dvdu Ou dv)dx;
OF; 0xp 0xg
= (8ipSjq — 9iq%jp) 3 dx; Em 6u
dF, 6xp 6xq
= EijkEpak 3y dx; 0v ou
ox 0x
~ -V xFl (-5 % 5)
K\ ou” v/,
=(VxF)- (a—x X g—z)
Therefore,
ﬂ———dd_ﬂ(VxF) a—X><— /](VxF) ds
which gives Stokes’ theorem as required. O

8 Maxwell’s equations

8.1 Introduction and the equations

We will denote the magnetic field by B(x, t), and the electric field by E(x, t). These fields will depend
on the current density J(X, t), the electric current per unit area, and the charge density p(x, t), the
electric charge per unit volume.

v.E=L 1)
€o
V-B=0 2
OB
VXE+ E =0 (3)
oE
\% XB_#OEOE ZﬂoJ (4)
The constants ¢, and u, denote the permittivity and permeability of free space, which obey
L _»
Moo

where c is the speed of light, 299 792458 m s~!. Note that if we take the divergence of equation (4),
we find

0
#OEOE(V'E)"‘MOV'J:O
d
1 = Hofo 37 ¢ L V-3 =0

ap
§+VJ 0

which is a conservation law for charge.
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8.2 Integral formulations of Maxwell’s equations

Integrating (1) over some volume V, and applying the divergence theorem, gives

v.E= P
€o
1
/V-EdV:—/pdV
v o Jy
fE-dS:Q
oV €o

where Q is the total charge in V. This is known as Gauss’ law. For magnetic fields, we can integrate
()

/V-BdV=f B-dS=0
14 oV

Hence there is no net magnetic flux over any closed surface dV. This implies that we cannot have a

magnetic field with only a north pole or only a south pole. Integrating (3) over a surface, and applying
Stokes’ theorem, gives

0B
VXE+§_O

f(VxE+a—B)-dS=O
s ot
¢E-dx+./a—B-dS=0
3S sat
d
96E-dx=—d—/B-dS
as tJs

So a change in the magnetic flux through a surface S induces a circulation in E about the boundary.
Integrating (4) over a surface, again using Stokes’ theorem, we have

s t S
95B-dx:fqu-dS+fu0£0%—E-dS
N S s t
95 B-dx:uofJ-dS+uoaodifE-dS
N s ts

So if an electric current flows through a wire, this generates a circulation of the magnetic field around
the wire.
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8.3 Electromagnetic waves

In empty space, p = 0 and J = 0. Maxwell’s equations show that

V-E=0 ®
V-B=0 2)
0B
VXE+E—O 3)
J0E
VXB—,M()EOEZO (4)

Recall that the Laplacian of a vector field F is

V2F = V(V-F)— V x (VX F)

We can deduce that
V2E=V(V-E)-V x (VXE)

oB
= V(O)—V X(—§>
0B
_VX<§)
d
= EVXB
_d, oE
= @ttty

_1oE
T c2 12

1 8°E
“VE-=— =
c2 ot2
which is the wave equation for waves travelling at speed c. Hence, in a vacuum, the electric field

propagates at speed c. Similarly, for the magnetic field,
V2B =V(V-B)—V x(VxB)
JE

= —,LLOEO%V X E

_ d 0B

= Hofo g 3¢

1 4°B

e oz

16°B _

2oz

Hence the magnetic field also propagates at speed c. So in general, we can say that electromagnetic
waves always travel at speed c in a vacuum.

. V2B —
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8.4 Electrostatics and magnetostatics

Suppose that all fields and source terms are independent of t. Then Maxwell’s equations decouple
into

v.E=L£ 1)
€

V-B=0 ()

VXE=0 3)

V X B =y 4)

which gives one system of equations for E, and one for B. When considering the whole of R, which
is 2-connected, then equations (2) and (3) imply

E=-Vé; B=VXA

where ¢ is the electric potential, and A is the magnetic potential. Substituting into the other two
equations, we have

1) = -v.vg=2
_V2¢=ﬁ

and
4) = VX(VXA)=puyJ

9 Poisson’s and Laplace’s equations

9.1 The boundary value problem
Many problems in mathematical physics can be reduced to the form
V¢ =F

This is called Poisson’s equation. In the case that F = 0, this is called Laplace’s equation. We are
interested in solving this equation on Q C R" for n = 2, 3. This is too general to solve at the moment,
so we will need to supply boundary conditions, which are very common in physical problems. In
other words, ¢ will be known on 9Q, or as |x| — o if Q = R". For instance, the Dirichlet problem
is

V2¢ = Finside Q; ¢ = f on dQ

The Neumann problem is
o}
V2¢ = F inside Q; % _ gondQ
on
where n is the normal to the surface, and Z—¢ :=n-V¢. As a further restriction, we must interpret the
n

boundary conditions in an ‘appropriate’ manner; we assume that ¢ (or z—¢) approaches the behaviour
n

at the boundary continuously as x — 9Q. More precisely, ¢ and V¢ are continuous on Q U 0Q. Note
that if we are solving some equation V2¢ = 0 in Q, we must be certain that ¢ is actually well-defined
on the entire set. As a worked example, consider

V2¢ =rinside {r <a}; ¢=1on {r=a}
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We might guess that the solution is of the form ¢(r). We can use the formula

V2¢ = li <r2@>

r2dr dr

to get

P = % (ﬂj-f) inside {r <a}; ¢(a)=1

The general solution to the first part is
B 1,
pr)=A+ ~t T
The 2 term is not well-defined inside {r < a}, therefore B = 0 to eliminate the problematic term. By
r
the second part, we can solve for A:

_ _ L 3 — L 3
1—¢(a)—A+12a = A=1 5

Hence the solution is 1
_ 3 3
¢(r)—1+ﬁ(r —-a?)

9.2 Uniqueness of solutions

When solving Poisson’s or Laplace’s equation, we want to ensure that the solution we find is unique.
If it is unique, then we can apply similar logic to solving differential equations, where we can guess
the form of an equation and then derive the solution from that, and we don’t need to worry about
solutions that do not have this form. Consider a generic linear problem

Lp=FinQ; B¢ = fondQ ()

where L and B are linear differential operators. If ¢; and ¢, are both solutions to (), then consider
Y = ¢ — ¢,. By linearity,
Lp=Lp, —Lp,=F—F=0inQ

and
B¢=B¢1—B¢2=f—f=00naQ

If we can show that the only solution to these new equations is ) = 0, we must conclude that ¢, = ¢,,
which means that there is only one solution to (}). Hence the solution to a linear problem is unique
if and only if the only solution to the homogeneous problem is zero.

Proposition. The solution to the Dirichlet problem is unique. The solution to the Neumann
problem is unique up to the addition of an arbitrary constant.

Proof. Let ¢ = ¢; — ¢, be the difference between two solutions. In the Dirichlet case, we want to
show that ¢ = 0, and in the Neumann case, we want to show that ¢ is an arbitrary constant. We
know that

V3 =0inQ; By =00ndQ
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where By = 1 in the Dirichlet problem, or By = Z—l'b in the Neumann problem. Consider the non-
n
negative functional

1] = f V9I2dv > 0
Q

Clearly,
I[$] =0 < Vi = 0 everywhere in Q

Now, note that we can apply the divergence theorem to get
1= [ 1verav
Q
= f Vi - VypdV
Q
- f (V- V) — yv2p)dV
Q

= f V- @V dv
Q

= f PVy - dS
8Q
= f PVy -ndS
8Q
d
- f p3¥ s
b dn
In the Dirichlet case, I[¢] = 0 since ¥ = 0 on the boundary. In the Neumann case, I[1] = 0 as well,
since 2 = 0. Hence, in either case, Vi = 0 everywhere in Q. Therefore, ¢ is a constant throughout

n
Q. In the Dirichlet case, we know that » = 0 on the boundary, hence ¢ = 0 everywhere as it is
continuous. However, in the Neumann problem, no such deduction can be made. O

Example. Here is an example from electrostatics. Consider the charge density p defined by

0 r<a
F(r) r>a

p(x) = {

We can show that there is no electric field in the region r < a. We know that the electric potential ¢
will satisfy

V2¢=l®=0ifr<a
€o

By symmetry, we will try a ¢ of the form ¢(r). Hence, ¢(a) is constant on the boundary r = a. Note
that the unique solution to

V2¢ =0forr <a; ¢ =constantonr=a
is exactly that ¢ is constant everywhere. Hence
E = —V1 = 0 throughoutr < a

This can be viewed as a version of Newton’s shell theorem.
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9.3 Gauss’ flux method for spherically symmetric sources

Suppose the source term (the F on the right hand side of Poisson’s equation) is spherically symmetric,
so F is a function of r = |x|. Assuming we are trying to solve the equation for Q = R3, we can rewrite
the problem as

V-V¢=F (%)

Since the right hand side only depends on r, the same is true of the left hand side. So we might guess
a ¢ of the form ¢(r). In which case, we can compute

V¢ = ¢'(re,

Using Gauss’ flux method, we will integrate (x) over some spherical region |x| < R, and use the
divergence theorem.

f V-ngdV:f V¢-dS=f F(r)dv
[x|<R [x|=R [x|<R

Thinking of the source term F as some kind of density, for instance charge density or mass density,
the right hand side can be thought of as the total amount of charge or mass inside the ball. We will
call this term Q(R).

/ V¢ -dS=Q(R)

Ix|=R

Recall that on a sphere of radius R, dS = e,R? sin 6 d6 d¢. Therefore, on the boundary |x| = R,
V¢ -dS =¢'(r)e, - e,R*sin0d0d¢ = ¢'(r)R*sin0d0d¢ = ¢'(r)dS

Hence,

QR) = ¢'(r)ds

Ix|=R
But ¢'(r) is a constant on the surface we are integrating over. Therefore,
QR) =¢'(R) dS = 47R*¢'(R)
|x|=R

In summary,

oy QR) _ Q)
$(R) = 47TR2 Ve = anRzCr
Example. Recall the first of Maxwell’s equations:

v.E= P
€o

If we are dealing with electrostatics, the curl of E is zero. Hence E = —V¢, so
24— _P
Vg = e

Consider a charge density p of the form

fo, 0Lr<a
0, r>a

M0={
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By the previous result,
o - L Q@)
() = 4mey 12

where

mn=/° o(r)dv
[x|<R

Note, if R > a then Q(R) = Q(a), which we will denote Q for the total charge. Hence, we have the
following solution:

1
e e TSa
7T r
E(x) =17 Q
—=e,, r>a
A7eg 1

If we take a — 0, but keeping Q fixed, this represents a point charge. Then

__1 Q
E(x) = 47rey 12 ©r
In this case, the charge density p is
p(x) = Q(x)

where 6 is the Dirac delta function.

9.4 Cylindrical symmetry

Suppose instead that the source term F is cylindrically symmetric, so F is a function of p, the distance
from the z axis. Similarly as before, we can guess that ¢ is a function only of p. We can integrate
V - V¢ = F(p) over a cylinder V of radius R and height a.

Vo =¢'(p)e,

Hence,

fVV-VquV:/VF(p)dV

f V¢ - dS
oV

On the top circle, the normal n would be in the e, direction, and on the bottom circle, n would be
in the —e, direction. On the curved surface, n would be in the e, direction. Note that since V¢ only
has a component in the e, direction, on both the top and bottom circles will provide no contribution
to the final result for this boundary integral. dS = Rd¢ dze,, hence

The left hand side becomes

27 azo+a Zo+a
/ V- dS = / / ¢'(R)Rd¢pdz = 27 / ¢'(R)Rdz = 27aR¢'(R)
)% ¢=0 vz

=z Z=Zy

Substituting into the above equation gives

, _ 1
mm—gﬁﬁﬂmw
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Note that the integral f;, F(p) dV is given by

R R

27 zZo+a
f F(p)dv = f dg f dz f dp F(p)p = 27a f F(p)odp
v $=0 z=z =0 0

1 P
(o)=L f SF(s)ds
P Jo

In conclusion,

Example. Consider a line of charge density A per unit length along an infinitesimally thick wire. We
could proceed analogously to the last example before, by considering a cylinder with positive radius
a, using Gauss’ flux method, and then letting a — 0. However, we will use a different method. Let
F(p) be the desired charge density. So if we integrate F(p) over any cylinder C of length 1, we should
retrieve the value A.

R

Zo+1 2
A= f Flo)dv = f dz f ap f dp PF(p)
c z=2 ¢=0 =0

R
—2n f dp pF(o)
0

By inspection, F must have the form of a delta function, so F(p) = Aé(p)ﬁ. Hence the correspond-

ing electric potential ¢ is given by

)
| 1, -
#6) = [ 105 =
Hence, e
__L %
E(X)_Zﬂzo 0

9.5 Superposition principle

Consider a linear operator L. If we have solutions Ly,, = F,, forn = 1, 2, ..., then we have L(Zn ) =
2., Fn by linearity. In other words, we can superimpose solutions. We can often break up a forcing
term into several smaller, simpler components, and if L is a linear differential operator we can solve
for these components separately. For example, we can consider the electric potential due to a pair of
point charges Q, at x = a, and Qj at x = b. The charge density would be

p(x) = Q8(x —a) + Qpd(x —b)
For one point charge, we know that the electric potential obeys
-V2¢ = &S(X —a)
€o
Hence,

b= 2o 1

47y |x — a

Then by the superposition principle, for two particles,

Qa 1 Qb 1

© dmey |x—a| 4wy |x—b|

$x)
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Now, consider the electric potential outside a ball of radius |x| < R of uniform charge density p.
Suppose that the ball has several balls removed from its interior. These ‘subtracted’ balls have the
form

x—a;|<R;; i=1,..,N

We further require that the balls lay inside the main ball, and do not intersect:
|ai|+Rl~<R; |a,-—aj|>Ri+Rj

We can use the superposition principle to represent each hole as a ball of uniform charge density —p.
So the effective potential in [x| > R (outside the ball) from each hole is

Q; 1 _ 4

5 Q 7R3
4rey |x — ay] Qi = 37RiPo

$(x) = -

Hence, the total potential from the ball and its holes is

- Q1 & 1
$(x) = 4re, |x| Z Armey [x — ay
9.6 Integral solutions

We know that the electric potential due to a point charge at a is proportional to the inverse of the dis-
tance to the particle. We can think of a generic distribution of charge density as an infinite collection
of superimposed particles, which leads us to consider an integral form for a superposition.

[RC
R

s [x—yl
where F is the forcing term.
Proposition. Suppose F — 0 ‘rapidly’ as [x| — oo. The unique solution to the Dirichlet
problem
Vi¢=F x€eR3
Il =0 x| >

is given by

1 F(y)
X)=—— ———dV
s00 =z [ Thave
This result is another way of saying that
-1
“()-
47|x| 5(x)
since by differentiating with respect to x under the integral sign,
-1 [ F() -1 1
vz(_f LWy )) - _/ F )vz( )dV
A7 Jos X =yl y AT Jos y x—y| )
| Fesex-yavey
R3
=F(x)
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so it is sufficient to prove that this Laplacian identity holds. A full proof will not be given here, but
here is some intuition to guide the idea. Note that for r # 0,

Vz(%) - 6xf;xi(%)

0 —Xi
=5 (F)
_ =Su 3%
T TS
=3 3r?
TS
=0

So certainly V2(—L> = d(x) for x # 0. Assuming that the divergence theorem holds for delta

47|x|
functions, for any ball [x| < R we would also have

f v2<i>dv_
Ix|<R Ix]
T 27 e
= d@f dp(—=L) - e,R*sin6
I ()

T 27 -1
=f a6 d¢(ﬁ>R2 sin 6
6=0

|
ER
gj
<
—
=
SN————
(oW
w2

So for any R > 0,
f V2<_—1>dV 1= / 5(x)dV
Ix|<R 47|x| Ix|<R

So we might conclude that this Laplacian operator really does give the Dirac delta function.

9.7 Harmonic functions

Harmonic functions are solutions to Laplace’s equation,

V2p=0

Proposition. If ¢ is harmonic on Q C R3, then

pla) = /| s )

for a € Q, and r sufficiently small such that all x are in Q.

This is known as the ‘mean value’ property; it essentially shows that the value of ¢ at any given point
a is the average of ¢ on the surface of any ball around a.

52



Proof. Let F(r) denote the right hand side of (x), ﬁ J; ¢(x)dS. Then,

x—a|=r

F(r) = # $(a +x)dS

x|=r

We can parametrise this sphere using spherical polar coordinates, giving

27 T
F(r) = 4711'r2 .[¢=o [ - ¢(a+re.)r’sin6 d@] d¢
27 T
1
= — $(a+re,)sin6 d@] d¢ ()
4r ¢=0 [ 6=0

Differentiating with respect to r, using diqb(a +re,) =e, - Vé(a+re,),
r

1 27 /9
F'(r)=— e, -Vo(a+re,)sin6dode
4 ¢=0 JO6=0

1
"~ 4nr?

27 T
/ f e, - Vo(a + re,)r’sin0dode
¢=0 JO=0

1
=i -/|;:r e, - Vo(a+re,)dS

_ 1
T 472

1
_471'}"2‘/" _ Ve-ds
x—a|=r

|
=—— V.V¢dV
4rr? |x—a|<r

e
= V2¢pdv
4rr? |x—a|<r

1
r |x—a|<r

=0

/ Vé(a +x) - dS
|x|=r

Now, note from () that if r — 0, then F(r) — ¢(a), and the result follows. O

9.8 Intuitive explanation of Laplacian

We can use the central idea of the above proof to examine what the Laplacian operator is really do-
ing.

Proposition. For any smooth function ¢ : R — R,

v2¢(a)=um3[ L / ¢(x>ds]—¢(a>
[x—a|=r

r—0 12 | 47r2
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In particular, if ¢ satisfies the mean value property, then it is harmonic.

In some sense, the Laplacian is measuring how the value of ¢ at a point differs from its average over
a small sphere centred at this point.

Proof. Consider a function G(r) defined by

1
6= 75 | PRI

G measures the extent to which ¢ differs from its average. From the previous proof,
G(r)=F(a)—¢(a) = G'(r)=F'(r)

So,
1

G'(r) = —f V2 dV
47mr? |x—al<r

Now, note thatasr — 0,
f V2p(x)dV = V3¢(a) dv + f (V2¢(x) — VZ¢(a))dV
|x—al<r |x—al<r [x—al<r

_4Ar o, 3

= S5 V(@) +o(r)
Now, asr — 0,

G'() = o | 55 V2@ + o*)| = 2V2(@) + o(r)
"~ 47r? | 33 3

Comparing this to the Taylor expansion,

G'(r) = G'(0) + rG"(0) + o(r)

So certainly, G’(0) = 0 since there is no constant term in G’(r). Further, G"(0) = §V2¢(a). Now,

G(r) = G(0) + rG'(0) + gG”(O) + o(r?)
We know that G(0) = F(0) — ¢(a) = 0, hence
G(r) = %V2¢>(a)r2 +o(?) = V$(a) = lim %G(r)
which gives the result as required. O

9.9 Non-existence of maximum points

Proposition. If ¢ is harmonic on some volume Q C R3, then ¢ cannot have a maximum
point at any interior point on €, unless ¢ is constant.
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Proof. Suppose that there exists a maximum point at a € Q. Then ¢(a) > ¢(x) for all x € Q. Then,
$(a) > p(x)on|x—a| <¢

for some ¢ small enough such that the ball is inside Q. By the mean value property,

1
s= s [ | das
Hence,
= | @@-gends

|x—a|=¢

Note that the integrand is always non-negative, so in order for the integral to equal zero, the integrand
must be zero everywhere on the ball. So ¢(a) = ¢(x). Since € was arbitrary, we can shrink the ball
to a smaller ball around the same point, so ¢(a) = ¢(x) for all x such that [x —a| < . Hence, ¢ is
locally constant.

Now, given any other point y, we can introduce a finite sequence of overlapping balls such that the
centre of the (n + 1)th ball is contained inside the nth ball, and where the first ball is centred at a
and the last ball is centred at y. Inductively, the function is constant on each such ball. Hence ¢ is
actually constant everywhere, since y was arbitrarily chosen. O

Corollary. If ¢ is harmonic on Q, then forx € Q,
<
$(x) < e $(y)

This is called the maximum principle.

10 Cartesian tensors

Throughout this section on tensors, we deal exclusively with Cartesian coordinate systems.

10.1 Intuitive description of vectors and changes of basis

Consider a right-handed orthonormal basis {e;} for R3, with respect to some fixed Cartesian coordin-
ate axes. We can write a vector using this basis as

X = X;€;

Note that the vector x and the components x; are not the same; the components only give the vector
when in combination with the given basis vectors {e;}. If we instead use {e;}, then the same position
vector X would be written as a linear combination x; elf. Hence,

()

Since the {e;} and {e;.} are orthonormal,



From (%),
r_ r_ ’ ’ 't PN At _ ’
x-—5~-x-—(ei-ej)xj—ei-(ejxj)—ei-(ejxj)—(ei-ej)xj

i ijrj
So let
Rij=¢; ¢
Then
x; = R;jx;
Alternatively,

x;=0;jxj=(e;-ej)x; =e;-(ejx;) =e€;- (e}x}) = (e; - €)X}

And therefore, we get
X = Rﬂx3 = Rkix;{ - Xj = Rij;{
Combining the two results, we have
x;Rinj = Rl]Rka;(

Therefore,
(Oik — RijRkj)x; =0
Since this is true for all vectors x, we get
RijRkj = ik

So if R is a matrix with entries R; ;, then

j’
RRT =1
So the R;; are the components of an orthogonal matrix. Further, since
o ’
xje; = x;e; = R;jx;e;
holds for all Xj, we also have
ej = Rije;
and since both {e;} and {e;} are right handed, we have
1= € - (ez X e3) = Rileszg,e; . (e; X e;{) = RileZRk?)Eijk = detR
Hence R is orthogonal, and has determinant 1. Hence R is a rotation matrix. If we transform from
a right-handed orthonormal set of basis vectors {e;} to another basis {e}}, then the components of a
vector v transform according to v; = R;;v;. We call objects whose components transform in this way
‘rank 1 tensors’, or more commonly, ‘vectors’. The basis vectors themselves transform according to

’
ej = Rijei.

10.2 Intuitive description of scalars and scalar products

Consider the dot product between two vectors, o = a - b. This should ideally be independent of the
set of basis vectors chosen to describe a and b. So with a basis {e;}, we have

o= aibjéij = aibi
If instead we use a different set of basis vectors {e;}, we define
o' =ajb;
We can use a; = Rjpa, and b; = R;zb, to give
o’ = RipRiqapby = Spqapby = a;b; =0

Since the sets of basis vectors are related by R, o is unchanged under changes of coordinates. We call
objects which are invariant under transformations like this ‘rank 0 tensors’, or ‘scalars’.
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10.3 Intuitive description of linear maps

Let n € R3 be a fixed unit vector, and we define a linear map
T:x->y=Tx) =x—(xX-n)n

This T is the orthogonal projection into the plane normal to n. Using a set of basis vectors {e;}, we
get
yie; = T(xjej) = XJT(eJ) = XJ(ej - ninjei) = (511 - ninj)xjel-

Hence,
yi = (8;5 — miny)x;
So we will set
Tij =61 —mnj = y; = Tjjx;

We call the T;; the components of the linear map T with respect to the basis vectors e;. Consider a
different set of basis vectors {e}.

r_ PN r ’o7
yi =6y —ninp)xj;  Tj; = 8;5 — min;

Using n; = R;;n;, noting that R is orthogonal, we have

Tjj = 8ij — RipnjRjqng = RipRjq(8pq — npng) = RipRjqTpq

So the components of a linear map transform according to two multiplications:

T,

L
Tij_R'R pq

ip™jq

We call such objects ‘rank 2 tensors’.

10.4 Definition

Definition. An object whose components Tj;. _ transform according to

1 = R;,R

ij...k ipRjq -+ Rir Ty

pq...r
is called a (Cartesian) tensor of rank nif T has n indices, where R;; = e;-e; are the components
of an orthogonal matrix, so R R;, = §;;.

For example, if u;, vj, wy are the components of n vectors, then
Tij..k = V) ... W
define the components of a tensor of rank n.

Proof. We can transform each vector individually.

’ _ 10 o —
Tij...k = UL ... Wy = Ripupquvq w.. Rpyw, = RipquerTij”_k

as expected. O

57



10.5 Kronecker 6 and Levi-Civita ¢
As another example, consider the Kronecker §. It was previously defined without reference to any
basis by

1 i=j

8ij = c

0 i#)

So &;; = 6;; by definition. Note that
RipRjqOpq = RigRjq = 8ij = 8

hence 6 transforms like a rank 2 tensor, so it is indeed a rank 2 tensor. Now, consider the Levi-Civita
symbol ¢. It is defined without reference to any basis as
+1 (i jk)even
Eijk =4-1 (l ] k) odd
0 otherwise
Note that £}, = &;j, and
Ripquerqur = detR - Eijk = Eijk

Hence ¢ is a rank 3 tensor.

10.6 Electrical conductivity tensor

Experiments suggest that there is a linear relationship between the current J produced in a conduct-
ive medium and the electric field E that it is exposed to. Hence J = oE, or J; = 0;;E;. 0;; is called
the ‘electrical conductivity tensor’. It really is a rank 2 tensor, indeed

r
’ !
Riplp = 0ijE;

=g.E!

RipOpqEq = 0ijE;

Since R is orthogonal,
Ej = RjqEq < Eq = Rj4Ej
Hence,
RipRjq9pqE} = 0};Ej
Since this is true for all choices of Ej,
RipRjqOpq = 7i;

So it really is a rank 2 tensor.

10.7 Indexed objects without tensor transformation properties

It is possible to construct objects with indices that do not transform as tensors. For example, given
a Cartesian right handed basis {e;}, we can define an arbitrary array of numbers with components
A;j, and set A; ; = 0in all other bases {e}}. Clearly this array of numbers does not transform like a
tensor.
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10.8 Operations on tensors

Let A;j. .k, Bij...x be rank n tensors, we define
(A+B)jj..k =Aij..k+Bij. .k
A + B is also a rank 7 tensor, by linearity. Further,
(aA)ij.. .k = AAij.. k

aA is also a rank n tensor. We also define the tensor product between a rank m tensor U;; . and a
rank n tensor 1, as
Ue® V)ij...kpq...r = Uij...k‘{)q...r

Now, U ® V is a rank m + n tensor. Indeed,
Ue® V)i..,jp...q = UL’]%/q =Rjq .. ijUa...bRpc quVc...d =Rjq .. ijRpc ---qu(U® Va...be...d

Further, given a rank n > 2 tensor Tj i . ¢, we can define a tensor of rank n — 2 by contracting on a
pair of indices. For instance, contracting on i and j is defined by

6ijTijk...c = Tiik...e
This is really a tensor of rank n — 2:

k..o = RipRiqRkr - ResTpgr...s = 5qukr - ResTpgr...s = Ricr - ResTppr..s

10.9 Symmetric and antisymmetric tensors
We say that T;; i is symmetric in (i, j) if
Tj. k=T x

This really is a well-defined property of the tensor, not its coordinates. In a different coordinate
frame,

RiTog » = RiyR

—_ !
pq...r = RipRjq - RigrTgp..r = Tji_ i

Ji...

Tjj. k= RipRjq .

Similarly, we say that A;; _x is antisymmetric in (i, j) if
Ajj.k = —Ajik

which similarly is invariant of the choice of basis. We say that a tensor is totally (anti-) symmetric
if it is (anti-) symmetric in all pairs of indices. For example, the §;; rank 2 tensor and qg;a;ay rank
3 tensor (where a is a vector) are totally symmetric tensors. The Levi-Civita alternating tensor ¢ is
totally antisymmetric.

In fact, in three dimensions, ¢ is the only totally antisymmetric tensor (up to scaling), and there are
no nonzero higher-rank antisymmetric tensors. Indeed, if T;;  j is totally antisymmetric and has
rank n, then T;; ;. = 0 if any two indices are the same. But if we have more than three indices,
by the pigeonhole principle we must have two matching indices (provided we are working in three
dimensions). If n = 3, then there are only 3! = 6 choices of components that give a nonzero value
of Tjji, and by antisymmetry, Ty53 = Tp3; = Tz1, = 4 and by antisymmetry T5;3 = Tiz; = T35 = —4
which defines the £ symbol.
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11 Tensor calculus

11.1 Introduction

A vector field assigns a vector v to every position x € R3. A scalar field assigns a scalar ¢ to every
position. We generalise this notion to a tensor field of rank n, written T;; _ ,(x), which assigns a rank
n tensor to every point x. Recall that

r _ _ ’
X; —Rinj — .X'j —Rl-jxi

Differentiating both sides with respect to x;, we get

0x; ax!
J
ax, = ijﬁ = R;jSik = Ry
By the chain rule, we then have
0 _9% 98 _, 9
ox|  oxjdx; ~Yox;

Informally, we can say that % transforms like a rank 1 tensor.
X

13

Proposition. If T; ; is a tensor field of rank n, then

d 0
o, ox, T;...;(x)
~———

m terms

is a tensor field of rank n + m.

Proof. We check the transformation under a change of basis. Let the above expression be A, ;.. ;-
Then

, d 9 .
Ap...qi...j = E ax& Tl](X)
0 0
= Rpaa "'quﬁRic - Rjg T, (%)

= Rpa quRic RjdAa...bc...d
O

Note that this only works in Cartesian coordinates, since the R matrices are constant here. In a
general coordinate system, this is not the case, and we cannot move the change of basis matrices
outside the derivatives in this case.

11.2 Differential operators producing tensor fields
If ¢ is a scalar field, then

¢l = 32
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Hence V¢ is a rank 1 tensor field, which is a vector field. If v is a vector field,

av;
V.v=—
axi
which is a rank 0 tensor field since it is a contraction of :1. Alternatively, from first principles,
Xj

v} 4 dv dv ov;

5o = Ri5Riglq = RipRig 5" = 83 = 5.

X; Xy Xp Xp X;

hence the divergence of a vector field really is a scalar field.

dv
[V xv]; = Eijka_);

From first principles we can show that

¥ _6v;< RiaRipRycE R—aR v
ijk = Rijg\jpRkcCabejp kqVq
ik B 3%,
dug
= Riagabchijkachq Ox
(4
RistabeBpdan 8
= Rijg€abcObpOcq
9xp
ov
= Rig€abe —
ia®abc axb

which is the transformation law for a rank 1 tensor, so the curl of a vector field is a vector field.
11.3 Divergence theorem with tensor fields

Proposition. For a tensor field Tj; _ x...»(X), we have

0
—T"...k...edV=f Tij.. k...emic dS
[ [,

Proof. Consider the vector field
Uk = ajbj...coTij k.0

where the a;,bj, ..., ¢, are the components of some constant vectors. Applying the divergence the-

orem to this vector field, we have
a
f aﬂ dv = f Uiy ds
v 9Xk £

0
a;b; -~~Ce/ s Lk dV = aibj'-~c€f Tij.. k...en dS
v “7k oV

Since this is true for any choice of vectors a;, b;, ..., c;, the result follows. O

61



12 Properties of tensors

12.1 Symmetry and antisymmetry

Observe for a rank 2 tensor that
1 1 ..
le = 5 (TU + Tii)+ E(Tu - T]l) = Sl] +Aij

where the S;; are the symmetric components, and the A;; are the antisymmetric components of the
tensor. Note that the symmetric part S;; has six independent components (the main diagonal and
everything above it), and the antisymmetric part A;; has three independent components (everything
above the main diagonal) since the main diagonal is zero. So the number of independent components
of the symmetric part and the antisymmetric part add up to the number of independent components
of a general rank 2 tensor in R3 (nine). Intuitively, we might think that the information contained
in A;; could be represented as some vector, since it has the same amount of independent compon-
ents.

Proposition. Every rank 2 tensor T;; can be decomposed uniquely into
Tij = Sij + &ijkwk
where .
@; = S&jicTjk

and S;; is symmetric.

Proof. From above, we can find S;; = § (Tl- i+ Tﬁ) We now just need to show that

EijkWk = %(Tij - Tji)
We can see that
1
Ejjr@k = Egijkgké’mTé’m
= %(5i€5jm —8imbe)Tom
- 51y - 1))
To show uniqueness, we now suppose that
Tij =Sy +Ay =S+ A =T
If we take the symmetric part of both sides (i.e. T;; + Tj; = T; i+ T"j,-), we get S;; = S; j- Likewise, we

have A;; = A; j by eliminating the equal symmetric parts. O

As an example, consider an elastic body. Each point x in such a body will undergo a small displace-
ment u(x) when applied to some force. Consider nearby points x + dx and x that were initially
separated by x. They will become separated by

X+ 0x+ ux + dx)) — (x + u(x)) = 6x + u(x + 6x) — u(x)
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So the change in displacement is
u(x + 6x) — u(x)

This value gives us an idea of how much deformation the body is subjected to. Assuming this is a
smooth deformation, we have
5 =5 1o
u;(X + 6x) — u;(x) = E x; T 0(8%)

We then decompose % as follows.
J
6ui

I = €+ &jrWi
6xj

where the e;; is the symmetric part, and the ¢;;wy, is the antisymmetric part. In particular,

o Lfow 9%
11_2 axj 6xi

is called the linear strain tensor. Considering the other tensor,

1 ou;

-1
26Uk gy, = T(V X u);

Wi =

Then,
u;(X + 6x) — u;(x) = ¢;;0x; + [6x X w]; + 0(6x)

So the antisymmetric part corresponds to a rotation, and is irrelevant for describing the deformation
of the internals of the body. So by separating the symmetric and antisymmetric parts, we can in fact
remove the antisymmetric part from the equation in order to study just the linear strain.

Example. As another example, let us consider the inertia tensor, which is a common rank 2 tensor.
Suppose a body with density p(x) occupies a volume V' C R3, where each point in the body is rotating
with constant angular velocity w about an axis through the origin. The velocity of a pointx € V is
given by v = w X x. Hence, the total angular momentum is

L= f P XVv)dV
v
= f PE)(x X (w x x))dV
v
L= f p(X) (X Xw; — x;Xjw;) AV
%

= f p(x)(xkxkéijcoj - xinCOj) dv
v
= Ljo;
where [;; is the inertia tensor defined by

Ii; = [ p)(xkxk 8 — x;x;) AV
v

and where
PV = {Xi . X € V}
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If we had used a different basis, we would have found
Ii’j = f P(X) (X} xS — xgx})dV
!

= RipRjq f P(X)(xi Xy Opg — XpXq) AV

- RlPRJqIPq

So it really is a rank 2 tensor. As an example, consider the ellipsoid
V={x: x—£+z—%+x—§§1}
with uniform density py. Then the mass is given by
M= gnpoabc
Then the inertia tensor with respect to this set of basis vectors is given by
;= —[;P(X)(xkxkaij —x;x;)dV

To help with these integrals, we make the following parametrisation into scaled spherical coordin-
ates:

X, = brsin ¢ sin 6 ¢ €[0,27),6 € [0,7],r € [0,1]

X, = arcos¢sind
X3 =crcosf

Note that if i # j, then by symmetry we have

/ Poxix;dV =0
v

Further,
I =p0fx%+x§dV
v
27
= poabcf d¢ def dr r2(b?sin® ¢ sin’ 6 + ¢ cos? 6)r2 sin 6
¢=0 Jo=o =
= poa_bc / (7b?* sin® 6 + 27r¢? cos? 6) sin 6 dO
= 3— / (b?sin® 6 + (2¢® — b?) cos? O'sin 6) dO
_ M 24 2 )
= 502+ 22 - 1)
= ?(bz + Cz)
So by symmetry,

M M
122 = ?(az + CZ); 133 = ?(az + bz)
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Hence,

b% +¢? 0 0
M
Iij = ? 0 a2 + C2 0
0 0 a? + b?
In particular,ifa = b =c,
2M
hi= 5%

Proposition. If T;; is symmetric, then there exists a basis {e;} for which T;; only has nonzero
entries on the diagonal. The coordinate axes of this basis are called the principal axes of the
tensor.

Proof. Recall that for a real symmetric matrix M, we can diagonalise it using an orthogonal trans-
formation with determinant 1. The change of basis formula for a matrix is exactly that for a rank 2
tensor, so we can always choose such a change of basis to give a diagonal matrix. O

12.2 Isotropic tensors

Definition. A tensor is isotropic if it is invariant under changes with respect to the choice of
Cartesian coordinate axes.

' =R, R

l.]k ip jq...erT =

pq...r ij...k

for any choice of rotation R.

Note that by definition, every scalar is isotropic. The Kronecker and Levi-Civita tensors are also
isotropic, as we saw above.

12.3 Classifying isotropic tensors in three dimensions

Proposition. The isotropic tensors on R3, ordered by rank, are exactly (up to the multiplic-
ation of a multiplicative scalar)

Rank 0: all tensors

Rank 1: no nonzero tensors

Rank 2: the Kronecker &

Rank 3: the Levi-Civita €

Rank 4: o6y + B 6je + ¥Si0dji Where a, 3, y are scalars

and for ranks higher than 4, they are a linear combination of products of § and ¢ terms, for
instance §;j€xem-

Proof. This is a non-rigorous sketch proof.
Rank 0: By definition, such tensors do not transform components under a change of basis.

Rank 1: Let v; be the components of an isotropic vector of rank 1. Then, for any R, we must have

U; =Rijvj
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Let R be a rotation by 7 about the z axis, so

Hence,
Ul = —Ul; UZ = _UZ; U3 = U3

Hence, v; = 0,0, = 0. Alternatively, let

1 0 O
R=|0 -1 O
0 0 -1

Then clearly v; = —v; = 0. Hence the only tensor with this property is the zero tensor.

Rank 2: If T;; are the components of an isotropic tensor of rank 2, then for all choices of R, we have
Tij = RipRjqTpq

Let R be a rotation by g about each axis, so for example in the z direction,

0O 1 0
R=(-1 0 O
0 0 1
SO T13 = RlpR3qT

bq = Ri12R33Th; = Th3. Analogously we find, Tp3 = —Ty5. Hence, Ty; =
T23 =0. Further, Tll = Rlpququ = R12R12T22 = Tzz. SO by Symmetry,

TW=Tyn=T3 T3=Ts=T=Txg=T3="T,=0

which is exactly the 6 tensor, up to a scale factor.

Rank 3: For rank 3 tensors, we can use the same idea, but with more indices.

12.4 Integrals with isotropic tensors

Consider an integral of the form

Tij..k = FO)xixj ... x AV

where x;x;, = r?, and dV(x) = dx; dx, dx;. Note that f(r) and {x: |x| < R} are invariant under
rotation. Since |J| under a rotation is 1, we have

! — ot ’ ’ ’ ’
L.« = f)xix; ... xj dx| dx; dxy
[x|<R

= F(RipxpRjgXg .- R X, dxy dx; dxs
[x|<R
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We will now make the substitution
Yi =Ryjx;;  dV =dy; dy,dys

Hence,

= f F)xix;j ... x dV(x)
x|<R

ij...k

Hence such an integral always yields an isotropic tensor. If we take R — o0, this corresponds to an
integral over R3. As an example, consider

le =/ e"sxixj dv
R3

Then T;; is isotropic, hence T;; = ad;;. Contracting on (i, j) to find o, we get

aéii =3a

_p5
=f e r2dv
R3
o0
5
47rf e " rirtdr
0

o0
5
47r/ e rtdr
0

4
5

T

Hence,
T = —x8
ij = 15791
As another example, consider the inertia tensor [;; of a ball of radius R, uniform density p,, and mass

M= 4?7TR3pO. Recall that

Ly = f po(xkx8ij — x;x;)dV
|x|<R
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Both terms give an isotropic result, so the sum Ij; is isotropic. Contracting on (i, j), we have
oc5il- = 3a

= f po(r*8; — x;x;)dV
x|<R

= f po(3r2 = r?)dv
|x|<R

= f po2r?dV
|x|<R

R
471/ po2r* dr
0

Il
&
S
=
w
—
| w
\S]
=
w
~—

Hence,
2MR?

IIJ=T

12.5 Bilinear and multilinear maps as tensors

For a tensor T;;, consider the bilinear map ¢ : R? X R? — R defined by
t(a,b) = lealbj

The left hand side really is well defined, since the right hand side does not depend on the choice of
basis vectors. Conversely, suppose we have a bilinear map ¢. Then, for a given basis {e;}, this defines
an array T;; by

t(a,b) = t(aiei,bjej) = aibjt(ei,ej) = a,bJTU

Changing basis with e; = R;,e,, we find
T = t(e;, e;) = t(Ripep, Rjqeq) = RipRjqt(ep, €4)
hence this T;; really is a rank 2 tensor. So there is a bijection between bilinear maps and rank 2

tensors. In particular, if the map
(a,b) = T;]albj

is a bilinear map, and independent of basis, then T;; must be the components of a rank 2 tensor. The
same proof applies for higher-rank tensors.

12.6 Quotient theorem

Recall from earlier that the conductivity tensor o;; satisfying J; = o;;E; was really a tensor, by using
the definitions. The quotient theorem allows us to deduce similar results more generally. The name
originates from the apparent ‘quotient’ of J; by E; to give o;;.
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Proposition. Let T;.
tem, such that

.jp...q be an array of numbers defined in each Cartesian coordinate sys-

UVi..j= Ti.‘.jp...qup...q

and that v; __; is a tensor for all tensors u, . 4. Then T;, is a tensor.

..jp...q

Proof. We will first consider the special case u,, . 4 = ¢, ... dg for vectorsec, ..., d. Then by assumption,

Vi..j= Ti,..jp...qcp dq
is a tensor. In particular,
vimjai b] = Timjp.__qai bij dq

is a scalar, since the left hand side is just a contraction over all indices. Since the right hand side is
invariant under a change in basis, this leads us to define the multilinear map

t(a, ,b, C... ,d) = T,-__,jp‘__qai bij dq

Hence T;. really is a tensor. O

..jp...q

As an example, consider the linear strain tensor

0 = 1 6u,~ + au}
Y 2\0x;  dx;
where u(x) measures the change in displacement at x. Experiments suggest that the internal stress

tensor o;; experienced by a body under a deformation u(x) depends linearly on the strain e;; at each
point. Hence we might assume that there exists some array c; i, such that

Oij = Cijke€ke

However, we can’t actually apply the quotient theorem here, since e;, cannot be any tensor, it can
only be any symmetric tensor. See example sheet 4 for the resolution of this apparent problem: if
Cijke = Cijek» then we can apply the quotient theorem. We call ¢; ., the stiffness tensor, which is a
property of the material being subjected to the force. Suppose that the material is isotropic, then we
might guess that ¢; . should be isotropic. Hence,

Cijke = a8;jSe + BSiSje +¥8ipbji
where a, 3,y are scalars. Putting this into the relationship between o and e, we find
O-ij = a5ijekk + ,Bel-j + yeﬁ = /15ijekk + 2,Ll€ij

which is a higher-dimensional analogue of Hooke’s Law. We can in fact invert this. By contracting
on (i, j) we find
oy = 3Aey; + 2uey;
Hence,
e = —kk__
314+ 2u

We then have

— Ikk _ A
Gij —Aal]m +2,Ll€ij = 2,ueij = Gij —O'kkaijm
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